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belongs to some Sobolev space and the energy method is
available.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction

The three-dimensional (3-d) compressible isentropic Navier-Stokes (N-S) equations
read

Byp + di =0
{tp+ iv(pu) =0, t>0x€R’  (11)

9y (pu) + div(pu @ u) + Vp(p) = pAu + (u+ A) Vdivu,

where p(z,t) > 0 is the density, u(z,t) = (u1,u2,u3)(x,t) € R® is the velocity, the
pressure p(p) is gamma law, i.e. p(p) = p” with v > 1, and the viscous coefficients p and
A satisfy

w>0 and A+p>0. (1.2)

Note that the condition (1.2) is of mathematical interests, which is a relaxed version of
the physical one that 4 > 0 and A\ + %u > 0.

When = A =0, (1.1) turns to the 3-d Euler equations. A planar centered rarefaction
wave (pr,ur)(x,t) = (p”,u’{,0,0) (z1,t) is a weak entropy solution to this hyperbolic
system, where (p’", u’l") solves the following 1-d Riemann problem,

Oep + 01 (pur) = 0,
O (pur) + 01 (pu) + 01p(p

(p’ul)(xh()):{(p ,U1) x1<0,

(pT,uy), z1>0.
For p > 0, the system (1.3) is strictly hyperbolic with two distinct eigenvalues

A(p,ur) =ur —Vp'(p),  Aalp,ur) =ur +/p'(p).

The i-Riemann invariant (i = 1,2) is given by

p
/ /
Zi(p,ur) = ur + ( ZJrl/ l dS, (1.4)
1

which takes constant values along i-right eigenvectors. Denote )\Qi = A (ﬁi,af) and
Zy = Zy(p*, uf).
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In this paper, we consider only a 2-rarefaction wave (a l-rarefaction wave and a
combination of full families of rarefaction waves are similar), i.e. the constant states
(pT,ut) in (1.3) satisfy the relation

ot
/!
al =y +/ﬂds with  p~ <pt, (1.5)
S
ke

which yields that Z, = Z . The 2-rarefaction wave (p",ul)(z1,t) = (p", uf)(%L) can be
solved exactly through

X (p uf) =i + /P (p7) = w(%), (1.6)
Zz(pr,u’{) =uj — f1p %(S)ds = Z;( = Z;)>
where
)\5, T < A;ta
L1\ _ ) 2 = +
OJ(T) = T )\Zth1<>\2ta
NS, x>\t

It is well-known that the hyperbolic conservation laws, such as the compressible Euler
equations, have rich wave phenomena including shock, rarefaction wave and contact dis-
continuity. The linear superpositions of these waves are called Riemann solutions. It is
known that the Riemann solutions characterize the large time behaviors of the solutions
of the 1-d hyperbolic conservation laws, if the initial data tend to different constant states
as 1 — £oo. In other words, the Riemann solutions are nonlinearly stable under local-
ized (e.g. compactly supported) perturbations; see [13,20]. For the viscous conservation
laws such as the compressible N-S equations, the large time behaviors of the solutions
are governed by the viscous versions of the corresponding Riemann solutions, which have
been widely studied by many literatures. For instance, we refer to [8,32,21,22,37,29,30,25],
[23,34,36] and [24,10,11] for the stability of viscous shocks, rarefaction waves and contact
discontinuities, respectively.

A 1-d basic wave pattern becomes a planar wave in multiple dimensions. The stability
of the planar wave patterns for the multi-dimensional (multi-d) conservation laws is a

challenging problem. For the inviscid systems, only local existence of some piecewise

2 -
loc

smooth solutions were obtained by [26,27,1,5,6]. And [2] proved the uniqueness and L
stability of planar rarefaction waves in a broad class of general entropy solutions for the
multi-d compressible Euler equations. On the other hand, if the initial data of the 2-d
compressible Euler equations is either periodic or a Riemann data containing at least
one planar shock, then the uniqueness of admissible solutions fails in the L*° space; see
[3,4,16]. Hence, the theory of the multi-d conservation laws is essentially different from
the 1-d case. If conservation laws have viscosity, [38] showed the asymptotic stability of
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the planar rarefaction wave through an L?-energy method. This work was then further
improved by [14,35,15], where both the wave-strength and initial perturbation can be
arbitrarily large and an optimal decay rate was obtained. For the 2-d isentropic Euler
equations with a specially selected viscosity, [9] used the elementary energy method to
obtain the asymptotic stability of the planar rarefaction wave. Recently, [18,19] proved
the stability of planar rarefaction waves for the multi-d N-S equations, in which the
initial perturbations are L2-integrable in the normal direction of the wave propagation
and periodic in the transverse directions.

The stability of wave patterns with space-periodic perturbations is also full of interest
and importance in the theories of conservation laws, in which some resonant phenomena
may happen for the non-isentropic Euler equations; see [28]. For the 1-d hyperbolic
systems with at most two equations, Lax and Glimm [17,7] proved that the periodic
solutions exist globally in time and tend asymptotically to the constant averages at
rates ¢~ 1. Recently, [30-41] proved the asymptotic stability of shocks and rarefaction
waves with periodic perturbations for the 1-d scalar conservation laws in both inviscid
and viscous cases. In [12], we began to study the stability of planar rarefaction waves
under multi-d periodic perturbations for the multi-d scalar viscous conservation laws and
also obtained the time-decay rates. In particular, we introduced a Gagliardo-Nirenberg
(G-N) type inequality, which plays an important role in obtaining a priori estimates on
an unbounded domain R x T™~! without zero boundary conditions, here T denotes a
torus.

In this paper, we continue to study the nonlinear stability of planar rarefaction waves
with periodic perturbations for the 3-d isentropic N-S equations. Different from the
perturbations in the previous works [9,18,19], the ones which are periodic on the whole
space R? have infinite oscillations at the far field and are not integrable along any
direction of space. Note that the L -stability of planar rarefaction waves for the M-D
Euler equations in [2] also applies to the case for the periodic perturbations which belong
to the L12OC space. However, a global stability on R? like the L°°(R?)-stability for the
hyperbolic system is truly difficult to prove due to the oscillations at the far field. Thanks
to the dissipative mechanism of (1.1), we are able to prove that if the wave-strength and
periodic perturbation are both small, the Cauchy problem (1.1), (1.8) admits a unique
global solution, which tends asymptotically to the background rarefaction wave in the
L>(R3) space as t — +oo. The key point is to construct a suitable ansatz (j,1) to
carry the same oscillations as those of the solution (p,u) at the far field in the normal
direction of the wave propagation, i.e. the difference (p—p,u—u)(x,t) — 0 as |z1| — +oc.
Although (p — p,u — u) still oscillates in the transverse directions x5 and 3, it is still
feasible to use the energy method with the aid of the G-N type inequality on R x T2,
which was given in [12], to achieve the main result, Theorem 1.3.

Now we start to formulate the main result. Since the centered rarefaction wave
(pr,u§)(x1,t) is only Lipschitz continuous, we need to construct a smooth approxima-
tion as in [33]. Inspired by (1.6), let (5", @) (x1,t) be the unique smooth solution solved
through
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{aﬂxl,t) + VP ) (@1, t) = @1, 1), wn
~ o" it 7 _ .
@ (ar,t) — [P VO g = 7 (= 7)),

where & (x1,t) is the unique smooth solution to the problem,

{&(D + 61(%2) - O7

Ly -
@(x1,0) = % + % tanh(xq).

Note that this smooth rarefaction wave is time-asymptotically equivalent to the centered
rarefaction wave (p”,u]) in the L>°(R) space; see Lemma 2.1 below.

To study the stability of the planar rarefaction wave under a 3-d periodic perturbation,
we prescribe the initial data for (1.1) as

(p, pu)(z,0) = (p", p"a},0,0)(21,0) + (v, wo)(z), =z €R?, (1.8)

where vg(z) € R and wo(z) = (wy,0,wa,0,w30)(z) € R? are periodic functions on the
3-d torus T3 = [0, 1], satisfying

/(vo,wo)(:c)dx = 0. (1.9)

T3

Remark 1.1. The periodic perturbations with zero averages should be imposed on the
conservative quantities, i.e. the density and the momentum. If (1.9) does not hold, by
adding the constant averages onto (p*, p¥u,0,0), the problem (1.1), (1.8) turns to be
connected with other kinds of Riemann solutions, which may contain a shock and is not
the topic of this paper.

Remark 1.2. The solution (p,u) to the Cauchy problem (1.1), (1.8) is periodic with
respect to x2 and x3, but not to x1. Thus one cannot study the problem on the bounded
torus T3, but on the unbounded domain R x T? instead.

Before presenting the main result, we first introduce some notations and construct
the ansatz.

Let (pi,ui)(x,t) = (pi,uf,uf,ugi)(m,t) be the unique periodic solutions to (1.1)
with the periodic initial data

(pi,piui)(x,O) = (ﬁi,ﬁiﬂf,0,0) + (vo, wo)(z), =z €R3, (1.10)

respectively, here the global existence can be found in Lemma 2.3. For later use, we
define

(vi,wi)(:v,t) = (pi,piui)(a:,t) - (ﬁi,ﬁiali,0,0), (1.11)
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which are periodic functions with zero averages over T? for all t > 0; see Lemma 2.3.
Comparing (1.8) with (1.10), one has that

(p, pu)(z,0) — (p*, p*u®)(2,0) = (5", 5", 0,0)(21,0) — (p*, p*ui,0,0)
V(.rg,xg) S R s

which tends to zero as xy — oo, respectively. If ||vo|[;«(gs) is suitably small, the
difference of the velocity satisfies that

u(z,0) — ui(g%o) _ (pra”)(z1,0) + wo(z) B prat + wo(z)

p"(w1,0) + vo(z) pE +vo(2)
~(p7(21,0) = p%) (vo(x)0F — wo(x))  p"(1,0)(@" (21,0) — )
(p"(x1,0) + vo(2))(p* + vo(x)) pr(21,0) +vo(z)

which yields that

sup ‘u(m,O) — ui(m,0)| < C( ‘ﬁr(m,O) — ﬁi| + |u{(x1,0) — ﬂlﬂ) -0
zo,x3€R

as r1 — Foo.

Observing from this, it is plausible to expect that, for all ¢ > 0, the solution (p,u) of
(1.1), (1.8) tends to the periodic solutions (p™,u*) as x; — +o0, respectively. Inspired
by the expression of the background smooth planar rarefaction wave,

(1.12)
ay(z1,t) = uy (1 —n(z1,t) uf‘n( , 1),
where
ﬁr(mlﬂt)_ﬁ_ a{(xht) — Uy
1) =, ) ==, 1.13
o 1) = PRl e, 0= MR (113)
we construct the ansatz as follows.
Ansatz. Set the ansatz (g, @) = (p, Uy, U2, Us) as
plx,t) == p~ (1) (1 = o(21,1)) + pT (x,t)0 (21, 1)
(xlat) (.’ﬂ,t)(l70($1,t))+’U+(.’E,t)0'($1,t), (1 14)
a(x,t) = u (2,) (1 = (w1, 1) +ut (2, )n(r, )

=i (z1,t)e; +z (z,t)(1 —n(x1,t)) + 27 (2, t)n(21, 1),

where e; := (1,0, 0) is a unit vector, v* is given in (1.11) and z*(z,t) := u*(z,t) — a*
with ot := aie;. If l[voll o< g3y is suitably small, it follows from (1.11) that
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wt(z,t) — vt (z, t)ut
p*=(x,t)

2zt (x,t) = (1.15)

Same as the solution of (1.1), (1.8), the ansatz (1.14) is also periodic with respect to x4
and x3, but not to x7.
Define the domain 2 = R x T2, then we are ready to state the main result.

Theorem 1.3. Assume that (1.2) and (1.5) holds and the periodic perturbation (vy, wo) €
H5(T3) satisfies (1.9). Then there exist 69 > 0 and g9 > 0 such that, if

’[_)Jr — /37’ < 50 and ||U0,W0||H5(T3) < €0, (116)

the Cauchy problem (1.1), (1.8) admits a unique global solution (p,u)(x,t), which is
periodic with respect to xo and x3, satisfying

(p—p,u—u) € C’(O,+oo;H2(Q)),
V(p—p) € L*(0,+00; H'(2)), (1.17)
V(u-—1) e L*(0,+o0; H*(2)),

and

sup |(p, u)(x,t) — (pT,u{70,0)(m1,t)| —0 ast— +oo. (1.18)
reR3

Remark 1.4. If the periodic perturbation in (1.8) is independent of x5 or x3, then the 3-d
problem is reduced to a 2-d one. Hence, Theorem 1.3 is also valid for the 2-d compressible
N-S equations.

The rest of the paper is organized as follows. In the next section, some useful lemmas
are given. Then the a priori estimates and the main result are obtained in Section 3. In
the last two appendices, exponential decay rates of both the periodic solutions and error
terms of the ansatz are proved.

2. Preliminaries

Notations. Let 1] i= ]y I i= |1l for £ > 1, and & i= [+ — |, & i=
|lvo, woll H5(T3)- Throughout the paper C' > 0 denotes a generic constant, independent
of ,6 and t.

Lemma 2.1 ([33], Lemma 2.1). The smooth rarefaction wave (p",@;) given by (1.7) sat-
isfies the following properties.

i) (ﬁﬂﬂ{) solves the 1-d isentropic Euler equations;
ii) O1p" > 0,014] >0 and ’8%11’1”‘ < Coyaf for allt >0 and z1 € R;
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111) H(ﬁrﬂﬂ) - ([)T,’UJI)HLOC(R) S 0ast— +00;
iv) For any p € [1,+o0] and t > 0, it holds that
[Vewr (77 1) || 1o ) < € min {57 61/”t_1+1/p} 7
Vi, (6 ag)HL,,(R) < Cmin {6,t7'} form = 2,3.

Lemma 2.2. The functions o and 1 given in (1.13) are smooth and satisfy the following
properties.

i) Oro(xy,t) > 0,01m(x1,t) > 0 for any (x1,t) € R x [0, 4+00).
ii) For any p € [1,400], it holds that
lo(1 = o), 0(1 = n),n(1 = 0),1(1 = W)l gy < COL+ 1)V,
||U - 77||Lp(R < Cs(1+ t)l/pv
||Vt (o 77)HLP(R <C form=123.
Proof. From Lemma 2.1, it is direct to get i). Then it remains to show ii). We prove

only o(1 —n) and o — 7, since the proofs of the others are similar.
It follows from (1.5) that C~'6 < |af —u; | < C4. By (1.7), one has that

/(AT
ol = pﬁf”)alﬁr = Ol < Bl < CO,

/! / T —1
alﬁ;“:( P VPR )) 0o = O 0w <df < Com,

N N

which yields that

0<p —p = /%ﬁr(y?t)dySC/ay@(y,t)dySC(w—/E%

—00 —00

and similarly,
0<pt—p" <C(A\f —a).
Thus, one has that

lo(t =)oy < OO |5 = p7) 85— ) iy < CO 57 = 070 = 7)oy

<O (@ =23) (@ = A |y S CA+HYP,
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where the last inequality can be derived from the characteristic curve method and the
fact that [AJ — A5 | < C4.

Next we prove |0 — 7. Denote A(p) = [/ ¥F2* ) ds. Tt follows from (1.4) and (1.7)
that

iy =uy +A(p") — A(p™),
which, together with (1.5), yields that

o A s~ p7))ds
Jo A'(p~ +s(pt = pm))ds
)fo fo A'(p=+s(p"—p)+7s(pt — ~T))sdes.
Jo A'(p~ +s(p* = p))ds

Since p~ < p- +s(p"—p )+ 71s(pT —p") <p +s(pT —p7) < pt for any 7,5 € [0, 1],
one has that

llo =1l o®) < Collo(l = o)l om) < C6(1+ ey,
which finishes the proof. O
Lemma 2.3. Consider the Cauchy problem (1.1) with the periodic initial data
(p, pu)(z,0) = (p, p11) + (vo, wo)(x), = €R?, (2.1)

where p > 0,1 € R® are constants, and (vo,wo) € H*2(T?) (k > 1) is periodic with
period T3, satisfying

/(vo,wo)dx =0.
T3

Then there exists g > 0 such that if ¢ = ||U0,W0HH;€+2(T3) < gg, the unique global
periodic solution (p,u) € C((0,+00); H*"2(T?)) exzists and satisfies that

/ (p— 7. pu — pi)(z, t)dax = O,

T t>0,
H(p7 ll) - (ﬁa ﬁ)”wkoc(R%) S C€676t,

where the constant ¢ > 0 is independent of € and t.
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The proof of Lemma 2.3 is given in the appendix, which is based on the energy
method with the aid of the Poincaré inequality on T3. Thus, under the assumptions of
Theorem 1.3, there exists a constant a > 0, independent of £ and ¢, such that

H(vi’zi)Hw&w(RS) = H(Pi’“i) - (5i7ﬂ%e1)|‘w3m(ﬂ£3) < Cee™, t20. (22)

Although the ansatz (1.14) is not a solution to (1.1), their errors

ho := 9,p + div(pa), (2.3)
h = (hy, he, h3) = 8;(pu) + div(pa ® @) + Vp(p) — pAa — (u+ A)Vdiva
= holi + pOy1t + pit - Vi + Vp(p) — pAi — (p + A)Vdiva, (2.4)

decay exponentially fast with respect to . More precisely, it holds that

Lemma 2.4. Under the assumptions of Theorem 1.3, the errors (2.3) and (2.4) satisfy
that

HhOHW?«P(Q) + Hh + (2/’[’ + /\)a%aqeluwlp(g) < Caeiaa pe [17 +OO], (25)
where @ =R x T? and a > 0 is the constant given in (2.2).

The proof of Lemma 2.4 is similar to [12, Lemma 2.3], which depends on Lemmas 2.2
and 2.3. We still place it in the appendix for easy reading.

As indicated in [12], the functions that are integrable on = R x T? and periodic
with respect to xo and x3 might not satisfy the 3-d G-N inequalities in general (coun-
terexample: the 1-d functions in the C2°(R) space are periodic with respect to z2 and
x3 and satisfy the 1-d G-N inequalities, but not the 3-d ones). Thus we list the following
G-N type inequality on 2.

Lemma 2.5 ([12], Theorem 1.4). Assume that u(z) is in the LY(Q) space with V™u €
L™ (Q), where 1 < q,r < 400 and m > 1, and u is periodic with respect to xo and x3.

3
Then there exists a decomposition u(zx) = Y. u® (x) such that each u'®) satisfies the
k=1
k-dimensional G-N inequality,

j m. 110 1-0
[vu®| < IVl el (2.6)

LP(Q)

where 0 < j < m is any integer and 1 < p < 400 is any number, satisfying

1§ /1 m 1 .
_:E+(___)9k+§(1—0k) with

2 <0 <L
P r

J
m

Moreover, it holds that
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3
V70 oy < C DIVl 75 el sy (2.7)
k=1

3. Proof of Theorem 1.3
Define the perturbation terms,

p:=p—p and Y= (z/Jhwg,wg) =u-—1u. (3.1)
It follows from (1.1), (2.3) and (2.4) that
O0rp + pdivp +u - Vo + ¢diva + V- ¢ = —hy,

PO 4 pu - Vo) + pip - Va+p'(p) Ve + (p’(p) - %p’(ﬁ)) Vp (3.2)
= pNp + (p+ A)Vdive + £ — ¢g + (2u + ) dfile,

where

f = (f1, fo, )7 = hot — h — (2u + \) 0} e,

1 . o .
g=(91,92,93)" = = [pAtu+ (u+ \)Vdivii + h — hoii

hS)

[pA (0 — @fer) + (pn+ A)Vdiv(a — afey) — £]?

™=

By Lemma 2.4, one has that
£l < Cee™ Vpe[l4+oo]  and  [lgllyiec(qy < Cee™" (3.3)
It follows from (1.8), (1.14) and (1.15) that the perturbations (3.1) have the initial data

¢(x,0) = p"(21,0) + vo(z) — p"(x1,0) — vo(x)(1 — o(x1,0)) — vo(z)o(x1,0) = 0,

— 2" (z,0)n(x1,0)

Y A {(77(1—0))(%»0) B (0(1—77))(96170)]“, ()
pr(21,0) +vo(x) [ pF + vo(x) p~ + vo(x) ’
Y A |:u1_(n(10))(x170) B UT(U(lﬁ))(UEhO)} vo(z)er
p"(x1,0) + vo(x) P+ vo(z) P~ +vo(z) '

=q2

Then Lemma 2.2 implies that
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1905 0)lly < lIwo, voll 2,00 (s 191, @2l < Code, (34)
where Cy > 0 is independent of £ and §. In the following, we aim to solve the Cauchy

problem (3.2) with the initial data

{¢(x’0) =0, (3.5)

¥(,0) = i (z)wo () — ga(x)vo(2)er,
which satisfies (3.4). For any T' > 0, define the solution space

X(0,T) := {(¢,v) is periodic with respect to z2 and z :
(¢,9) € C(0,T; HX(Q)), Vo € L*(0,T; H'()), Vi € L*(0,T; H*()) }.

Theorem 3.1. Under the assumptions of Theorem 1.3, there exist eg > 0 and §g > 0 such
that if

§= }ﬁ+ - F_)i| <dy and e= HUOaWOHHs(Ts) < €,

then the Cauchy problem (3.2) with (3.5) admits a unique solution (¢,¢) € X(0,+00),
satisfying

16, Y[l oo (gsy = 0 as t — +o0. (3.6)
Once Theorem 3.1 is proved, it is straightforward to imply Theorem 1.3. Now we focus

on proving Theorem 3.1. Since the local existence is standard, we only need to give the
a priori estimates.

3.1. A priori estimates
Proposition 3.2. Under the assumptions of Theorem 3.1, for any T > 0, assume that

(¢,9) € X(0,T) solves the problem (3.2) with the initial data (¢,)(x,0) = (po, o) (z) €
H?(Q). Then there exist ¢g > 0,00 > 0 and vy > 0 such that if ¢ < g9, < §y and

vi= sup H¢a¢”2 < Vo, (37)
t€(0,T)
it holds that
T
2 ||¢,w||§+/(||V¢||?+Hwni)dtscl(||¢o,wo||§+s+6%), (3.8)
<(0,
0

where the constant C7 > 0 is independent of €,0,v and T.
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To prove Proposition 3.2, it first follows from (3.7) and Lemma 2.5 that
sup ||¢;¢HL°<(Q)
te(0,T)

<C7sm>{HVO#¢MﬁH%dﬂé+HV0ﬁwNM+HV%¢ﬂMH%H¢dM%}

te(0,T

<C sup ||¢ Plly < Cv.

te(0,T

Thus, one can let g9 > 0 and 1y > 0 small such that

1
—p~ < inf p(x,t) < sup p(xz,t) < 2pt. (3.9)
2 e e

te(0,7) t€(0,T)

Lemma 3.3. Under the assumptions of Proposition 3.2, there exist €g > 0,09 > 0 and
vy > 0 such that if € < gg,0 < dg and v < vy, then

T
1 2 1
wpn¢¢n+/H8wlf@¢w(m+/wvwﬁmsouwm%W+s+ﬁ)<&m>
0

te(0,T

Proof. Define

/Mﬁ;ﬂmwwf”pmmmmmm@m,

which satisfies C1 |¢|> < ®(p, ) < C|¢|>. By the fact that

plp) —p(p N
0,0 = WD g0y (2 - )
one can multiply ® on (1.1); to get that

O (p®) + div(pPu) = p(0,® + u - VO)
= — [p(p) — p(p)] divu — p<>¢[ (ho + - Vp) — diva
= —[p(p) — p(p) — P'(p)¢] diva — div [(p(p) — p(p))¢]

+v-V(p(p) —p(p)) — p/,(;)cb(ho +v-Vp),

which gives that
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9 (p®) + [p(p) — p(p) — ' (p)¢l vty — p'(p)v - Vo — (' (p) — %p’(ﬁ))w -Vp
(3.11)

— divl ) — [p(p) — p(P) — ¥ ()] (divia — dni) — p’f? hoo,

where {---} = —p®u — (p(p) — p(p))¥. On the other hand, multiplying ¢ on (3.2),
yields that

1 1
0u(5 101 ) =500 [ + p(w- V) - +p(r - V) -+ (p) V-

I 1
+(00) = S () Vi p V9L — div(GV Il ) 4 (o A) vy

— (p+ N)div(ydivey) = £ -9 — dg - ¥ + (2u + X) 07 a .

(3.12)

Note that
Iy = — [0+ div(ou)] [0 +div (5 p [l w) = div( 3 pluf u)
1,1 5 100 p oF P ’
and

p(y - V&) - ¢ = pdiajv} + p(y - V(@ — ajer)) - ¢,

I 2

then adding up (3.11) and (3.12) yields that

e (p® + %pW) +[p(p) = p(p) — P (P)#) Ot} + phiiies? + [V + (e + \) [divep]”
= div{---} = [p(p) — p(p) — P'(p)¢] (diva — ray) — I
- @howf = dg -+ (20 + N) DT,

(3.13)
where div{:- - } vanishes after integration on €. Note that from Lemma 2.3, one has that

[divit — 18 [| oo () < C | |2 < Cee ™,

oo

‘11,2| S c ||Z:|:HW100(Q) |1/)|2 S Cseiat |¢|2 .

Then integrating (3.13) on Q yields that

1
2

T T
tes(t(l)F)T)|¢,¢|2+0/V¢||2dt+O/H(ala7£) (¢’¢1)H2dt
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T
< Clgn,vol? +C [ {eem (101 + 101?) + ol 6]
0

+ (1] + gl o oy 01) N1+ / 05 [y | da e

Q

T
< Clon, ol + Ce s 16,417 + Cz +.C / / 0245 ] dadt, (3.14)
te(0,T
0 Q

3
where we have used (3.3) and the fact that 014} > 0. Decompose 1 = > ¢(F) a
k_

in Lemma 2.5 such that ¢*) satisfies the k-dimensional G-N inequalities. Then by
Lemma 2.1, the last term in (3.14) satisfies that

T T 3
C//|8fﬂ’{]|w|d:cdt§0//2]c’)12a’{|
0 0 o k=1

W)‘ dadt

T
r (1) (2) (3)
= O/[Ha ulHLl(m (Hi/J HLoo(Q) + H¢ HLOC(Q)) +2 ulHLS(Q) Hw ‘LG(Q }dt
T
< / min{s, ¢~} (IIV9]1Z [[6]|2 + [Vl dt
0
%/va\\ at+ 088 sup (o] +Ct. (3.15)
te(0.7)

Collecting (3.14) and (3.15), one can obtain (3.10) if ¢ > 0 and § > 0 are small. O

Lemma 3.4. Under the assumptions of Proposition 3.2, there exist ¢y > 0,09 > 0 and
vy > 0 such that if € < gg,0 < dg and v < vy, then

t€(0,T)

T T
sup [961” + [ Vol de < C(lool? + ol +& +85 v [ 7% at). (.16
0 0

Proof. By taking the gradient V on (3.2); and multiplying the result by - 2 , one has
that

d1V1/J

Vol +

N ( |V¢>|2> diva dmp

Vo|* - Vp-Vo+ - Vd Vo +d Vol
2/)2 2 p- ivyp - Vo + 1V< u)

202

+p sVo- [V(a+ 1/))V¢+¢levu+V2 Y+ VpVp| = —ﬁwo-w, (3.17)
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where we have used the fact that

Vo Vo|? . ¢*
|p| s +—2p2(u V) Ve = | p3| O —I—d1v(|22| ) dw( >|V¢|
Vo2
_div(|2j’2| )——d vu |Vol|?. (3.18)

Multiplying ~% on (3.2)9 yields that

0+ Vo (u-T0) - Vo (v V) Vo + L gt () ) g5

¢

—%[MA¢+(M+>\)Vdivz/;]-V¢:%f—V¢—;g~V¢+2M+)\

D201 ¢.

1>
(3.19)
Note that

- Vo =0,(¢ Vo) = Voo

=0 (¢ - Vo) — div(¢0y¢) — dive (ho + pdive) + u - Vo + ¢diva+ Vj - ¥),
(3.20)

and

Iy = Vd v - V¢+p(A¢ Vdivip) - Vo

C2p+ A

Vo x curw) N pVp- (Vo x curly) (3.21)
P o

Vdivep - Vb + udiv( _
p

here and hereafter “x” denotes the cross product of two vectors. By (3.20) and (3.21),
adding up (3.19) and (2 + A)-(3.17) gives that

( )

2+ A °
0(Fgs™ Vol - V) + 2 v mdii)+ 3 hy (B2

where div{-- -} vanishes after integration on 2 and

Lo = 2”; A( ivit |Vo|* — divyyVj- Vo — Vo - VaVe — Ve - va)
+ p(divep)? + divypu - Vo — (u - Vop) - Ve + Ew. (Vo x curly),
ILy=— 2 + A (¢Vdiva- Vo + Vo - V2py) + divep (¢divi + Vj - ¢) — (¢ - Vi) - Vo
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- (@—’@)Vﬁ-w,

= 2EA (Caive Vol ~ Vo Vo),

24 =

2u—|—)\ 21+ A

0?01 .

Vho -V + diviphg + = (f —go)-Vo+

Iy 5 =
Now we estimate I ; one by one. Since

IVl ey < 100 1 @y + C (|25 [y o) < C(6 + 2,

(Q)

(3.23)
”VpHLOO(Q) < HalpT”LOO(R) +C ”U HW1,+oc(Q) < C(‘S + 6)7

it holds that

T , T
/nfmuLl i< (yrcee) [ [P vor asarrc [[vular
0 Q 0

Note that |Vdiva| < |83a]| + Cee™t, |V2| < |0357| + Cee** and

[Vp-p— 815" | < Cee™ |¢],
|(1- Vi) - Vo — d1af1010| < Cee™ || [V,
V-V — 01" 01| < Cee™ " |V,

then it follows from Lemma 2.1 and (3.7) that

T T
dt < c:// (llorat]| + ([0t ) Vel dt + Cs/e*at o, IV (9, %)l dt
0 0
T
e / / vty (16 + [n] ) (1016] + Vo) ) dadt

1 1 f 2 2 f U 2
<csh 0@t +2) [[9(0.9)] d+Ce sup o, e [ @)t d
0 ' 0

By Lemma 2.5, one has that

IVl < CUIVZ|E IVEIE + (|92 + V2] Ivelt) < ClIvell,.  (3.24)

Thus, one can estimate I3 4 by
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T T T
2 2
1zl < € [ 1960y 190 e <€ [ V0, [90] at
0 0 0

T T
<cv [I9alfde+ v [ 7% .
0 0

By (3.3) and Lemmas 2.1 and 2.4, the last one I 5 satisfies that

T
[ Wslzioyde < 0te w6 [19617 de+-Ce [ Ivpif e ce s ol
€(0,
0 0 0

+Ce +067).

Thus, collecting the estimates of I 5 to I 5 and using Lemma 3.3, one can integrate
(3.22) over 2 x (0,T) to obtain (3.16). O

Lemma 3.5. Under the assumptions of Proposition 3.2, there exist €g > 0,09 > 0 and
vo > 0 such that if € < 9,0 < dg and v < vy, then

T T
Jup ||vw||2+/y|v2¢||2dtgc(||¢o,¢0||§+s+5% +1//|}V3¢H2dt). (3.25)
€ 0 0

Proof. By multiplying ,%. on (3.2)9 and using the fact that

1 1 1
;vcuw A = p IVdivy|* + ;Vdivw (Lip — Vdive)

= % |Vdiv77/1|2 + div [d pﬁ] (Aw ded))} ; vy (Vp+ Vo) - (A1/1 - Vdiw/z),
(3.26)
one can get that
4
—at Vo> + £ \Aqm y A2 p |Vd P[P =div{--}+ > Iy, (3.27)

where {---} = VYo — ”:%)‘divd;(Aw — Vdivy),

L= (u- V) Ay + é’”w o= B3 4y - (A — Vdive),
0 Y@

Isp = (- Va) - Ag+ (B8 - )V A,

p
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(A — Vdive),

2u+ A

Isq = — (f ¢g) - L — oray Ay

Note that fQ AP de > CllAy|® > aoHVQQ/)H for some constant ag > 0. Then
similar to the estlmates of Iy 2 to I 5 in Lemma 3.4, one can prove that

T

T T
[ Msslsyae < G [ 192l c [9 (.0 ar
0 0

0

2
[ Wzl de < 0z s o vl +Ce+0) [ [0
te(0,
0 0

T

¢ [ @)t v

0

T T
Jsslsnydt < © [ Naivylm o 1961 |92 e < Co [ 1901, 720 at
0 0 0
T T
<cv [Ivula+cv [ |9 a,
0 0

T
1 2 1
[ 1l ey it < O +8%) [ [[920)" at +- 2 sup 61" + O +5%),
te (0,
0 0

Then integrating (3.27) over Q x (0,T), together with Lemmas 3.3 and 3.4, yields
(3.25). O

Lemma 3.6. Under the assumptions of Proposition 3.2, there exist ¢y > 0,09 > 0 and
vg > 0 such that if € < e9,0 < &y and v < vy, then

T T
s(té}j;)||V2¢||2+/||V2¢H2dt§ C(lloll3 + lltoll? +e + o3 +y/]|v3¢||2dt). (3.28)
te(0,
0 0

Proof. Let i € {1,2 3} be ﬁxed By taking the second derivative V; on (3.2); and
multiplying the result b

Voig|’
2 2

at<|V<’%¢| )+ ~Voudivg - Voo = —div(

9,2 ) + 141+ Lso, (3.29)
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where

I471 = 2ip2divu |V31¢|2 — % [vaz(deV’L/}) — pV@Zdle/)] . V&d)

- % VO;(u- Vo) — (u- V)V - Vosé — % (VO (¢divii) — ¢Vasdival - Vo6

1 - ~
- ? [Vai(vp ) — VQaiP'l/)] - V0,9,
¢ - | N 1
.[4’2 = —?V&-dlvu . va2¢ — ?V azp ¢ . V81¢ — Fv&ho . Vam

Here we have used (3.18) with V¢ being replaced by V9;¢, and the bad term %V@idivdw
VO;¢ in (3.29) can be canceled by the equation (3.2)s. Using Lemma 2.1 and (3.23), one
can prove that

T
/||14,1
0

T T
ey @t < Ce+8) [ [9%6]] (V6] + 1901 )t +C [ IVl oy V20 at
0 0
T
+€ [ 119260 196020y 194 1 oy
0

T T
< Cle+d+v) / 1V (6, %) dt + CV/ V3| dt, (3.30)
0 0
where we have used (3.7), (3.24) and the fact

3
IV6la0) < O[3l Vel < om,

=t (3.31)

k/4 ’ 1-k/4

3
1920 oy < C DIV V2l < ClIv29 ),
k=1

In addition, similar to the estimates of I 3 and I 5, one can prove that

T
[l
0

On the other hand, taking the derivative 0; on %'(3.2)2 and multiplying the result by
-VO;¢ yield that

T
Ll(Q)dtSC((S%+€)/HV2¢||2dt+Cs sup |62 + C(62 +¢). (3.32)
te(0,T)
0

/ 2 5
0, (93 - Vi) + ’% Vo8| — “T“wivalw VO =div{ 1+ Ly, (3.33)

Jj=3
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where {---} = 9;0;00;% + %V@m x curld;yp and

Lis = Oihodivdip + 0; (f - ¢g) Vb + 0, (2“ i Aafa;)amb,
P
/ /[~
Iiq = 0i(diviig + V- ) divdy — 05 (¢ - Vi) - VO — [(’% _P ;”))Vﬁ] Vi,

L5 = 0 (pdive) + u - Vo) divoies — 9;(w- Vo) - Voio - 0 ( IE) ))w Vi

1Vp- (Vi x curld;p)

+a( o Voo + o, pA)le -V + .

Here we have used (3.20) and (3.21) with ¢ and ¢ being replaced by 9;¢ and 0;¢,
respectively.
Similar to the estimate of I3 5, one can prove that

T T T
/||I4,s||L1(Q) dtgC(a+5%)/uv2¢y|2dt+c/qus,vaHth
0 0 0

+Ce sup ||| + C(e + 62).

te(0,T)

In addition, it holds that

T
/||I44HL1(Q) < //Hafﬂ?a@fﬁ
0

+C/se—at 16, 0| || V2%, V¢ dt + C(e + 6) /||v¢ V| ||V, V29| dt

¥, V29| dudt

SC(€+5+V)/||V2¢||2dt+05+05 S(ISPT)|¢,1,/J|2+C/(IV¢||2+IIWJIf)dt
te(0,
0

and

T
/||I45|\L1<Q ¢ < / V20l (IV 9l + Vel ) + (V2] (V] + IVell)] dzdt
0

e / 136l (V61 [V + V9] [ V2] )
0



22 F. Huang et al. / Advances in Mathematics 404 (2022) 108452

+e / 192611 1920 ) 19y + € / V6 7201

T

pren [ 7 yv2¢!ddt+0/ IVl + 1761 )dtwv/ [voula

0

where the last inequality follows from similar estimates of (3.30) and the fact that

1+k/2

3
Vol [IV20] < C D IIVel* 2 ||V

k=1

Collecting the estimates of I, ; to I4 5 above and applying Lemmas 3.3-3.5, one can add
up (2 + A)-(3.29) and (3.33) and sum the results with respect to ¢ from 1 to 3 to obtain
(3.28). O

Lemma 3.7. Under the assumptions of Proposition 3.2, there exist g > 0,09 > 0 and
vo > 0 such that if € < 9,0 < &y and v < vy, then

T
sup [Vl + [ [Vl dt < Olon ol +e40h). @30
te(0,T) )

Proof. For fixed i € {1,2,3}, taking the derivative 9; on %-(3.2)2 and multiplying the
result by -(—Ad;¢), one has that

1 A
30 (1V0wl) + = Elnouf? +“Z VAo |* = div{---} + i1 + T2, (3.35)

where {---} = V040,00 — M2divdi (A9 — Vdivdigh) and

Iy = A0 - 9 [u- Vo 44+ Vi LY )v¢+( ’;p)p’gﬁ))vﬁf—psbg
S /\afagel},

Iss = 8;2’) (A + (p + N)Vdive] - Adip — p ERIFTPE S (A — Vdivo).

Since fQ 10; A2 da > ag HV%WJH for some constant ag > 0, then

T T T
[l < € [ 520l 19000, dad +-C [ [[920] 1906,0) 31
0 0 0
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T T
+0/ V39| CIIEN, + [|o7ar ]|, + gl ||¢||)dt+0v/ V3| dt
0 0

T

T
< ((Z—O+C(5+5+V))/{|V31/J||2dt+c/||V(7/17¢)||?dt
0

0

+Ce sup o] +C(5 +¢),
te(0,T)

where we have used (3.31) and the Holder inequality for 1 = % + g + %. In addition,

by using (3.24), one can prove that

T

T T
[ Wzl de < [ 920l [9%0] v+ [ 190l V2] 96 at
0 0

0
T T
< (% +ov) / V3| dt + c/ V2 dt.
0 0

Then integrating (3.35) over Q x (0,7) and summing the results with respect to ¢ from
1 to 3 can lead to the completion of the proof of Lemma 3.7. O

Collecting Lemmas 3.3-3.7, Proposition 3.2 follows directly.
3.2. Proof of Theorem 3.1

The local existence of the solution (¢, ) € X(0,Tp) to (3.2) and (3.5) can be proved
by the standard contraction mapping theorem. Hence, with Proposition 3.2 and (3.4),
one can let g9 and dy be small such that C1(CZd3ed + eo + 50%) < 12, then the a priori
assumptions (3.7) can be closed. Through a standard continuation argument, one can
obtain a global in time solution (¢,%) € X(0,+00). Once the estimate (3.8) with T' =
+00 is obtained, (3.6) can be proved by the similar argument as in [33]. Thus, the proof
of Theorem 3.1 is completed.
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Appendix A. Proof of Lemma 2.3

Proof. In this proof, we denote ||| = [|-|| 2(psy and [|[|; = [l gi(s) for I > 1, and let
C>0and C; >0,j =0,1,2,--- be generic constants, independent of ¢ and ¢. By the
Galilean transformation, one can assume without loss of generality that u = 0.

It is known (see [31]) that if € = |lvo, wol|; ;o > 0 is small, the problem (1.1) with
(2.1) admits a unique global periodic solution (p,u) € C’(O, +00; Hk+2(T3)), satisfying

sup [|(p = o, W)lyyk,voe (psy < Csup [[(p = p, W)l < Ce
>0 >0

Then it remains to prove the exponential decay rate of the solution. Define v := p—p, z :=
u—1u=uand w:= pu — pu = pz. Due to the conservative form of (1.1), it holds that

/U(x, t) =0, /W(:U,t)dx =0, t>0.
T3 T3
Thus, it follows from the Poincaré inequalities on T3 that

o] < Co | Vol)”

2 2 2 2 2 2 2 2
2" < Cllw|” < CIVw]” < C(llzll} [IVolI” + [|Vz]") < Ci(e? Vol + [ Va]”).
(A1)

Note that the perturbations v = p— p and z = u — u satisfy the same equations as (3.2),

if one replaces (¢, ), (p, @) by (v,z), (p, 1), respectively and set hy = f = g = 0. Thus,
similar to the estimates of Lemmas 3.3-3.7, one can get that

E'(t) + C2(|Volf + IVzll5) <0, (A2)

where E(t) is an energy functional satisfying C~! |v, zHg < E(t) <Clw, z||§ Collecting
(A.1) and (A.2), one has that

OQE

E'(t) + (\|Vv||1+||VZ||2) + 50 || I+ o5 || I - IVo)* <o,

which yields that E’'(t) +2C3E(t) <0, if ¢ > 0 is small. Thus, it holds that ||v, z||, (t) <
Ce“'. The higher order estimates [|v,zl|, ., (t) < Ce™ %" can be proved similarly,
which is omitted for convenience. At last, one can finish the proof by using the Sobolev
inequality,

[0, 2l k.o 3y = Vs Zll koo (p3) < C v, 2] O
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Appendix B. Proof of Lemma 2.4

Proof. The idea is to extract the “well-decay” terms R; (i = 1,2, - --) from the equations
(2.3) and (2.4), where all R; are the products of periodic functions decaying exponentially
fast with respect to t (e.g. v¥,z%, 5 — p7, 0pu®, Vp*,---) and integrable functions with
respect to z1 € R (e.g. n(1 —0),0 —n, 00,011, -+ ).

Denote & = ||vo, Zo || g5 (7s)- It follows from (2.2) that

Hvi, ZiHW3v+°°(]R3) < Cee 21,
i) For hg given by (2.3), first note that
0:p=0ip~ (1 — o)+ 0ppto+ 0:p" + Ry, (B.1)
where the remainder Ry = ("UJr - v*)ato, satisfying that
IR () llyan () < Cee™ (|0 (-, )llyan ) < Cee™.

Similarly,

div(pa) = div(p~u™)(1 — o) + div(p*u™)o + 81 (5"a}) + Ra, (B.2)
where

Ry =div(p~u")(1 —o)p+div(pTu)o(l —n) + (p— p")Od] + (G — @})01p"

+p(2f —27)0n+ a1 (v —v7 ) —div(p u") (1 —o)p —div(pTut)o(1 —n),
satisfies that || Rz |[yy2.0q) < Cee™ . Collecting (B.1) and (B.2) gives that hg = Ry + Ra,
which yields (2.5) for hy.

ii) The estimate of h can be obtained by decomposing the terms in (2.4) one by one.
For brevity, we give only the decomposition of the most difficult term Vp(p). In fact,

Vp(p) = (p'(p) —p'(p7))Vp~ (1 — o)+ Vp(p~)(1 — o) + (¢ (p) — ' (p"))VpTo
+Vp(pH)o+ (' (p) — P/ (p")01p"e1 + V(") + p'(p) (vh —v™)Droe
= Vp(p™)(1 —0) + Vp(pT)o + dip(5")er + Rs, (B.3)
where

+p' (p) (vt —v7)01oe; with a(u,v) := /p”(u +60(v — u))do,

which satisfies that || Rs|ly1.0q) < Cee™". O
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