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Abstract
We study the concepts of the �p-Vietoris-Rips simplicial set and the �p-Vietoris-Rips
complex of a metric space, where 1 ≤ p ≤ ∞. This theory unifies two established
theories: for p = ∞, this is the classical theory of Vietoris-Rips complexes, and for
p = 1, this corresponds to the blurred magnitude homology theory. We prove several
results that are known for the Vietoris-Rips complex in the general case: (1) we prove
a stability theorem for the corresponding version of the persistent homology; (2) we
show that, for a compactRiemannianmanifold and a sufficiently small scale parameter,
all the “�p-Vietoris-Rips spaces” are homotopy equivalent to the manifold; (3) we
demonstrate that the �p-Vietoris-Rips spaces are invariant (up to homotopy) under
taking the metric completion. Additionally, we show that the limit of the homology
groups of the �p-Vietoris-Rips spaces, as the scale parameter tends to zero, does not
depend on p; and that the homology groups of the �p-Vietoris-Rips spaces commute
with filtered colimits of metric spaces.
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1 Introduction

The Vietoris-Rips complex of a metric space was introduced by Vietoris to define
the homology theory of a metric space (Vietoris 1927). Later, Rips used this com-
plex to study hyperbolic groups. The work of Rips was popularized by Gromov in
Gromov (1987). Hausmann proved that for a compact Riemannian manifold M and
a sufficiently small scale parameter r , the geometric realization of the Vietoris-Rips
complex VR<r M is homotopy equivalent to M (Hausmann 1994). He also showed that
theVietoris-Rips complex is invariant up to homotopy under taking themetric comple-
tion |VR<r X | � |VR<r X̂ |. Adamaszek and Adams identified the homotopy type of the
Vietoris-Rips complex of the circle for any scale parameter r (Adamaszek and Adams
2017). They proved that all odd spheres S1, S3, S5, . . . appear as homotopy types of
the Vietoris-Rips complex VR<r S1 for some r .Carlsson-Carlsson-De Silva applied the
Vietoris-Rips complex in topological data analysis (Carlsson et al. 2006), and Chazal
with his coauthors proved the stability theorem for the Vietoris-Rips complex (Chazal
et al. 2009) (see also Chazal et al. 2014).

The magnitude function of a compact metric space was introduced by Leinster
(2013). It was treated as an analog of the Euler characteristic of a topological space.
The corresponding (co)homology theory was developed by Hepworth and Willerton
for the case of graphs (Hepworth and Willerton 2017), and extended to all metric
spaces by Leinster and Shulman (2021) and Hepworth (2022) under the name of mag-
nitude (co)homology theory. Otter introduced a persistence version of the magnitude
homology under the name of blurred magnitude homology (Otter 2018). She proved
that the homology groups of the Vietoris-Rips complex and the blurred magnitude
homology have the same limit, as the scale parameter tends to zero. Govc and Hep-
worth (2021) showed that the magnitude function of a finite metric space can be also
recovered from the blurred magnitude homology.

In an unpublished preprint (Cho 2019), Cho used the language of enriched cate-
gories over quantales to develop a theory that includes the Vietoris-Rips complex and
the blurred homology theory as special cases. For each 1 ≤ p ≤ ∞, a metric space X
and a real number r > 0, he defines a simplicial set which we call the �p-Vietoris-Rips
simplicial set. For p = ∞, the geometric realization of the simplicial set is homotopy
equivalent to the geometric realization of the classical Vietoris-Rips complex, and for
p = 1, its homology is the blurred magnitude homology.

We provide an alternative definition of the �p-Vietoris-Rips simplicial sets in terms
of the �p-weight of a tuple of points in a metric space. Our definition is shown to be
equivalent to the definition of Cho (Proposition 2.6). Since simplicial complexes are
more convenient for data analysis, we also define �p-Vietoris-Rips complexes in terms
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of �p-weights of finite subsets. We develop a theory that works in both of these two
settings — the setting of simplicial sets and the setting of simplicial complexes. In
particular, we prove the stability theorem, the result about Riemannian manifolds, the
result about metric completions, the result about limit homology and commutativity
with filtered colimits for both of these two settings. More precisely, we introduce a
general framework that includes both of these two settings and prove the results in this
general framework.

The general framework is based on a general concept we introduce called a distance
matrix norm. Roughly speaking, a distance matrix norm ν is a norm defined on the
“space” of all distance matrices of all tuples. A distance matrix norm ν defines a ν-
weight of a tuple of points in ametric space, which is used to define the ν-Vietoris-Rips
simplicial set. We show that the theory of both �p-Vietoris-Rips simplicial sets and
�p-Vietoris-Rips complexes can be reduced to the theory of ν-Vietoris-Rips simplicial
sets for appropriate distance matrix norms ν, and prove all relevant statements in the
general context of any distance matrix norm.

1.1 Definitions of the �p-Vietoris-Rips spaces

Let us define the main characters of the paper: the �p-Vietoris-Rips simplicial sets
VR

p
<r X and VR

p
≤r X and the �p-Vietoris-Rips complexes VRp<r X and VRp≤r X of a

metric space X . The definition is based on the concept of the �p-weight of a tuple of
points in a metric space. It is defined by the formula

wp(x0, . . . , xn) = max
0≤i0<···<im≤n

‖d(xi0 , xi1), . . . , d(xim−1 , xim )‖p, (1.1)

where ‖ − ‖p is the �p-norm, d is the distance and the maximum is taken over all
strictly increasing subsequences i0 < · · · < im of 0, . . . , n. For p = 1, using the
triangle inequality, we obtain

w1(x0, . . . , xn) = d(x0, x1)+ · · · + d(xn−1, xn). (1.2)

For p = ∞, the �p-norm is equal to the diameter of the set of points in the tuple

w∞(x0, . . . , xn) = diam({x0, . . . , xn}). (1.3)

For any r > 0, the �p-Vietoris-Rips simplicial set VRp
<r X is defined so that its n-

simplices are tuples (x0, . . . , xn) such that wp(x0, . . . , xn) < r , and the face and
degeneracy maps are defined by deletions and doublings. Similarly we define VRp

≤r X
by replacing < with ≤ .

The definition of the �p-Vietoris-Rips complexes VRp<r X and VRp≤r X is based on the
concept of the �p-weight of a finite non-empty subset of a metric space. It is defined
by the formula

wp({x0, . . . , xn}) = min
π∈�[n]

wp(xπ(0), . . . , xπ(n)), (1.4)
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where �[n] denotes the group of permutations of the set {0, . . . , n}. Thus the �p-
Vietoris-Rips complex VRp<r X consists of finite non-empty subsets of X whose �p-
weight is less than r .The non-strict version of the simplicial complex VRp≤r X is defined
similarly.

The simplicial complex VR∞<r X is the classical Vietoris-Rips complex VR<r X and
the geometric realization of the simplicial set VR∞<r X is homotopy equivalent to the
geometric realization of VR∞<r X . Moreover, it is easy to see that the �p-Vietoris-Rips
complex forms a sub-complex in the classical Vietoris-Rips complex VRp<r X ⊆ VR<r X
and VRp≤r X ⊆ VR≤r X . The blurred magnitude homology is the homology of the �1-
Vietoris-Rips simplicial set.

1.2 Distancematrix norms

In order to unify the cases of simplicial sets and simplicial complexes, we define a
general notion of distance matrix norm. For n ≥ 0, we denote by Dist[n] the subset
of the set of real square matrices of order n + 1 consisting of all distance matrices
of an (n + 1)-tuple in a metric space. A distance matrix norm ν consists of maps
ν : Dist[n] → R≥0, for each n ≥ 0, satisfying a list of axioms (Definition 2.1). The
ν-weight of a tuple of points is defined as

wν(x0, . . . , xn) = ν(D(x0, . . . , xn)), (1.5)

where D(x0, . . . , xn) = (d(xi , x j ))i, j is the distancematrix. Then the ν-Vietoris-Rips
simplicial set VRν

<r X is the simplicial set consisting of tuples whose ν-weight is less
than r .

We construct two families of distance matrix norms νp and ν
sym
p and show that the

�p-Vietoris-Rips simplicial set is the νp-Vietoris-Rips simplicial set; and the geometric
realization of the �p-Vietoris-Rips complex is homotopy equivalent to the geometric
realization of the ν

sym
p -Vietoris-Rips simplicial set. Thus, both of the theories can

be reduced to the theory of ν-Vietoris-Rips simplicial sets. We also give some other
interesting examples of distance matrix norms (Subsection 2.5).

1.3 Stability theorem

For any distance matrix norm ν, we prove a version of the stability theorem for “ν-
persistent homology”. Namely, we show that the interleaving distance dint between
persistence modules Hn(VR

ν
<∗X) and Hn(VR

ν
<∗Y ) is not greater than 2Cn+2(ν) ·

dGH (X ,Y ), where dGH is the Gromov-Hausdorff distance and Cn(ν) denotes some
constant (Theorem 4.2):

dint(Hn(VR
ν
<∗X), Hn(VR

ν
<∗Y )) ≤ 2Cn+2(ν) · dGH (X ,Y ). (1.6)

As corollaries, we obtain the inequality for �p-Vietoris-Rips simplicial sets

dint(Hn(VR
p
<∗X), Hn(VR

p
<∗Y )) ≤ 2(n + 2)

1
p · dGH (X ,Y ), (1.7)
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for �p-Vietoris-Rips complexes

dint(Hn(VR
p
<∗X), Hn(VR

p
<∗Y )) ≤ 2(n + 2)

1
p · dGH (X ,Y ), (1.8)

and for the blurred magnitude homology

dint(MHn,<∗(X),MHn,<∗(Y )) ≤ 2(n + 2) · dGH (X ,Y ). (1.9)

1.4 Riemannianmanifolds

Hausmann showed that for a compact Riemannian manifold M and a sufficiently
small scale parameter r > 0 the geometric realization of the Vietoris-Rips complex
VR<r M is homotopy equivalent to M (Hausmann 1994). We generalize this theorem
by showing that the geometric realization of VRν

<r M is homotopy equivalent to M for
a sufficiently small r > 0 and any ν. In particular, we obtain that the blurredmagnitude
homology of M is isomorphic to the ordinary homology of M for a sufficiently small
r . Moreover, we prove a more general version of this theorem for geodesic spaces
(Theorem 7.1).

For any 1 ≤ p ≤ ∞, we define rp(M) as the infimum of r > 0 such that the
geometric realization of VRp

<r M is not homotopy equivalent to M . We compute this
number for the circle of perimeter one S1:

rp(S
1) = 2

1
p

2+ 2
1
p

. (1.10)

In particular, we obtain r∞(S1) = 1
3 , which coincides with the result of Adamaszek

and Adams (2017).

1.5 Metric completions and shortly contractible spaces

We prove a general theorem (Theorem 5.4) which states that under certain conditions
an embedding of metric spaces A ↪→ X induces a weak equivalence of simplicial sets

VRν
<r A

∼−→ VRν
<r X (1.11)

for any distance matrix norm ν and any r > 0. As a corollary we show that the
homotopy type of the strict ν-Vietoris-Rips simplicial set does not change after taking
the metric completion:

|VRν
<r X | � |VRν

<r X̂ |. (1.12)

In particular, we obtain MHn,<r (X) ∼= MHn,<r (X̂).

We say that a metric space X is shortly contractible if there exists a contracting
homotopy to the point h : X ×[0, c] → X , which is a short map (Definition 5.9). For
example, bounded convex subsets, bounded star domains and the semicircle are shortly
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contractible. As a corollary of the general theorem, we obtain that for a shortly con-
tractible metric space X the simplicial setVRν

<r X is weakly contractible. In particular,
we have MHn,<r (X) = 0 for n ≥ 1.

Note that these results hold only for the strict versions of the simplicial setsVRν
<r X

and do not hold for the non-strict versions VRν≤r X . There is an example of a metric

space X such that MH1,≤r (X) � MH1,≤r (X̂) (Remark 5.8), and there is also an
example of a shortly contractible metric space X such that MH1,≤r (X) �= 0 (Remark
5.15).

1.6 Pro-simplicial sets and limit homology

Despite the fact that for different distancematrix norms ν the simplicial setsVRν
<r X are

usually different, all of them are similar for small r .This observation can be formalized
in terms of pro-simplicial sets, which can be understood as “formal cofiltered limits”
of simplicial sets.

We denote by VRν,n
<r X the n-skeleton of the ν-Vietoris-Rips simplicial set. Then

the functor (0,∞) → sSet sending r to VRν,n
<r X defines a pro-simplicial set that we

denote by VRν,n
proX . We prove that this pro-simplicial set does not depend on ν

VRν,n
proX ∼= VR∞,n

pro X . (1.13)

In particular, we obtain that the limits of homology groups coincide

lim
r→0

Hn(VR
ν
<r X) ∼= lim

r→0
Hn(VR<r X). (1.14)

1.7 Filtered colimits of metric spaces

A disadvantage of the ordinary magnitude homology is that it does not commute with
filtered colimits of metric spaces and short maps. However, we show that the strict
versions of the ν-Vietoris-Rips simplicial sets VRν

<r X commute with filtered colimits
of metric spaces up to homotopy. More precisely, for any filtered category I and any
I -diagram Xi in the category of metric spaces and short maps the map

colim(VRν
<r Xi )

∼−→ VRν
<r (colim Xi ) (1.15)

is a weak equivalence (Theorem 10.3). In particular, the strictly blurred magnitude
homology commutes with filtered colimits of metric spaces and short maps

colimMHn,<r (Xi ) ∼= MHn,<r (colim Xi ). (1.16)

2 Vietoris-Rips spaces

This section is devoted to unifying the notion of “Vietoris-Rips spaces” through the
concept of distance matrix norms. We define a distance matrix norm, and for any
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distance matrix norm ν, left infinite interval L ⊆ R and metric space X , we associate
a simplicial setVRν

L X .Wewill show that the study of both �p-Vietoris-Rips simplicial
sets and �p-Vietoris-Rips complexes can be reduced to the study of the simplicial set
VRν

L X for a general ν, and the blurred magnitude homology theory can be thought of
as the study of the �1-Vietoris-Rips simplicial set. Throughout the article, we denote
by X ,Y some metric spaces, by p an element of [1,∞], and by L ⊆ R a left infinite
interval, which is one of the sets (−∞, r), (−∞, r ] or R.

2.1 Distancematrix norms

For n ≥ 0, we denote by Mat[n](R) the set of real square matrices A = (Ai, j )i, j∈[n]
of order n + 1, whose entries are indexed by the set [n] = {0, . . . , n}. Consider
a simplicial set Mat[•](R), whose n-th component is Mat[n](R), the face map ∂i is
defined by deleting the i-th row and the i-th column of a matrix, and the degeneracy
map si is defined by doubling the i-th row and the i-th column of a matrix. In other
words, we can say that the simplicial set Mat[•](R) : �op → Set is defined so that,
its n-simplices are maps A : [n] × [n] → R and for a monotone map f : [m] → [n],
the map f ∗ : Mat[n](R) → Mat[m](R) defined by f ∗A = A( f × f ). We consider a
simplicial subset of “distance matrices”

Dist[•] ⊆ Mat[•](R) (2.1)

consisting ofmatrices D such that Di, j ≥ 0, Di,i = 0, Di, j = Dj,i and Di, j+Dj,k ≥
Di,k for i, j, k ∈ [n].Herewe allow Di, j = 0 for i �= j . In otherwordsDist[n] consists
of all pseudo-metrics on the set {0, . . . , n}. It is easy to see that Dist[•] is a simplicial
subset ofMat[•](R). Moreover, for each n the set Dist[n] is a convex cone inMat[n](R)

i.e. for any α, α′ ∈ R≥0 and D, D′ ∈ Dist[n] we have αD + α′D′ ∈ Dist[n].

Definition 2.1 By a distance matrix norm, we mean a collection of maps

ν : Dist[n] → R≥0, n ≥ 0 (2.2)

such that for any D, D′ ∈ Dist[n] and any α ∈ R≥0, we have
(1) ν(α · D) = α · ν(D);
(2) ν(D + D′) ≤ ν(D)+ ν(D′);
(3) If Di, j ≤ D′i, j for all i, j ∈ [n], then ν(D) ≤ ν(D′);
(4) ν( 0 1

1 0 ) = 1;
(5) ν(∂i D) ≤ ν(D) and ν(si D) = ν(D).

The property (3) is called monotone; the property (4) is called normalization; the
property (5) is called simpliciality.

We denote by En ∈ Dist[n] the matrix such that (En)i, j = 1, for any i �= j,
and (En)i,i = 0, for any i . For a distance matrix norm ν, we consider an increasing
sequence of constants Cn(ν)

1 = C1(ν) ≤ C2(ν) ≤ C3(ν) ≤ . . . (2.3)
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defined by the formula
Cn(ν) = ν(En). (2.4)

The sequence is increasing because ∂0En+1 = En and ν(∂0D) ≤ ν(D).

Let�[n] be the group of permutations of [n].For amatrix D ∈ Dist[n] andπ ∈ �[n],
we denote by Dπ a matrix such that Dπ

i, j = Dπ(i),π( j). A distance matrix norm ν is
called symmetric if

ν(D) = ν(Dπ ) (2.5)

for all D ∈ Dist[n] and π ∈ �[n]. For any distance matrix norm ν, we define a
collection of maps νsym : Dist[n] → R as

νsym(D) = min
π∈�[n]

ν(Dπ ). (2.6)

Lemma 2.2 For any distancematrix norm ν, the collection ofmaps νsym is a symmetric
distance matrix norm.

Proof The properties (1)-(4) are obvious. The property νsym(∂i D) ≤ νsym(D) is also
obvious. Let us prove that for anymatrix D ∈ Dist[n],we have νsym(si D) = νsym(D).

Since ∂i si D = D, we have νsym(si D) ≥ νsym(D).

Let us prove that νsym(si D) ≤ νsym(D). Here we will treat the matrix D as a map
D : [n] × [n] → R and any map f : [m] → [n] we set D f = D( f × f ). Then
∂k D = D∂k and sk D = Dsk , where ∂k : [n − 1] → [n] and sk : [n + 1] → [n] are
the coface and codegeneracy maps. Take π ∈ �[n] such that νsym(D) = ν(Dπ ). Then

there exists π ′ ∈ �[n+1] such that siπ ′ = πsπ−1(i). Indeed, it can be defined by the
formula

π ′(k) =
{

∂ i+1πsπ−1(i)(k), k �= π−1(i)+ 1,

i + 1, k = π−1(i)+ 1.
(2.7)

Then we obtain νsym(Dsi ) ≤ ν(Dsiπ ′) = ν(Dπsπ
−1(i)

) = ν(Dπ ), and hence
νsym(si D) ≤ νsym(D). ��

Two main examples of distance matrix norms for us are the following. For p ∈
[1,∞], we set

νp(D) = max
0≤i0<···<im≤n

‖Di0,i1 , Di1,i2 , . . . , Dim−1,im‖p, (2.8)

where ‖−‖p denotes the �p-norm. Since the diagonal of a distance matrix D is trivial,
we have (si D)i,i+1 = 0. Using this we can prove that νp(si D) = νp(D). All other
conditions of a distance matrix norm are obvious. The second example that we need
is the symmetric version of this distance matrix norm

ν
sym
p (D) = min

π∈�[n]
νp(D

π ). (2.9)
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The sequences of constants Cn for these examples are

Cn(νp) = Cn(ν
sym
p ) = n

1
p , (2.10)

where n
1
∞ = 1.

2.2 Vietoris-Rips simplicial sets

Let X be a metric space and ν be a distance matrix norm. For a tuple of
points (x0, . . . , xn) ∈ Xn+1, we consider the distance matrix D(x0, . . . , xn) =
(d(xi , x j ))i, j∈[n]. Then the ν-weight of the tuple is defined as

wν(x0, . . . , xn) = ν(D(x0, . . . , xn)). (2.11)

Lemma 2.3 Let ν be a distance matrix norm, σ = (x0, . . . , xn) ∈ Xn+1 be a tuple
and 0 ≤ i ≤ n. Set σ̃ = {x0, . . . , xn}. Then the following holds.

(1) wν(∂iσ) ≤ wν(σ ) and wν(siσ) = wν(σ ).

(2) wν(x0, x1) = d(x0, x1).
(3) wν(σ ) ≤ wν(x0, . . . , xi )+wν(xi , . . . , xn).
(4) wν(σ ) ≤∑

j d(x j , x j+1).
(5) diam(σ̃ ) ≤ wν(σ ) ≤ Cn(ν) · diam(σ̃ ).

Proof (1). Follows from the simpliciality of ν.

(2). Follows from ν(D(x0, x1)) = ν(d(x0, x1) · E1) = d(x0, x1) · ν(E1) =
d(x0, x1).

(3). Consider a matrix A defined by

Ak,l =
{
d(xk, xl), k, l ≤ i, or i ≤ k, l,

d(xk, xi )+ d(xi , xl), k < i < l, or l < i < k.
(2.12)

Then D(σ )k,l ≤ Ak,l and

A = sn . . . si+1si D(x0, . . . , xi )+ s0 . . . s0D(xi , . . . , xn). (2.13)

In particular, we obtain A ∈ Dist[n]. Then ν(D(σ )) ≤ ν(A) ≤ ν(D(x0, . . . , xi )) +
ν(D(xi , . . . , xn)).

(4). Follows from (2) and (3).
(5). (1) and (2) imply that d(xk, xl) = wν(xk, xl) ≤ wν(σ ). Then diam(σ̃ ) ≤

wν(σ ). On the other hand D(σ )i, j ≤ diam(σ̃ ) · (En)i, j . Then wν(σ ) ≤ Cn(ν) ·
diam(σ̃ ). ��

For a left infinite interval L ⊆ R (which is either L = (−∞, r ], or L = (−∞, r),
or L = R), we define the ν-Vietoris-Rips simplicial set VRν

L X as the simplicial set
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whose n-simplices are defined by the formula

(VRν
L X)n = {(x0, . . . , xn) | wν(x0, . . . , xn) ∈ L}, (2.14)

and face and degeneracy maps are defined by the formulas

∂i (x0, . . . , xn) = (x0, . . . , xi−1, xi+1, . . . , xn),
si (x0, . . . , xn) = (x0, . . . , xi , xi , . . . , xn).

(2.15)

Lemma 2.3(1) implies that this simplicial set is well defined. We will also use the
following notations

VRν
<r X = VRν

(−∞,r)X , VRν≤r X = VRν
(−∞,r ]X , (2.16)

and the following notation for the n-skeleton

VR
ν,n
L X = skn(VRν

L X). (2.17)

The �p-weight of a tuple σ = (x0, . . . , xn) of points of X is defined as wp(σ ) =
wνp (σ ). Therefore

wp(x0, . . . , xn) = max
0≤i0<···<im≤n

‖d(xi0 , xi1), . . . , d(xim−1 , xim )‖p. (2.18)

Then the �p-Vietoris-Rips simplicial set is defined by VRp
L X = VR

νp
L X .Note that for

p = 1, we have w1(x0, . . . , xn) = d(x0, x1)+ · · · + d(xn−1, xn). Therefore

(VR1
L X)n = {(x0, . . . , xn) | d(x0, x1)+ · · · + d(xn−1, xn) ∈ L}. (2.19)

For p = ∞, we have w∞(x0, . . . , xn) = diam({x0, . . . , xn}). Therefore we obtain

(VR∞L X)n = {(x0, . . . , xn) | diam({x0, . . . , xn}) ∈ L}. (2.20)

Lemma 2.3(4,5) implies that for any distance matrix norm ν, there are inclusions

VR1
L X ⊆ VRν

L X ⊆ VR∞L X , VR
∞,n
Cn(ν)−1·L X ⊆ VR

ν,n
L X . (2.21)

2.3 Relation to blurredmagnitude homology

The �1-Vietoris-Rips simplicial set VR1≤r X is the simplicial set used in the blurred
magnitude homology theory. In (Otter, 2018,Def. 15 (4)) (see alsoGovc andHepworth
2021; Cho 2019) for a metric space X , they define its [0,∞]op-nerve as

N (X)(r)n = {(x0, . . . , xn) | d(x0, x1)+ · · · + d(xn−1, xn) ≤ r} (2.22)
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and define the blurred magnitude homology of X as the homology of this filtered sim-
plicial setMHn,≤r (X) = Hn(N (X)(r)). Using (2.19), we obtain VR1≤r X = N (X)(r)
and

MHn,≤r (X) = Hn(VR
1≤r X). (2.23)

The magnitude homology of X can be defined as the reduced homology of the
quotient simplicial set

MHn,r (X) = H̃n(VR
1≤r X/VR1

<r X). (2.24)

We will also consider the strict version of the blurred magnitude homology

MHn,<r (X) = Hn(VR
1
<r X). (2.25)

This strict version will be called strictly blurred magnitude homology, and the non-
strict version will be called non-strictly blurred magnitude homology. It is easy to
see that there is a long exact sequence connecting all these three types of magnitude
homology

· · · → MHn+1,r (X) → MHn,<r (X) → MHn,≤r (X)→ MHn,r (X) → . . . . (2.26)

2.4 Vietoris-Rips complexes

Assume that ν is a symmetric distance matrix norm, and X is a metric space. Since ν

is symmetric, we have

wν(x0, . . . , xn) = wν(xπ(0), . . . , xπ(n)) (2.27)

for any π ∈ �[n]. Let {x0, . . . , xn} ⊆ X be a finite set such that x0, . . . , xn are distinct
points. We define its ν-weight as

wν({x0, . . . , xn}) = wν(x0, . . . , xn). (2.28)

The definition does not depend on the choice of the order of the points because ν is
symmetric.

Lemma 2.4 For any sequence x0, . . . , xn ∈ X (with possible repetitions), we have

wν({x0, . . . , xn}) = wν(x0, . . . , xn). (2.29)

Proof Set σ = {x0, . . . , xn}. If all points x0, . . . , xn are distinct, then it is obvi-
ous. If they are not distinct, there exists a permutation π ∈ �[n] and a subsequence
0 ≤ i0 < · · · < im ≤ n such that the points xπ(i0), . . . , xπ(im ) are distinct,
σ = {xπ(i0), . . . , xπ(im )} and for ik ≤ j < ik+1 we have xπ(ik) = xπ( j). Then
(xπ(0), . . . , xπ(n)) can be obtained from (xπ(i0), . . . , xπ(im )) by applying degeneracy
maps. It follows that wν(xπ(0), . . . , xπ(n)) = wν(xπ(i0), . . . , xπ(im )) = wν(σ ). ��
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The ν-Vietoris-Rips complex VRν
L X is defined as a simplicial complex consisting

of finite non-empty subsets σ ⊆ X such that wν(σ ) ∈ L

VRν
L X = {σ ⊆

f.n.

X | wν(σ ) ∈ L}. (2.30)

We will also consider its n-skeleton

VRν,n
L X ∼= skn(VRν

L X). (2.31)

Proposition 2.5 For a symmetric distance matrix norm ν, a metric space X and any
n ≥ 0, there are homotopy equivalences

|VRν
L X | � |VRν

L X |, |VRν,n
L X | � |VRν,n

L X |, (2.32)

which are naturalwith respect to inclusions induced by inclusions L ⊆ L ′ and X ⊆ X ′.

Proof In this proof we use the results and notations of Appendix “Simplicial sets
vs. simplicial complexes” (Section 11). In particular, for a simplicial complex K
we denote by SS(K ) the simplicial set, whose n-simplices are tuples (x0, . . . , xn)
such that {x0, . . . , xn} ∈ K . Using Lemma 2.4, we obtain VRν

L X = SS(VRν
L X) and

VR
ν,n
L X = SS(VRν,n

L X). Then the statement follows from Theorem 11.5. ��
The �p-weight of a non-empty finite subset τ = {x0, . . . , xn} ⊆ X , where

x0, . . . , xn are distinct points, is defined by

wp(τ ) = min
π∈�[n]

wp(xπ(0), . . . , xπ(n)). (2.33)

For p = 1 and p = ∞, we have

w1(τ ) = min
π∈�[n]

d(xπ(0), xπ(1))+ · · · + d(xπ(n−1), xπ(n)) (2.34)

and w∞(τ ) = diam(τ ).

The �p-Vietoris-Rips complex is defined by VRpL X = VRν
L X for ν = ν

sym
p .Therefore

VRpL X = {τ ⊆
f.n.

X | wp(τ ) ∈ L}. (2.35)

Since w∞(τ ) = diam(τ ),we obtain that VR∞L X is the classical Vietoris-Rips complex

VR∞L X = {τ ⊆
f.n.

X | diam(τ ) ∈ L}. (2.36)

Let us denote by VRsym-p
L X the Vietoris-Rips simplicial set associated with the sym-

metric distance matrix norm ν
sym
p

(VR
sym-p
L X)n = {(x0, . . . , xn) | wp({x0, . . . , xn}) ∈ L}. (2.37)
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Then Proposition 2.5 implies that there are homotopy equivalences between the geo-
metric realisations and their n-skeletons

|VRpL X | � |VRsym-p
L X |, |VRp,nL X | � |VRsym-p,n

L X |, (2.38)

which are naturalwith respect to inclusions induced by inclusions L ⊆ L ′ and X ⊆ X ′.
Since ν∞ = ν

sym
∞ , we also have

|VR∞L X | � |VR∞L X |. (2.39)

Note that for any symmetric distance matrix norm ν, Lemma 2.3 implies that

VR1L X ⊆ VRν
L X ⊆ VR∞L X . (2.40)

2.5 Cyclic versions of the Vietoris-Rips spaces

Let us give some other examples of distancematrix norms and the associated simplicial
sets and simplicial complexes. For a matrix D ∈ Dist[n], we set

νcp(D) = 2−
1
p · max

0≤i0<···<im≤n
‖Di0,i1 , . . . , Dim−1,im , Dim ,i0‖p. (2.41)

Then νcp is another example of a distance matrix norm. The associated νcp-weight is
denoted by w c

p. Using the triangle inequality, for p = 1 and σ = (x0, . . . , xn) we
obtain

w c
1 (σ ) = 1

2
(d(x0, x1)+ · · · + d(xn−1, xn)+ d(x0, xn)). (2.42)

The corresponding νcp-Vietoris-Rips simplicial sets can be called cyclic �p-Vietoris-

Rips simplicial sets VRc-p
<r X . Of course, we can take the symmetric version of this

distance matrix norm
ν
c.sym
p (D) = min

π∈�[n]
νcp(D

π ), (2.43)

the associated weight of a finite subset τ = {x0, . . . , xn} ⊆ X

wcp(τ ) = min
π∈�[n]

w c
p(xπ(0), . . . , xπ(n)) (2.44)

and consider the associated cyclic �p-Vietoris-Rips complex VRc-p<r X that consists of
non-empty finite subsets τ ⊆ X such that wcp(τ ) < r .

2.6 Cho’s definition

We fix some p ∈ [1,∞] and consider the binary operation for non-negative real
numbers

a ⊗ b = ‖a, b‖p. (2.45)

123



   15 Page 14 of 46 S. O. Ivanov, X. Xu

If p <∞,we have a⊗b = (a p+bp)
1
p , and for p = ∞,we have a⊗b = max(a, b).

This binary operation defines a structure of a monoid on R≥0 such that

a1 ⊗ · · · ⊗ an = ‖a1, . . . , an‖p. (2.46)

For a metric space X , Cho defines the �p-Vietoris-Rips simplicial set ṼR
p
≤r X of

a metric space X as a simplicial set, whose n-simplices are tuples (x0, . . . , xn) such
that there exists a sequence of non-negative real numbers r1, . . . , rn satisfying the
following conditions: r1 ⊗ · · · ⊗ rn ≤ r and d(xi , x j ) ≤ ri+1 ⊗ · · · ⊗ r j for i ≤ j
(see (Cho, 2019, Prop. 13)).

Proposition 2.6 The definition of Cho is equivalent to our definition

ṼR
p
≤r X = VR

p
≤r X . (2.47)

Proof First we prove that ṼR
p
≤r X ⊆ VR

p
≤r X . Take (x0, . . . , xn) ∈ (ṼR

p
≤r X)n . Then

there exist r1, . . . , rn such that r1 ⊗ · · · ⊗ rn ≤ r and d(xi , x j ) ≤ ri+1 ⊗ · · · ⊗ r j for
i ≤ j . Since⊗ is an associative operation, for any subsequence 0 ≤ i0 < · · · < im ≤
n, we have

d(xi0 , xi1)⊗ · · · ⊗ d(xim−1 , xim ) ≤ ri0+1 ⊗ · · · ⊗ rim ≤ r . (2.48)

Therefore wp(x0, . . . , xn) ≤ r .
Now we prove that VR

p
≤r X ⊆ ṼR

p
≤r X . For any n-simplex (x0, . . . , xn) ∈

(VR
p
≤r X)n , we define r1, . . . , rn inductively. First we set r1 = d(x0, x1). Suppose

we have defined r1, . . . , rk−1. We define rk to be the least number such that the fol-
lowing inequalities are satisfied:

d(xi , xk) ≤ ri+1 ⊗ · · · ⊗ rk 0 ≤ i ≤ k − 1. (2.49)

Since it is the least number, there exists an index f (k) < k such that the equality holds

d(x f (k), xk) = r f (k)+1 ⊗ · · · ⊗ rk . (2.50)

Nowwe verify that such r1, . . . , rn satisfy the desired properties. Since 0 ≤ f (k) <

k, there exists m such that f m(n) = 0. We consider the subsequence 0 ≤ i0 < · · · <
im ≤ n defined by i j = f m− j (n). Then

d(xi j , xi j+1) = ri j+1 ⊗ · · · ⊗ ri j+1 . (2.51)

Since ⊗ is associative, it follows that

r1 ⊗ · · · ⊗ rn = d(xi0 , xi1)⊗ · · · ⊗ d(xim−1 , xim ) ≤ r , (2.52)
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and for any 0 ≤ i < j ≤ n, we know from the construction of r j that

d(xi , x j ) ≤ ri+1 ⊗ · · · ⊗ r j . (2.53)

Therefore we complete the proof. ��

3 Lipschitz and short maps

In this section we introduce the notion of an L-locally (a, b)-Lipschitz map f : X →
Y , and an L-locally (a, b)-Lipschitz pair of maps f , g : X → Y . We show that an L-
locally (a, b)-Lipschitz map f induces a morphism of ν-Vietoris-Rips simplicial sets
with appropriate scale parameters. Moreover, if f , g is an L-locally (a, b)-Lipschitz
pair, then these morphisms are simplicially homotopic.

Throughout this section X ,Y denote two metric spaces; L denotes a left infinite
interval; ν denotes a distance matrix norm. We also set Cn = Cn(ν), w = wν and
assume that a, b ≥ 0 are two non-negative real numbers.

A map between metric spaces f : X → Y is called L-locally (a, b)-Lipschitz, if
for any x, x ′ ∈ X we have

d(x, x ′) ∈ L ⇒ d( f (x), f (x ′)) ≤ a · d(x, x ′)+ b. (3.1)

If a = 1, then f is called a L-locally b-short map. Note that if b �= 0, the maps are
not necessarily continuous.

A pair of maps f , g : X → Y is called L-locally (a, b)-Lipschitz pair, if both of
them are L-locally (a, b)-Lipschitz and, for any x, x ′ ∈ X , we have

d(x, x ′) ∈ L ⇒ d( f (x), g(x ′)) ≤ a · d(x, x ′)+ b. (3.2)

If a = 1, then f , g is called an L-locally b-short pair. If L = R, we use terms
“(a, b)-Lipschitz map”, “b-short map”, “(a, b)-Lipschitz pair” and “b-short pair”.

Lemma 3.1 Let (x0, . . . , xn) ∈ Xn+1 and (y0, . . . , yn) ∈ Yn+1 be tuples of points,
and a, b ≥ 0 be real numbers such that

d(yi , y j ) ≤ a · d(xi , x j )+ b, 0 ≤ i, j ≤ n. (3.3)

Then
w (y0, . . . , yn) ≤ a ·w (x0, . . . , xn)+ b · Cn . (3.4)

Proof The conditions imply that D(y0, . . . , yn)i, j ≤ a ·D(x0, . . . , xn)i, j+b ·(En)i, j .

Therefore, using the properties of a distance matrix norm, we obtain

ν(D(y0, . . . , yn)) ≤ a · ν(D(x0, . . . , xn))+ b · ν(En). (3.5)

The statement follows. ��
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For a simplicial complex K , we denote by SS(K ) the simplicial set consisting
of tuples (x0, . . . , xn) such that {x0, . . . , xn} ∈ K . Basic properties of the functor
SS : SCpx → sSet can be found in Section 11. For a set S, we denote by �(S)

the simplicial complex of all finite non-empty subsets of S. Therefore SS(�(S)) is a
simplicial set such that SS(�(S))n = Sn+1. Note that

VRν
L X ⊆ SS(�(X)). (3.6)

Proposition 3.2 For any n ≥ 0, an L-locally (a, b)-Lipschitz map f : X → Y induces
a morphism of simplicial sets

f∗ : VRν,n
L X −→ VR

ν,n
a·L+b·Cn

Y . (3.7)

Proof For n = 0, the statement is obvious, so let us assume that n ≥ 1. For a
tuple (x0, . . . , xn) ∈ (VRν

L X)n, we have (xi , x j ) ∈ (VRν
L X)1 for i < j . Hence

d(xi , x j ) = w (xi , x j ) ∈ L and we obtain d( f (xi ), f (x j )) ≤ a · d(xi , x j ) + b.
Then by Lemma 3.1, we obtain ( f (x0), . . . , f (xn)) ∈ (VRν

a·L+b·Cn
Y )n . Since all

simplices of VRν,n
L X can be obtained from n-simplices of VRν

L X by applying face
and degeneracy maps, we obtain that the map f ∗ : SS(�(X)) → SS(�(Y )) induces
a map VR

ν,n
L X −→ VR

ν,n
a·L+b·Cn

Y . ��

Recall that a simplicial homotopy between morphisms of simplicial sets ϕ,ψ :
S → T is a collection of maps hi : Sn → Tn+1 for 0 ≤ i ≤ n satisfying ∂0h0 = ϕn,

∂n+1hn = ψn and

∂i h j =

⎧⎪⎨
⎪⎩
h j−1∂i , i < j,

∂i hi−1, i = j �= 0,

h j∂i−1, i > j + 1.

si h j =
{
h j+1si , i ≤ j,

h j si−1, i > j
(3.8)

(see (May, 1992, Def.5.1)). Note that the last set of relations can be rewritten as

h j si =
{
si h j−1, i < j,

si+1h j , i ≥ j .
(3.9)

If ϕ = ψ, then the constant homotopy from ϕ to itself is defined by hi = siϕ.

Simplicial homotopies between ϕ andψ are in bijectionwithmaps h̃ : S×�1 → T
such that ϕ = h̃i and ψ = h̃i ′, where i, i ′ : S → S×�1 are the maps induced by the
maps �0 → �1. Then the constant homotopy corresponds to the composition with
the projection S ×�1 → S → T .

For any two maps between sets f , g : X → Y , we consider a collection of maps
h f ,g
i : (SS(�(X))n → (SS(�(Y ))n+1, for 0 ≤ i ≤ n, defined by the formula

h f ,g
i (x0, . . . , xn) = ( f (x0), . . . , f (xi ), g(xi ), . . . , g(xn)). (3.10)
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It is easy to see that h f ,g = (h f ,g
i ) defines a simplicial homotopy between SS(�( f ))

and SS(�(g)). Moreover, h f , f is the constant homotopy from f to f .

Proposition 3.3 Let n ≥ 0, and f , g : X → Y be a L-locally (a, b)-Lipschitz pair.
Then the simplicial homotopy h f ,g restricts to a simplicial homotopy between the
following induced maps

f∗ ∼ g∗ : VRν,n
L X −→ VR

ν,n+1
a·L+b·Cn+1Y . (3.11)

Proof Set hi = h f ,g
i . If x, x ′ ∈ X and d(x, x ′) ∈ L, all three numbers d( f (x), f (x ′)),

d( f (x), g(x ′)), d(g(x), g(x ′)) are less or equal than a · d(x, x ′)+ b. Hence for any
σ = (x0, . . . , xm) ∈ (VRν

L X)m the sequences siσ and hiσ satisfy the assumption of
Lemma 3.1. Therefore, using that w (siσ) = w (σ ), we obtain

w (hiσ) ≤ a ·w (σ )+ b · Cm+1. (3.12)

Let us prove that forσ ∈(VR
ν,n
L X)m and anym,wehavehiσ ∈(VR

ν,n+1
a·L+b·Cn+1Y )m+1.

It is sufficient to prove that for any natural m, and any σ ∈ (VR
ν,n
R

X)m we have

hiσ ∈ (VR
ν,n+1
R

Y )m+1 and

w (hiσ) ≤ a ·w (σ )+ b · Cn+1. (3.13)

Ifm ≤ n, it follows from (3.12). Now assume thatm ≥ n+1 and prove the statement
by induction. Since m ≥ n+ 1, any m-simplex of the n-skeleton σ ∈ (VR

ν,n
L X)m can

be obtained from an (m − 1)-simplex σ ′ ∈ (VR
ν,n
L X)m−1 by applying a degeneracy

map σ = s j (σ ′). Using (3.9), we obtain that we have an identity of the form hi s j =
s j ′hi ′ .The inductive assumption says that hi ′σ ′ ∈ (VR

ν,n+1
R

Y )m .Therefore, we obtain

hiσ = s j ′hi ′σ ′ ∈ (VR
ν,n+1
R

Y )m+1. Moreover, we have

w (hiσ) = w (hi s jσ
′) = w (s j ′hi ′σ

′) = w (hi ′σ
′)

≤ a ·w (σ ′)+ b · Cn+1 = a ·w (σ )+ b · Cn+1,
(3.14)

which finishes the proof. ��

4 Stability theorem

In this section, we will prove a stability theorem for homology of ν-Vietoris-Rips
simplicial sets. We will show that the interleaving distance between the persistence
modules Hn(VR

ν
<∗X) and Hn(VR

ν
<∗Y ) is bounded above by 2Cn+2(ν) · dGH (X ,Y ),

where dGH is the Gromov-Hausdorff distance. Throughout this section we denote by
X and Y some metric spaces, by ν a distance matrix norm, and set Cn = Cn(ν).

Let us recall the definitions of the Hausdorff distance and the Gromov-Hausdorff
distance. If Z is a metric space, the Hausdorff distance dH (X ,Y ) between subsets
X ,Y ⊆ Z is the infimum of constants c > 0 such that for any x ∈ X there exists y ∈ Y
such that d(x, y) ≤ c, and for any y ∈ Y there exists x ∈ X such that d(y, x) ≤ c.
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The Gromov-Hausdorff distance dGH (X ,Y ) between any metric spaces X and Y is
defined as the infimum of dH (i(X), j(Y )) taken by all isometric embeddings of X
and Y to some metric space i : X ↪→ Z ←↩ Y : j . Here we do not assume that X and
Y are compact, so the distance dGH (X ,Y ) can be zero for non-isometric spaces, and
can also be infinite.

Lemma 4.1 Let δ > 2dGH (X ,Y ). Then there exist δ-short maps f : X → Y and
g : Y → X such that (idX , g f ) and (idY , f g) are 2δ-short pairs.

Proof By the definition of the Gromov-Hausdorff distance, we can choose some
embeddings to an ambient space X ,Y ↪→ Z such that δ > 2dH (X ,Y ). Then for
any x ∈ X , there exists an element y ∈ Y such that d(x, y) ≤ δ/2. Choosing one
y = f (x) for each x, we define a function f : X → Y such that d(x, f (x)) ≤ δ/2.
Similarly, we define a function g : Y → X such that d(y, g(y)) ≤ δ/2 for any y ∈ Y .

These inequalities imply the following inequalities

d( f (x), f (x ′)) ≤ d(x, x ′)+ δ, d(g(y), g(y′)) ≤ d(y, y′)+ δ. (4.1)

d(x, g f (x ′)) ≤ d(x, x ′)+ δ, d(y, f g(y′)) ≤ d(y, y′)+ δ. (4.2)

for any x, x ′ ∈ X and y, y′ ∈ Y . Since f and g are δ-short, their compositions g f and
f g are 2δ-short. The statement follows. ��
Let us recall the definition of the interleaving distance between persistence objects

(Bubenik et al. 2015; Oudot 2017). By a persistence object in a category C, we mean
a functor P : R → C, where R is treated as a posetal category. A morphism of
persistence objects is a natural transformation. For a real number c, we denote by
P[c] the shifted persistence object, which is defined as the composition of P with the
functor +c : R → R. Then we have a natural transformation θc : P → P[c] defined
by θca = P(a, a + c) : P(a) → P(a + c). For c > 0, two persistence objects P, P ′
are called c-interleaved, if there are morphisms ϕ : P → Q[c] and ψ : Q → P[c]
such that the following diagrams are commutative.

P Q[c]

P[2c]

←→ϕ←→
θ2c

←→ ψ[c]
Q P[c]

Q[2c]

←→ψ←→
θ2c

←→ ϕ[c] (4.3)

Then the interleaving distance between P and Q is defined as the infimum of the
numbers c > 0 such that P and Q are c-interleaved

dint(P, Q) = inf{c > 0 | P, Q are c-interleaved}. (4.4)

For ametric space X and a commutative ringK,we consider the persistencemodule

Hn(VR
ν
<∗X) : R −→ Mod(K), r �→ Hn(VR

ν
<r X), (4.5)

where Hn(−) = Hn(−;K).
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Theorem 4.2 For any metric spaces X and Y , any distance matrix norm ν, any com-
mutative ring K and any n ≥ 0 we have

dint(Hn(VR
ν
<∗X), Hn(VR

ν
<∗Y )) ≤ 2Cn+2(ν) · dGH (X ,Y ). (4.6)

The same inequality holds for the non-strict versions of these persistence modules
Hn(VR

ν≤∗X) and Hn(VR
ν≤∗Y ).

Proof Fix some δ > 2dGH (X ,Y ).ByLemma4.1, there exist δ-shortmaps f : X → Y
and g : Y → X such that (idX , g f ) and (idY , f g) are 2δ-short pairs. Then Proposition
3.2 and inequality Cn+1 ≤ Cn+2 imply that f and g induce morphisms

f∗ : VRν,n+1
<∗ X → VR

ν,n+1
<∗+δCn+2Y , g∗ : VRν,n+1

<∗ Y → VR
ν,n+1
<∗+δCn+2X . (4.7)

Proposition 3.3 implies that the diagrams

VRν,n+1
<∗ X VR

ν,n+1
<∗+δCn+2Y

VR
ν,n+2
<∗+2δCn+2X

←→f∗←

→θ ←→ g∗
VRν,n+1

<∗ Y VR
ν,n+1
<∗+δCn+2X

VR
ν,n+2
<∗+2δCn+2Y

←→g∗←

→θ ←→ f∗ (4.8)

are commutative up to homotopy. Since Hn(VR
ν
<r X) = Hn(VR

ν,m
<r X) form ≥ n+1,

we obtain that the persistence modules Hn(VR
ν
<∗X) and Hn(VR

ν
<∗Y ) are δCn+2-

interleaved. ��
Corollary 4.3 Under the assumption of Theorem 4.2 and for any p ∈ [1,∞], there
are inequalities

dint(Hn(VR
p
<∗X), Hn(VR

p
<∗Y )) ≤ 2(n + 2)

1
p · dGH (X ,Y ), (4.9)

and
dint(Hn(VR

p
<∗X), Hn(VR

p
<∗Y )) ≤ 2(n + 2)

1
p · dGH (X ,Y ), (4.10)

and
dint(MHn,<∗(X),MHn,<∗(Y )) ≤ 2(n + 2) · dGH (X ,Y ). (4.11)

The same inequalities hold for non-strict versions of these persistence modules
Hn(VR

p
≤∗−), Hn(VR

p
≤∗−) and MHn,≤∗(−).

5 Embeddings inducing weak equivalences

The main goal of this section is to introduce some conditions for an embedding
of metric spaces A ↪→ X under which the induced embedding of simplicial sets
VRν

<r A ↪→ VRν
<r X is a weak equivalence (Theorem 5.4). As a corollary, we obtain
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that the canonical embedding of a metric space to its metric completion X ↪→ X̂

induces a weak equivalenceVRν
<r X

∼→ VRν
<r X̂ (Corollary 5.7), and that for a convex

subset X ⊆ R
n the simplicial set VRν

<r X is weakly contractible (Corollary 5.13).
In this section we denote by ν a distance matrix norm, by r > 0 a positive number,

and we assume that the left infinite interval that we considered in previous sections is
open L = (−∞, r), because the results of this section do not hold for closed intervals
(Remarks 5.8 and 5.15).

Lemma 5.1 For a finite metric space X and any n ≥ 0, there exists ε > 0 such that
the map

VR
ν,n
<r−εX −→ VRν,n

<r X (5.1)

is an isomorphism.

Proof The set of all possible weights w (x0, . . . , xk), for k ≤ n, is a finite subset of
R. Then there exists ε such that w (x0, . . . , xk) < r implies w (x0, . . . , xk) < r − ε

for k ≤ n. ��
An r -locally c-short map is an L-locally c-short map for L = (−∞, r). More

precisely, a map f : X → Y is r -locally c-short, if d(x, x ′) < r implies
d( f (x), f (x ′)) ≤ d(x, x ′) + c. A pair of maps f , g : X → Y is called an r -locally
c-short pair, if d(x, x ′) < r implies d( f (x), g(x ′)) ≤ d(x, x ′) + c. If r = ∞, then
we use terms “c-short map”, and “c-short pair of maps”.

Definition 5.2 (r-locally c-short equivalence)We say that two r -locally c-short maps
f , g : X → Y are r -locally c-shortly equivalent, if there is a sequence of r -locally
c-short maps f = f0, . . . , fn = g such that ( fi , fi+1) is a r -locally c-short pair for
any i .

Definition 5.3 (r-locally c-short equivalence for maps of pairs of metric spaces) A
pair of metric spaces is a pair (X , A), where X is a metric space and A is its subspace.
An r -locally c-short map of pairs f : (X , A) → (Y , B) is an r -locally c-short map
f : X → Y such that f (A) ⊆ B.Two r -locally c-shortmaps of pairs f , g : (X , A) →
(Y , B) are r -locally c-shortly equivalent relative to A, if there is a sequence of r -locally
c-short maps of pairs f = f0, . . . , fn = g : (X , A) → (Y , B) such that ( fi , fi+1)
is an r -locally c-short pair of maps from X to Y and fi (a) = fi+1(a) for any i and
a ∈ A.

Theorem 5.4 (cf. (Hausmann, 1994, (2.2))) Let X be a metric space and A ⊆ X be
its subspace, with inclusion denoted by ι : A ↪→ X . Assume that for any ε > 0 there
is an r-locally ε-short map ρε : X → A such that ρει = idA and the maps of pairs
ιρε, idX : (X , A) → (X , A) are r-locally ε-shortly equivalent. Then ι induces a weak
equivalence

VRν
<r A

∼−→ VRν
<r X . (5.2)

Before we prove the theorem, we need to prove the following version of theWhitehead
theorem, which seems to be well known but we could not find a proper reference. If
S, T are simplicial sets, and S′ ⊆ S is a simplicial subset, we say that two maps
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f , g : S → T are homotopy equivalent relative to S′, if there is a sequence of
maps f = f0, . . . , fn = g : S → T such that, for any 0 ≤ i < n, there exists
a simplicial homotopy S × �1 → T connecting either fi with fi+1 or fi+1 with
fi whose restriction on S′ × �1 is a constant simplicial homotopy. In particular, we
assume that f |S′ = g|S′ .
Lemma 5.5 Let f : T ′ → T be a morphism of simplicial sets. Assume that, for any
inclusion of simplicial sets having a finite number of non-degenerate simplices S′ ↪→ S
and for any commutative square,

S′ T ′

S T

←→
←
↩→ ←→ f←→

←→h (5.3)

there exists a map h : S → T ′ such that the upper triangle is commutative and the
lower triangle is commutative up to homotopy relative to S′.Then themap f : T → T ′
is a weak equivalence.

Proof Let’s apply the Kan fibrant replacement Ex∞ to the map f : T → T ′ (see
(Goerss and Jardine, 2009, §III.4)). Then we need to show that Ex∞ f : Ex∞ T ′ →
Ex∞ T is a weak equivalence. By the simplicial Whitehead theorem (Kan, 1957,
Th.7.2), we need to show that for any commutative square

∂�n Ex∞ T ′

�n Ex∞ T

←→a
←
↩→ ←→

←→b

← →h (5.4)

there exists a map h : �n → Ex∞T ′ such that the upper triangle is commutative and
the lower triangle is commutative up to homotopy relative to ∂�n . Since ∂�n and �n

have a finite number of simplices, the maps to Ex∞ factor through ExN for sufficiently
large N . Therefore, we obtain a commutative diagram

∂�n ExN T ′

�n ExN T

←→a′

←
↩→ ←→

←→b′
(5.5)

Using the adjunction sd � Ex, we obtain the following commutative square.

sdN ∂�n T ′

sdN�n T

←→a′′

←
↩→ ←→

←→b′′

←→h′′ (5.6)

By the assumption, there is a map h′′ : sdN�N → T ′ such that the upper triangle
is commutative and the lower triangle is commutative up to homotopy relative to
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sdN ∂�n . Then the map h can be constructed as a composition of the adjoint map
h′ : �n → ExN T ′ and the monomorphism ExN T ′ � Ex∞T ′.

In order to prove that the lower triangle of the diagram (5.4) is commutative up to
homotopy relative to ∂�n , we need to observe that for any homotopy (sdN�n)×�1 →
T ′, we obtain a map sdN (�n ×�1) → T ′ by precomposing it with

sdN (�n ×�1)→ (sdN�n)× (sdN�1)
1×λ−−→ (sdN �n)×�1, (5.7)

where λ : sdN �1 → �1 is an iteration of the last vertex map. Moreover, the compo-
sition of maps

sdN�n ∼= sdN (�n ×�0)
sdN (1×∂ i )−−−−−−→ sdN (�n ×�1)→ T ′ (5.8)

equals to

sdN�n ∼= sdN�n ×�0 1×∂ i−−−→ (sdN �n)×�1 → T ′, (5.9)

for i ∈ {0, 1}, and we have the following commutative diagram

sdN (∂�n ×�1) sdN ∂�n × sdN�1 sdN ∂�n ×�1

sdN (�n ×�1) sdN�n × sdN�1 sdN�n ×�1

←→

←→ sdN (ι×1)

←→1×λ

←→ sdN (ι)×1 ←→ sdN (ι)×1

←→ ←→1×λ

(5.10)

where ι : ∂�n ↪→ �n is the inclusion.Therefore, byour observation and the adjunction
sd � Ex, the sequence of homotopies (sdN�n) × �1 → T ′ defines a sequence of
homotopies �n × �1 → ExN T ′ such that the lower triangle of the diagram (5.4) is
commutative up to homotopy relative to ∂�n , as desired. ��
Proof of Theorem 5.4 By Lemma 5.5, it is sufficient to prove that for any pair of sim-
plicial sets (S, S′) with finitely many non-degenerate simplices any map of pairs of
simplicial sets f : (S, S′) → (VRν

<r X ,VRν
<r A) is homotopy equivalent relative to

S′ to a map sending S to VRν
<r A. Set X ′ = f0(S0) ⊆ X and A′ = f0(S′0) ⊆ A and

choose n such that S = skn(S) and S′ = skn(S′). Then the map f factors through the
inclusion (VRν,n

<r X
′,VRν,n

<r A
′)→ (VRν

<r X ,VRν
<r A), and it is sufficient to prove the

statement for
(S, S′) = (VRν,n

<r X
′,VRν,n

<r A
′) (5.11)

and f induced by the embedding α : X ′ ↪→ X .

By Lemma 5.1, we can choose ε > 0 such that the map

(VR
ν,n
<r−εCn+2X

′,VRν,n
<r−εCn+2 A

′)
∼=−→ (VRν,n

<r X
′,VRν,n

<r A
′) (5.12)

is an isomorphism. Proposition 3.2 implies that the r -locally short maps α and ιρεα

induce maps

α∗, (ιρεα)∗ : (VRν,n
<r−εCn+2X

′,VRν,n
<r−εCn+2 A

′) −→ (VRν
<r X ,VRν

<r A). (5.13)
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Then it is enough to prove that these maps are homotopic α∗ ∼ (ιρεα)∗ relative to
VR

ν,n
<r−εCn+2 A

′. Since ιρε and id are r -locally ε-shortly equivalent morphisms of pairs
(X , A) → (X , A), we have a sequence id = f0, . . . , fm = ιρε : (X , A) → (X , A)

such that ( fi , fi+1) is an r -locally ε-short pair and fi |A = idA. If we compose them
with α, we obtain that ( fiα, fi+1α) are r -locally ε-short pairs so that ιρεα is r -locally
ε-shortly equivalent to α as maps of pairs (X ′, A′)→ (X , A). By Proposition 3.3 and
the formula (3.10), we obtain that there is a simplicial homotopy

( fiα)∗ ∼ ( fi+1α)∗ : (VRν,n
<r−εCn+2X

′,VRν,n
<r−εCn+2 A

′) −→ (VRν
<r X ,VRν

<r A),

(5.14)
relative to VRν,n

<r−εCn+2 A
′ which finishes the proof. ��

Proposition 5.6 (cf. (Hausmann, 1994, (2.4))) Let X be a metric space and A ⊆ X be
its dense subspace. Then the inclusion VRν

<r A→ VRν
<r X is a weak equivalence.

Proof Take ε > 0. Since A is dense in X , for any x ∈ X there exists a ∈ A such that
d(x, a) ≤ ε/2. Hence we can choose a map ρε : X → A such that d(x, ρε(x)) ≤ ε/2
and ρε(a) = a for a ∈ A. Then we obtain d(x, ρε(x ′)) ≤ d(x, x ′) + ε/2 and
d(ρε(x), ρε(x ′)) ≤ d(x, x ′)+ ε. Therefore ρε is ε-short and (id, ιρε) is a ε-short pair
of maps (X , A) → (X , A). Then the statement follows from Theorem 5.4. ��
Corollary 5.7 (cf. (Hausmann, 1994, (2.5))) Let X̂ be themetric completion of ametric
space X . Then the map VRν

<r X
∼→ VRν

<r X̂ is a weak equivalence for any r > 0. In
particular, we have an isomorphism for strictly blurred magnitude homology

MHn,<r (X) ∼= MHn,<r (X̂). (5.15)

Remark 5.8 The analogue of the isomorphism (5.15) does not hold for the non-strictly
blurred magnitude homology

MHn,≤r (X) � MHn,≤r (X̂). (5.16)

Indeed, if we had such an isomorphism, the long exact sequence (2.26) would imply
the isomorphism for magnitude homology. However, it is easy to construct an example
of a metric space X such that

MH1,1(X) � MH1,1(X̂) (5.17)

(see the description ofMH1,r in (Leinster and Shulman, 2021, Cor. 4.5)). For example,
we can take X ⊆ R

2 defined by

X = R
2 \ ((0, 1)× {0}), (5.18)

where (0, 1) ⊆ R is the open interval. Then we have X̂ = R
2, MH1,1(X) �= 0 and

MH1,1(X̂) = 0. This also implies that Theorem 5.4 does not hold for the non-strict
version of the simplicial set VRν≤r .
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Definition 5.9 (r-locally short deformation retract) A metric subspace A ⊆ X is
called r -locally short deformation retract, if there is a short map ρ : X → A such that
ρ(a) = a for a ∈ A and there is a map h : X × [0, c] → X , for some c > 0, such
that h(x, 0) = ρ(x), h(x, c) = x for x ∈ X , h(a, t) = a for a ∈ A, t ∈ [0, c] and

d(x, x ′) < r ⇒ d(h(x, t), h(x ′, t ′)) ≤ d(x, x ′)+ |t − t ′|. (5.19)

If A consists of one point, then X is called r -locally shortly contractible. If r = ∞,

then we use the terms “short deformation retract” and “shortly contractible”.

Proposition 5.10 For an r-locally short deformation retract A ⊆ X the inclusion
VRν

<r A→ VRν
<r X is a weak equivalence.

Proof In order to use Theorem 5.4, we need to show that for any ε > 0 the short
maps of pairs id, ιρ : (X , A) → (X , A) are r -locally ε-shortly equivalent. Consider
n such that 1/n < ε and set fi (x) = h(x, i/n) for 0 ≤ i ≤ �cn� assuming that
h(x, t) = h(x, c) for t > c. Then, if d(x, x ′) < r , we have

d( fi (x), fi+1(x ′)) = d(h(x, i/n), h(x ′, (i + 1)/n))

≤ d(x, x ′)+ 1/n

≤ d(x, x ′)+ ε.

(5.20)

Therefore the pair ( fi , fi+1) is r -locally ε-short, fi (a) = a for a ∈ A, and hence id
and ιρ are ε-equivalent maps of pairs (X , A) → (X , A). ��
Corollary 5.11 If X is shortly contractible, thenVRν

<r X is weakly contractible for any
ν and r .

A subset X ⊆ R
n is called star domain, if there exists a point x0 ∈ X such that for

any x ∈ X the line segment from x0 to x lies in X . For example, convex sets are star
domains.

Proposition 5.12 For a star domain X ⊆ R
n, the simplicial set VRν

<r X is weakly
contractible for any r > 0.

Proof For simplicity we make a shift of X such that x0 = 0. First we assume that X
is bounded and denote by c > 0 a constant such that ‖x‖ ≤ c for any x ∈ X . Let
X×1 [0, c] denote the space X×[0, c] equipped with the �1-product metric. Consider
the map h : X ×1 [0, c] → X defined by h(x, t) = (t/c)x . The map is short:

‖(t/c)x − (t ′/c)x ′‖ ≤ ‖(t/c)x − (t/c)x ′‖ + ‖(t/c)x ′ − (t ′/c)x ′‖
≤ (t/c) · ‖x − x ′‖ + |(t − t ′)/c| · ‖x ′‖
≤ ‖x − x ′‖ + |t − t ′|.

(5.21)

Then X is shortly contractible andwe can useCorollary 5.11. Now assume that X is not
bounded. Thenwe can present it as the union X =⋃

n Xn,where Xn is the intersection
with the ball X ∩ Bn(0) of radius n. Then VRν

<r X =
⋃

VRν
<r Xn is the union of the
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increasing sequence of simplicial subsets. Hence the union is homotopy equivalent to
the homotopy colimit VRν

<r X � hocolimVRν
<r Xn . Therefore, the fact that VR

ν
<r Xn

is weakly contractible for each n implies that VRν
<r X is weakly contractible. ��

Corollary 5.13 For a convex subset X ⊆ R
n, the simplicial set VRν

<r X is weakly
contractible for any r > 0.

Corollary 5.14 For a convex subset X ⊆ R
n, both strictly and non-strictly blurred

magnitude homology vanish

MHn,<r (X) = MHn,≤r (X) = 0 (5.22)

for n ≥ 1.

Proof For the strict case it follows from Corollary 5.13. For the non-strict case it
follows from the long exact sequence (2.26) and the fact that magnitude homology is
trivial for convex sets (Kaneta and Yoshinaga 2021). ��
Remark 5.15 Here we want to emphasize the difference between strictly and non-
strictly blurred magnitude homology once again. Consider a star domain X ⊆ R

2

defined by
X = ([0, 1] × {0}) ∪ ({0} × [0, 1]). (5.23)

Then by Proposition 5.12we haveMHn,<r (X) = 0 for n ≥ 1.However, it is easy to see
thatMH1,r (X) �= 0 (see (Leinster and Shulman, 2021, Cor. 4.5)) for any 0 < r ≤ √2,
and hence, using the long exact sequence (2.26), we obtain that MH1,≤r (X) �= 0.

Example 5.16 Consider an arc X = {eix | 0 ≤ x ≤ c} ⊆ C, where π ≤ c < 2π, with
the Euclidean metric.

1

eic

X :

We claim that for any r < d(1, eic) the arc X is r -locally shortly contractible, and
hence, VRν

<r X is weakly contractible. Let us prove this. Consider a map h : X ×
[0, c] → X defined by

h(eix , t) = eix(t/c). (5.24)

We need to check the property from the definition of the r -locally short deformation
retract. First note that if |x − x ′| ≤ π and 0 ≤ α ≤ 1, then

|eixα − eix
′α| ≤ |eix − eix

′ | ≤ |x − x ′|. (5.25)

Assume that 0 ≤ x, x ′ ≤ c and d(eix , eix
′
) < r . Then |x − x ′| ≤ π and we have

|eix(t/c) − eix
′(t ′/c)| ≤ |eix(t/c) − eix

′(t/c)| + |eix ′(t/c) − eix
′(t ′/c)|

≤ |eix − eix
′ | + |t − t ′|.

(5.26)
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Therefore X is r -locally shortly contractible. In particular, we obtain that the strictly
blurred magnitude homology is trivial

MHn,<r (X) = 0, n ≥ 1, 0 < r < d(1, eic). (5.27)

While the long exact sequence (2.26) and the description of the first magnitude homol-
ogy (Leinster and Shulman, 2021, Cor. 4.5) imply that

MH1,≤r (X) ∼= MH1,r (X) ∼= Z
⊕(2ℵ0 ), 0 < r < 2. (5.28)

6 Nerve theorem andMayer-Vietoris sequence

This section is devoted to results that allow us to reduce the computation of the homo-
topy type ofVRν

L X of ametric space X covered by a family of subsets X =⋃
i∈I Ui to

the homotopy types of VRν
LUi . In particular, we prove a version of the nerve theorem

for the ν-Vietoris-Rips simplicial sets.
Let S be a set (resp. simplicial set) and U = (Ui )i∈I be a family of subsets (resp.

simplicial subsets). For a subset σ ⊆ I we set Uσ = ⋂
i∈σ Ui . We denote by NU the

nerve complex of this family

NU = {∅ �= σ ⊆
fin

I | Uσ �= ∅}. (6.1)

Theorem 6.1 (Nerve theorem) Let L be a left infinite interval, X be a metric space and
U = (Ui )i∈I be a family of subsets Ui ⊆ X . Assume that VRν

L X =
⋃

i∈I VRν
LUi and

VRν
LUσ is weakly contractible for any σ ∈ NU. Then there is a homotopy equivalence

|VRν
L X | � |NU|. (6.2)

Proof It is easy to see that for σ ∈ NU we have VRν
LUσ = ⋂

i∈σ (VRν
LUi ). Then

the statement follows from the nerve theorem for simplicial sets that can be found in
Appendix (Theorem 12.6). ��

For a metric space X , a left infinite interval L and points x, y ∈ X we consider the
“ν-ellipse with foci x, y”

EllνL(x, y) = {a ∈ X | wν(x, a, y) ∈ L}. (6.3)

Note that, since d(x, a) = wν(x, a) ≤ wν(x, a, y), we have

EllνL(x, y) ⊆ BL(x), (6.4)

where BL(x) = {a ∈ X | d(x, a) ∈ L}.
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If ν = νp, we denote the ν-ellipse by EllpL(x, y), and if ν = ν
sym
p , then we denote

it by Ellsym-p
L (x, y). We use the term “ellipse” because

Ell1L(x, y) = {a ∈ X | d(x, a)+ d(a, y) ∈ L}. (6.5)

For p = ∞ we have
Ell∞L (x, y) = BL(x) ∩ BL(y). (6.6)

For the symmetric case and p = 1, we have

Ellsym-1
L (x, y) = BL−d(x,y)(x) ∪ Ell1L(x, y) ∪ BL−d(x,y)(y). (6.7)

Lemma 6.2 Let U = (Ui )i∈I be a family of subsets of a metric space X and L be a
left infinite interval. Assume that for any x, y ∈ X such that d(x, y) ∈ L there exists
i ∈ I such that EllνL(x, y) ⊆ Ui . Then

VRν
L X =

⋃
i∈I

VRν
LUi . (6.8)

Proof Take (x0, . . . , xn) ∈ (VRν
L X)n . Then for any 1 ≤ k ≤ n we have (x0, xk, xn) ∈

(VRν
L X)2. It follows that xk ∈ EllνL(x, y)(x0, xn) and d(x0, xn) ∈ L. Hence, if

EllνL(x0, xn) ⊆ Ui then (x0, . . . , xn) ∈ VRν
LUi . ��

Corollary 6.3 Let L be a left infinite interval, X be a metric space and U = (Ui )i∈I be
a family of subsets Ui ⊆ X such that VRν

LUσ is weakly contractible for any σ ∈ NU.

Assume that for any x, y ∈ X such that d(x, y) ∈ L there exists i ∈ I such that
EllνL(x, y) ⊆ Ui . Then there is a homotopy equivalence

|VRν
L X | � |NU|. (6.9)

Proposition 6.4 (Mayer-Vietoris sequence) Let L be a left infinite interval, X be a
metric space and U , V ⊆ X be subsets such that for any x, y ∈ X such that d(x, y) ∈
L we either have EllνL(x, y) ⊆ U , or EllνL(x, y) ⊆ V . Then the following commutative
square is a homotopy pushout.

VRν
L(U ∩ V ) VRν

LV

VRν
LU VRν

L X

←→

←→ ←→←→
(6.10)

In particular, there is a long exact sequence

· · · → Hn(VR
ν
L(U ∩ V ))→ Hn(VR

ν
LV )⊕ Hn(VR

ν
LU )→ Hn(VR

ν
L X)→ . . . ,

(6.11)
where Hn(−) = Hn(−, K) is homology with coefficients in a commutative ring K.
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Proof By Lemma 6.2 we have VRν
L X = VRν

LU ∪ VRν
LV . It is easy to see that

VRν
L(U ∩ V ) = (VRν

LU ) ∩ (VRν
LV ). Then the square is a pushout consisting of

embeddings. Therefore it is a homotopy pushout. ��

7 Geodesic spaces and Riemannianmanifolds

This section is devoted to the proof of the fact that for a geodesic space X and a
sufficiently small scale parameter r the geometric realization of the simplicial set
VRν

<r X is homotopy equivalent to X (Theorem 7.1).
Let X be a metric space. A minimizing geodesic is a map γ : I → X from an

interval I ⊆ R such that d(γ (s), γ (t)) = |t − s| for any s, t ∈ I (see (Gromov,
1999, Def.1.9)). A metric space X is called geodesic, if for any x, y ∈ X there exists a
minimizing geodesic γx,y : [0, d(x, y)] → X from x to y. For example, any complete
Riemannianmanifold can be treated as a geodesic space (Gromov, 1999, §1.10, §1.14).

For a geodesic space X , we define a real number r(X) ≥ 0 as the supremum of
numbers r ≥ 0 satisfying the following three conditions.

(a) For any x, y ∈ X such that d(x, y) < 2r , there is a unique minimizing geodesic
γx,y joining x to y.

(b) If x, y, a ∈ X such that d(x, y) < 2r , d(a, x) < r , d(a, y) < r and z is a point
on the shortest geodesic joining x to y, then d(a, z) ≤ max(d(a, x), d(a, y)).

(c) if γ and γ ′ are minimizing geodesics and if 0 ≤ s, s′ < 2r and 0 ≤ t ≤ 1, then
d(γ (st), γ ′(s′t)) ≤ d(γ (s), γ ′(s′)).

Assume that 0 < r < r(X). Then for any α = (x0, . . . , xn) ∈ (VR∞<r X)n, we
consider a map (see (Hausmann, 1994, p.179))

T (α) : �n
top −→ X (7.1)

that can be inductively defined as follows. Let (ei )i∈[n] be the standard basis inR
[n].Set

T (α)(e0) = x0. Suppose T (α)(y) is defined for elements of the form y =∑p−1
i=0 ti ei

for some p ≤ n and define it for an element of the from z =∑p
i=0 ti ei . If tp = 1, we

set T (α)(ep) = xp. Otherwise, we consider a point x = T α( 1
1−tp

∑p−1
i=0 ti ei ) and set

T (α)(z) = γx,xp (tp · d(x, xp)). It is easy to see that the diagrams

�n−1
top �n

top

X

←→∂ i

←→

T (∂iα)

←→

T (α)

�n+1
top �n

top

X

←→si

←→

T (siα)

←→

T (α)

(7.2)

are commutative. Therefore, this construction defines a map T : |VR∞<r X | → X that
can be restricted to a map

T ν : |VRν
<r X | −→ X . (7.3)
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Theorem 7.1 (cf. (Hausmann, 1994, (3.5))) Let X be a geodesic metric space with
r(X) > 0. Then for any 0 < r < r(X) and any distance matrix norm ν, the map (7.3)
is a homotopy equivalence.

Proof For any x ∈ X , we set Ux = Br (x), where Br (x) = {y ∈ X | d(x, y) < r}
is an open ball, and consider the family U = (Ux )x∈X . For any set of points σ =
{x0, . . . , xn}, we set Uσ = Ux0 ∩ · · · ∩Uxn . We claim that these intersections Uσ are
closed with respect to geodesics:

x, y ∈ Uσ ⇒ γx,y(t) ∈ Uσ (7.4)

for all t . Indeed, by property (b) we obtain

d(xi , γx,y(t)) ≤ max(d(xi , x), d(xi , y)) < r . (7.5)

Let us prove that Uσ is shortly contractible. Choose a point u ∈ Uσ . Consider a
map

h : Uσ × [0, 2r ] −→ Uσ , h(x, t) = γu,x

(
td(u, x)

2r

)
. (7.6)

Note that h(x, 2r) = x and h(x, 0) = u. By condition (c) we obtain

d(h(x, t), h(x ′, t)) ≤ d(x, x ′). (7.7)

Since γx,y is an arc-length parameterized shortest geodesic, we have

d(h(x ′, t), h(x ′, t ′)) ≤ d(u, x ′)
2r

· |t − t ′| ≤ |t − t ′|. (7.8)

Therefore, we have

d(h(x, t), h(x ′, t ′)) ≤ d(x, x ′)+ |t − t ′| (7.9)

for any x, x ′ ∈ Uσ and t ∈ [0, 2r ]. It follows that h is a short map and Uσ is shortly
contractible.

For x ∈ X , we consider a simplicial subset U ′x = VRν
<rUx ⊆ VRν

<r X . The
inclusion (6.4) combined with Lemma 6.2 imply that U′ = (U ′x )x∈X is a cover of
VRν

<r X . By Corollary 12.5 we obtain that the inclusions U ′σ ↪→ VRν
<r X induce a

weak equivalence from the diagonal of the Čech complex diag Č(U′) → VRν
<r X .

Then [19, Th. 3.6] implies that the inclusions induce a weak equivalence from the
homotopy colimit

hocolim�op Č(U′) ∼−→ VRν
<r X . (7.10)

On the other hand, (Dugger and Isaksen, 2004, Th.1.1) implies that the inclusions
Uσ ↪→ X induce a weak equivalence

hocolim�op Č(U)
∼−→ X . (7.11)
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Since Uσ is closed with respect to geodesics, the map T ν can be restricted to maps
T ν

σ : |U ′σ | → Uσ . Using that Uσ is shortly contractible, we obtain that |U ′σ | and Uσ

are contractible (Corollary 5.11), and hence, T ν
σ is a homotopy equivalence. Therefore

the statement follows from the fact that geometric realisation commutes with homo-
topy colimits (Hirschhorn, 2003, Th.18.9.10) and the commutativity of the following
diagram

hocolim�op |Č(U′)| hocolim�op Č(U)

|VRν
<r X | X

←→ ∼

←→∼
(T ν

σ )

←→ ∼

← →T ν

(7.12)

��
It is well known that a compact RiemannianmanifoldM has r(M) > 0 (Hausmann,

1994, p.179, Remark 1).

Corollary 7.2 For a compact Riemannian manifold M, there is r(M) > 0 such that for
any 0 < r < r(M) and any distance matrix norm ν there is a homotopy equivalence

|VRν
<r M | � M, (7.13)

and for n ≥ 1 we have an isomorphism

MHn,<r (M) ∼= Hn(M). (7.14)

8 Example: circle

Given a metric space X and a distance matrix norm ν, we define rν(X) as the infimum
of positive real numbers r such that the space |VRν

<r X | is not homotopy equivalent to
X

rν(X) = inf{r > 0 | |VRν
<r X | �� X}. (8.1)

We also set
rp(X) = rνp (X), r symp (X) = rνsymp

(X). (8.2)

For a geodesic metric space X , Theorem 7.1 implies that rν(X) ≥ r(X).
We define the circle as

S1 = R/Z. (8.3)

The counterclockwise distance on S1 is defined as �d(x, y) = ỹ − x̃, where x̃, ỹ ∈ R

are liftings of x and y respectively such that x̃ ≤ ỹ < x̃ + 1. The distance on S1 is
defined as

d(x, y) = min{ �d(x, y), �d(y, x)}. (8.4)

This section is devoted to the proof of the following theorem.

Theorem 8.1 For any p ∈ [1,∞], we have

rp(S
1) = r symp (S1) = 2

1
p

2+ 2
1
p

.
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Further we denote by ν any distance matrix norm and, for any metric space X , we
set:

Cν
n,<r (X) := Cn(VR

ν
<r (X);Z/2) = Z/2 · [(VRν

<r X)n];
Zν
n,<r (X) := Ker δn;

Bν
n,<r (X) := Im δn+1;

H ν
n,<r (X) := Zν

n,<r (X)/Bν
n,<r (X),

(8.5)

where δn : Cν
n,<r (X) → Cν

n−1,<r (X) is the nth boundary map. For any a, b ∈
Cν
1,<r (X), we write a ≡ b if a − b ∈ Bν

1,<r (X).

Lemma 8.2 For any (x, y) ∈ Cν
1,<r (S

1), we have (x, y) ≡ (y, x).

Proof First note that there exists a ∈ S1 such that x, y ∈ [a, a + 1/2]. The interval
[a, a + 1/2] ⊆ S1 is isometric to the interval [ã, ã + 1/2] ⊆ R, where ã is a lift of
a. Then Corollary 5.11 implies that Zν

1,<r ([a, a + 1/2]) = Bν
1,<r ([a, a + 1/2]). The

statement follows. ��
Definition 8.3 We say that a sequence of distinct points x0, . . . , xn−1 ∈ S1 indexed
by the elements of the cyclic group Z/n is cyclically ordered, if

∑
i∈Z/n

�d(xi , xi+1) = 1. (8.6)

Any finite subset F ⊂ S1 can be cyclically ordered i.e. presented as F =
{x0, . . . , xn−1}, where x0, . . . , xn−1 is cyclically ordered. We say that a cyclically
ordered sequence x0, . . . , xn−1 is r-dense, if �d(xi , xi+1) < r for any i ∈ Z/n. A
1-cycle c ∈ Cν

1,<r (S
1) is r-dense cyclically ordered, if it can be presented as

c =
∑
i∈Z/n

(xi , xi+1), (8.7)

where x0, . . . , xn−1 is an r -dense cyclically ordered sequence.

Lemma 8.4 For any r > 0, either H ν
1,<r (S

1) = 0 or H ν
1,<r (S

1) ∼= Z/2. Moreover,

if H ν
1,<r (S

1) ∼= Z/2, then any r-dense cyclically ordered 1-cycle represents the non-
trivial element.

Proof First assume that 0 < r < 1/4 = r(S1). Then Theorem 7.1 implies that
the map T ν : |VRν

<r S
1| → S1 is a homotopy equivalence. Therefore in the case

0 < r < 1/4 the statement follows from the fact that T ν induces an isomorphism for
homology H ν

1,<r (S
1) ∼= H1(S1;Z/2) and the description of homology of the circle

H1(S1;Z/2) ∼= Z/2.
Now assume that r > 0 is arbitrary and take s = min(r , 1/8). We claim that the

map H ν
1,<s(S

1) → H ν
1,<r (S

1) is an epimorphism. Take a cycle c = ∑
i (xi , yi ) ∈

Zν
1,<r (S

1). By Lemma 8.2, replacing c by a homologous cycle, we can assume that

d(xi , yi ) = �d(xi , yi ).Define the subdivision sd(c) of c in the following way. Consider
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a point zi in “between” of xi and yi such that �d(xi , zi ) = �d(zi , yi ) = �d(xi , yi )/2.
It is easy to see that d(xi , zi ) = �d(xi , zi ) and d(zi , yi ) = �d(zi , yi ). Then set
sd(c) = ∑

i (xi , zi ) +
∑

i (zi , yi ). Since δ(xi , zi , yi ) = (zi , yi ) + (xi , yi ) + (xi , zi )
and wν(xi , zi , yi ) ≤ d(xi , zi )+ d(zi , yi ) = d(xi , yi ) < r we obtain that c and sd(c)
represent the same element in H ν

1,<r (S
1). On the other hand, it is easy to see that

sdn(c) ∈ Zν
1,<s(S

1) for sufficiently big n. Hence, the map H ν
1,<s(S

1) → H ν
1,<r (S

1)

is an epimorphism. Moreover, if c is r -dense cyclically ordered, then for sufficiently
big n the cycle sdn(c) is s-dense cyclically ordered. The statement follows. ��
Lemma 8.5 A finite subset of S1 is contained in an open semicircle if and only if any
its subset of cardinality at most 3 is contained in an open semicircle.

Proof First we note that if F ⊂ S1 is a finite subset and F = {x0, . . . , xn−1} is a
cyclic order, then F in included in an open semicircle if and only if �d(xi , xi+1) > 1

2
for some i . Let us prove the statement by induction on the cardinality of the subset
F , which we denote by n. If n ≤ 3, the statement is obvious. Assume that n ≥ 4 and
the statement holds for all subsets of cardinality less than n, and prove it for sets of
cardinality n. Assume the contrary, that there is a subset F ⊂ S1 of cardinality n such
that any its subset of cardinality at most 3 lies in an open semicircle, but F does not
lie in an open semicircle. The assumption implies that any proper subset of F lies in
an open semicircle. The fact that F is not contained in an open semicircle means that
�d(xi , xi+1) ≤ 1

2 for any i ∈ Z/n. Since {x0, . . . , xi−1, xi+1, . . . , xn} lies in an open
semicircle, we obtain �d(xi−1, xi+1) > 1

2 . Therefore

n

2
<

∑
i∈Z/n

�d(xi−1, xi+1) =
∑
i∈Z/n

( �d(xi−1, xi )+ �d(xi , xi+1)) = 2, (8.8)

which makes the contradiction. ��
Definition 8.6 We denote by t(ν) the infimum of the values of wν(x0, x1, x2), where
the triple x0, x1, x2 ∈ S1 is not contained in any open semicircle.

Proposition 8.7 For any ν, we have rν(S1) = t(ν). Moreover, if r ≤ t(ν), then
|VRν

<r S
1| � S1; and if r > t(ν) then H ν

1,<r (S
1) = 0.

Proof Assume that r ≤ t(ν).Wedenote byUx = B1/4(x) the open semicircle with the
center in x and consider the cover of the circle by all open semicircles U = (Ux )x∈S1 .
By Theorem 6.1, in order to prove that |VRν

<r S
1| � S1, it is sufficient to prove that

VRν
<r S

1 =
⋃
x∈S1

VRν
<rUx . (8.9)

Therefore we need to prove that, for any (x0, . . . , xn) ∈ (VRν
<r S

1)n, the set
{x0, . . . , xn} is included in an open semicircle. For n ≤ 3, it follows from the definition
of t(ν). Then for any n it follows from Lemma 8.5.
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Assume that r > t(ν). Then there exists a triple (x0, x1, x2) ∈ Cν
2,<r (S

1) such that
{x0, x1, x2} is not contained in any open semicircle. Hence

(x1, x2)+ (x0, x2)+ (x0, x1) = δ(x0, x1, x2) ≡ 0. (8.10)

Lemma 8.2 implies that

(xπ(0), xπ(1))+ (xπ(1), xπ(2))+ (xπ(2), xπ(0)) ≡ 0 (8.11)

for any permutation π. Take π such that xπ(0), xπ(1), xπ(2) is cyclically ordered. Since
these three points do not lie in any open semicircle, we obtain that

�d(xπ(i), xπ(i+1)) = d(xπ(i), xπ(i+1)) (8.12)

for i ∈ Z/3. Hence �d(xπ(i), xπ(i+1)) < r . Therefore xπ(0), xπ(1), xπ(2) is an r -dense
cyclically ordered sequence. It follows that there exists an r -dense cyclically ordered
1-cycle, which is null homologous. Then Lemma 8.4 implies that H ν

1,<r (S
1) = 0. ��

Lemma 8.8 t(νp) = t(νsymp ) = 2
1
p

2+2 1
p
.

Proof Suppose that {x0, x1, x2} is not contained in any semicircle, then we must have
d(x0, x1) + d(x1, x2) + d(x2, x0) = 1. Set a = d(x0, x1) and b = d(x1, x2). By
Hölder’s inequality, we have

2

2
1
p

‖a, b‖p = ‖a, b‖p · ‖1, 1‖q ≥ a + b, (8.13)

where 1
p + 1

q = 1. Since wp(x0, x1, x2) = max{‖a, b‖p, 1− a − b}, we have
(
1+ 2

2
1
p

)
wp(x0, x1, x2) ≥ (1− a − b)+ 2

2
1
p

‖a, b‖p ≥ 1. (8.14)

Hence we obtain wp(x0, x1, x2) ≥ 2
1
p

2+2 1
p
. It also follows that w sym

p (x0, x1, x2) ≥
2
1
p

2+2 1
p
. Hence t(νp) ≥ 2

1
p

2+2 1
p
and t(νsymp ) ≥ 2

1
p

2+2 1
p
.

On the other hand, we can construct the following tuple

(x0, x1, x2) = (
−1

2+ 2
1
p

, 0,
1

2+ 2
1
p

). (8.15)

Since

d(x0, x2) = 1− 2

2+ 2
1
p

= 2
1
p

2+ 2
1
p

= ‖d(x0, x1), d(x1, x2)‖p, (8.16)
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we obtain

wp(x0, x1, x2) = w sym
p (x0, x1, x2) = 2

1
p

2+ 2
1
p

. (8.17)

Using that �d(xi , xi+1) ≤ 1
2 , we see that they are not contained in any open semicircle.

Hence t(νp) ≤ 2
1
p

2+2 1
p
and t(νsymp ) ≤ 2

1
p

2+2 1
p
. ��

Proof of Theorem 8.1 It follows from Proposition 8.7 and Lemma 8.8. ��

9 Pro-simplicial sets and limit homology

In this section we show that the limits of homology of the simplicial set VRν
<r X , as

r tends to zero, do not depend on ν. Moreover, we will show that pro-simplicial sets
defined by VRν,n

<r X do not depend on ν. First, we will recall some basic information
about pro-objects.

9.1 Reminder about pro-objects

Let us recall the definition of the category of pro-objects Pro(C) in a category C
Kashiwara and Schapira (2006), (Mardesic and Segal, 1982, §1.1), Isaksen (2002).
Consider the co-Yoneda embedding

yop : C ↪→ Fun(C, Set)op, yop(c) = C(c,−). (9.1)

For any small cofiltered category I and a functor F : I → C, we define the pro-object
of F as an object of Fun(C, Set)op given by

Fpro = lim yopF. (9.2)

Sometimes Fpro is also called formal cofiltered limit of F. Then the category of
pro-objects Pro(C) is the full subcategory of Fun(C, Set)op consisting of pro-objects
Fpro, whereF runs over all functors from small cofiltered categories. The category of
ind-objects Ind(C) is defined dually Ind(C) = Pro(Cop)op. The hom-set between the
pro-objects of functors F : I → C and G : J → C can be computed as follows (see
(Kashiwara and Schapira, 2006, p. 134))

HomPro(C)(Fpro,Gpro) ∼= lim
J

colim
I op

HomC(Fi,G j). (9.3)

Let us give a more explicit description of the hom-set. First assume that G is a
constant functor sending all objects to a fixed object c and all morphisms to idc and
describe the hom-set HomPro(C)(Fpro, c) (here we identify c with yop(c)). We say that
two morphisms α1 : Fi1 → c and α2 : Fi2 → c are equivalent α1 ∼ α2, if there
is an object i3 together with morphisms f1 : i3 → i1 and f2 : i3 → i2 such that
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α1(F f1) = α2(F f2). Using that I is a cofiltered category, it is easy to check that this
is an equivalence relation. An equivalence class of a morphism α : Fi → c will be
denoted by [α]. Then

HomPro(C)(Fpro, c) ∼= colim
I op

HomC(Fi, c) (9.4)

can be described as the set of the equivalence classes [α : Fi → c]. Now assume that
G is an arbitrary functor. Therefore

HomPro(C)(Fpro,Gpro) ∼= lim
J

HomPro(C)(Fpro,G j). (9.5)

It follows that a morphism ϕ : Fpro → Gpro is a family of equivalence classes ϕ =
([ϕ j : Fi j → G j]) j such that for anymorphism g : j → j ′wehave [(Gg)ϕ j ] = [ϕ j ′ ].
For any three functors from small cofiltered categories F : I → C, G : J → C and
H : K → C and morphisms ϕ : F → G and ψ : G → H the composition ψϕ is
defined component-wise ψϕ = ([ψkϕ jk ])k .

The construction Pro(−) is natural with respect to all functors (Kashiwara and
Schapira, 2006, Prop.6.1.9). More precisely, for any functor � : C→ D, there exists
a unique functor Pro(�) : Pro(C) → Pro(D) that commutes with cofiltered limits
such that the diagram

C D

Pro(C) Pro(D)

← →�

←→ ←→← →Pro(�)

(9.6)

is commutative. In particular, we obtain that

Pro(�)(Fpro) ∼= (�F)pro. (9.7)

In other words, any functor commutes with formal small cofiltered limits.
If C admits all small cofiltered limits, then the embedding C ↪→ Pro(C) has a left

adjoint sending Fpro to limF (Kashiwara and Schapira, 2006, Prop 6.3.1)

L : Pro(C) −→ C, L(Fpro) ∼= limF. (9.8)

Using what was said above, we obtain that, if two functors from small cofiltered
categories F : I → C and G : J → D have isomorphic pro-objects, then for any
functor to a category admitting cofiltered limits� : C→ D the limits of compositions
�F and �G are isomorphic

Fpro ∼= Gpro ⇒ lim�F ∼= lim�G. (9.9)

9.2 Vietoris-Rips pro-simplicial sets and limit homology

Let X be a metric space, ν be a distance matrix norm and n ≥ 0. We can consider
the n-skeleton of the ν-Vietoris-Rips simplicial set as a functor from the cofiltered
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category of positive real numbers

VRν,n
<∗ X : (0,∞) −→ sSet. (9.10)

This functor defines a pro-simplicial set that we denote by

VRν,n
proX ∈ Pro(sSet). (9.11)

The following lemma states that strict and non-strict versions of the simplicial sets
define the same pro-simplicial sets.

Lemma 9.1 The non-strict version of the functor

VR
ν,n
≤∗ X : (0,∞) → sSet (9.12)

defines a pro-simplicial set isomorphic to VRν,n
proX . The isomorphism is induced by

the embedding VRν,n
<r X ↪→ VR

ν,n
≤r X.

Proof Denote by VR
ν,n
≤proX the pro-object defined by VR

ν,n
≤∗ X . Note that there are

inclusions
VR

ν,n
<r/2X ⊆ VR

ν,n
≤r/2X ⊆ VRν,n

<r X ⊆ VR
ν,n
≤r X . (9.13)

The inclusions ϕr : VRν,n
<r X ↪→ VR

ν,n
≤r X and ψr : VRν,n

≤r/2X → VRν,n
<r X define

morphisms of pro-simplicial sets ϕ = ([ϕr ])r : VRν,n
proX → VR

ν,n
≤proX and ψ =

([ψr ])r : VRν,n
≤proX → VRν,n

pro. Using the inclusions (9.13), it is easy to check that
their compositions ϕψ and ψϕ are identity morphisms. ��
Theorem 9.2 For ametric space X ,adistancematrix norm ν andn ≥ 0, the inclusions
VRν,n

<r X ↪→ VR∞,n
<r X define an isomorphism of pro-simplicial sets

VRν,n
proX ∼= VR∞,n

pro X . (9.14)

Proof By (2.21) we have inclusions

VR
ν,n
<r/Cn

X ⊆ VR
∞,n
<r/Cn

X ⊆ VRν,n
<r X ⊆ VR∞,n

<r X , (9.15)

where Cn = Cn(ν). Then the inclusions ϕr : VRν,n
<r X → VR∞,n

<r X and ψr :
VR

∞,n
<r/Cn

X → VRν,n
<r X define morphisms of pro-simplicial sets ϕ = ([ϕr ])r :

VRν,n
proX → VR∞,n

pro X and ψ = ([ψr ])r : VR∞,n
pro X → VRν,n

proX . Using the inclu-
sions (9.15), it is easy to check that ϕψ = id and ψϕ = id. ��

Assume that K is a commutative ring and consider the functor

Hn(VR
ν
<∗X) : (0,∞) −→ Mod(K). (9.16)

where Hn(−) = Hn(−;K) is the homology with coefficients in K. The limit of this
functor is denoted by

LHν
n(X) := lim

r
Hn(VR

ν
<r X). (9.17)
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If ν = ν∞, the limit is the limit of homology of the classical Vietoris-Rips complex

LHn(X) := LHν∞
n (X) = lim

r
Hn(VR

∞
<r X) (9.18)

considered by Vietoris in the pioneering article (Vietoris 1927). Since the pro-
simplicial sets VRν,n+1

<∗ X and VR
ν,n+1
≤∗ X are isomorphic, we obtain that the pro-

modules Hn(VR
ν,n+1
<∗ X) and Hn(VR

ν,n+1
≤∗ X) are also isomorphic, and hence

LHν
n(X) ∼= lim

r
Hn(VR

ν≤r X). (9.19)

As a corollary of Theorem 9.2, we obtain the following generalization of the statement
of (Otter, 2018, Th.33).

Corollary 9.3 For any metric space X and any distance matrix norm ν, the inclusion
VRν

<r X → VR∞<r X induces an isomorphism

LHν∗(X) ∼= LH∗(X). (9.20)

Proof It follows from Theorem 9.2 and (9.9). ��

10 Filtered colimits of metric spaces

The content of this section is the result of a personal discussion with Emily Roff, to
whomwe express our gratitude. Herewe prove thatVRν

<r commutes (up to homotopy)
with filtered colimits of metric spaces and short maps. As a corollary, we obtain that
strictly blurred magnitude homology commutes with filtered colimits.

A disadvantage of the ordinary magnitude homology theory is that it does not
commute with filtered colimits of metric spaces in the category of metric spaces
and short maps. Indeed, if we consider two-element metric spaces Xn = {xn, yn},
where the distance is defined by d(xn, yn) = 1 + 1

n , and take the obvious short
maps Xn → Xn+1, then colim Xn = X = {x, y}, where d(x, y) = 1. However,
MH1,1(Xn) = 0 for n <∞, and MH1,1(X) = 〈(x, y), (y, x)〉 ∼= Z

2. Therefore

colimMH1,1(Xn) � MH1,1(X). (10.1)

It is also easy to see that MH1,≤1(Xn) = 0 and MH1,≤1(X) = 〈(x, y)+ (y, x)〉 ∼= Z.

Therefore
colimMH1,≤1(Xn) � MH1,≤1(X). (10.2)

However, further we prove that strictly blurred magnitude homology commutes with
filtered colimits.

In this section it will be convenient to slightly extend the category of metric spaces
to the category of “pseudometric” spaces. By a pseudometric space we mean a set X
equipped by a map d : X × X → R≥0 such that d(x, x) = 0, d(x, y) = d(y, x)
and d(x, y)+ d(y, z) ≥ d(x, z) for all x, y, z ∈ X . So the distance between different
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points can be equal to zero. Short maps between pseudometric spaces are defined in
the same way as for metric spaces. The category of pseudometric spaces and short
maps is denoted by PMet. Then the category of metric spaces and short maps Met is
its full subcategory

Met ⊂ PMet. (10.3)

The Vietoris-Rips complex VRν
<r X of a pseudometric space X is defined in the way

similar to the case of metric spaces.
For any pseudometric space X , there is a universal map to a metric space called

Kolmogorov quotient of X
X −→ Kol(X). (10.4)

The metric space Kol(X) is defined as the quotient X/ ∼ by the equivalence relation
∼ such that x ∼ y if and only if d(x, y) = 0. The distance in Kol(X) is defined
by d([x], [y]) = d(x, y). Therefore, the category of metric spaces is a reflective
subcategory of the category of pseudometric spaces.

Later we show that filtered colimits in PMet are defined in the straightforward
way, but filtered colimits in Met are Kolmogorov quotients of the filtered colimits in
the category of pseudometric spaces. We will need the following lemma to compare
Vietoris-Rips simplicial sets of colimits in the category of metric spaces and in the
category of pseudometric spaces.

Lemma 10.1 Let ν be a distance matrix norm and r > 0. For any pseudometric space
X , the map X → Kol(X) induces a trivial fibration of the ν-Vietoris-Rips simplicial
sets

VRν
<r X

∼
� VRν

<r (Kol(X)). (10.5)

Proof By (Goerss and Jardine, 2009, Ch I, Th.11.2), we have to check that any lifting
problem of the form

∂�n VRν
<r X

�n VRν
<r (Kol(X))

←
↩→

←→ψ

←→

←→ϕ

← → (10.6)

has a solution. If n = 0, this follows from the fact that X → Kol(X) is surjective.
If n = 1, it follows from the fact that wν(x0, x1) = d(x0, x1) = d([x0], [x1]) =
wν([x0], [x1]). Let us prove it for n ≥ 2. In general, since ∂�n is the coequaliser

∐
0≤i< j≤n

�n−2 ∐
0≤i≤n

�n−1 ∂�n

←→←→ ←→ (10.7)

(see (Goerss and Jardine, 2009, p.9)), for a simplicial set A, a simplicial map ∂�n →
A is uniquely defined by a sequence of simplices a(0), . . . , a(n) ∈ An−1 such that
di (a( j)) = d j−1(a(i)) for 0 ≤ i < j ≤ n. Therefore, a map ψ : ∂�n → VRν

<r X is

defined by a sequence of tuples (x (i)
0 , . . . , x (i)

i−1, x
(i)
i+1, . . . , x

(i)
n ) ∈ (VRν

<r X)n−1, 0 ≤
i ≤ n such that

(x (i)
0 , . . . , x̂ (i)

i , . . . , x̂ (i)
j , . . . x (i)

n ) = (x ( j)
0 , . . . , x̂ ( j)

i , . . . , x̂ ( j)
j , . . . x ( j)

n ), (10.8)
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for any 0 ≤ i < j ≤ n, where the hat ˆ(−) means that we skip the entry. Since n ≥ 2,
it follows that x (i)

k = x ( j)
k for any k /∈ {i, j}. Therefore, if we set xk = x (i)

k , i �= k, we
obtain a tuple (x0, . . . , xn). The map ϕ : �n → VRν

<r (Kol(X)) is defined by a tuple
(y0, . . . , yn) ∈ (VRν

<r (Kol(X)))n . The commutativity of the diagram (10.6) implies
that

([x0], . . . , [̂xi ], . . . , [xn]) = (y0, . . . , ŷi , . . . , yn) (10.9)

for any 0 ≤ i ≤ n. Hence [xk] = yk for any 0 ≤ k ≤ n. Therefore,
([x0], . . . , [xn]) ∈ (VRν

<r (Kol(X)))n . Since wν(x0, . . . , xn) = wν([x0], . . . , [xn]),
we obtain (x0, . . . , xn) ∈ (VRν

<r X)n . Therefore the tuple (x0, . . . , xn) defines a solu-
tion of the lifting problem �n → VRν

<r X . ��
Denote by U : PMet → Set the forgetful functor to the category of sets. If F :

I → PMet is a functor from a small filtered category, we take the filtered colimit in
the category of sets X = colimUFwith the universal cone αi : F(i)→ X and endow
it by a pseudometric defined by

d(x, y) = inf{d(x ′, y′) | x ′, y′ ∈ F(i), αi (x
′) = x, αi (y

′) = y}. (10.10)

Since I is filtered, for any finite subset F ⊆ X , there is i ∈ I and F ′ ⊆ F(i) such that
αi (F ′) = F .Using this we obtain that the distance is well defined and that the triangle
inequality is satisfied. So (X , d) is a pseudometric space. It is easy to check that it is
the colimit in the category of pseudometric spaces (X , d) = colimF. In particular,
we obtain

U (colimF) ∼= colimUF. (10.11)

Lemma 10.2 Let ν be a distance matrix norm and r > 0. Then for any small filtered
category I and any functor F : I → PMet, we have an isomorphism

colim(VRν
<rF(i)) ∼= VRν

<r (colimF). (10.12)

Proof Set X = colimF. Since (VRν
<rF(i))n ⊆ F(i)n+1 and (VRν

<r X)n ⊆ Xn+1,
it is sufficient to prove that (VRν

<r X)n = ⋃
i α

n+1
i (VRν

<rF(i))n . Let us prove this.
Take a tuple (x0, . . . , xn) ∈ (VRν

<r X)n and choose r > 0 such thatwν(x0, . . . , xn)+
εCn(ν) < r . Since I is filtered, using the definition of the distance on X , we obtain
that there exists i and a tuple (x ′0, . . . , x ′n) ∈ F(i)n+1 such that αi (x ′k) = xk and
d(x ′k, x ′j ) ≤ d(xk, x j ) + ε for any 0 ≤ k, j ≤ n. Then by Lemma 3.1 we obtain
that wν(x ′0, . . . , x ′n) ≤ wν(x0, . . . , xn) + εCn(ν) < r . Therefore, (x ′0, . . . , x ′n) ∈
(VRν

<rF(i))n is the preimage of (x0, . . . , xn). ��
The category of metric spaces is not closed with respect to filtered colimits in the

category of pseudometric spaces. For example, if Xn = {xn, yn} is a metric space,
such that d(xn, yn) = 1

n , then the filtered colimit in the category of pseudometric
spaces consists of two points {x∞, y∞} such that d(x∞, y∞) = 0. However, if we
denote by ι : Met→ PMet the inclusion functor, then for any functor from a filtered
category F : I → Met we have

colimF ∼= Kol(colim ιF). (10.13)
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So the filtered colimit in the category of metric spaces is the Kolmogorov quotient of
the filtered colimit in the category of pseudometric spaces.

Theorem 10.3 Let ν be a distance matrix norm and r > 0. Then for any functor from a
small filtered category to the category of metric spaces and short maps F : I → Met,
the simplicial map

colim(VRν
<rF(i))

∼−→ VRν
<r (colimF) (10.14)

is a weak equivalence.

Proof This follows from Lemma 10.2, isomorphism (10.13), and Lemma 10.1. ��
Corollary 10.4 For any distance matrix norm ν, any r > 0 and any n ≥ 0, the functor
Hn(VR

ν
<r−) commutes with filtered colimits of metric spaces and short maps.

Proof This follows from the fact that the homology of spaces commutes with filtered
colimits. ��
Corollary 10.5 Strictly blurred magnitude homology commutes with filtered colimits
of metric spaces and short maps.
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11 Appendix. Simplicial sets vs. simplicial complexes

We show that there is an adjunction between the category of simplicial sets and sim-
plicial complexes, which defines an equivalence between the category of simplicial
complexes and some full subcategory of simplicial sets.We also show that this equiva-
lence agrees with the geometric realization up to homotopy. The results of this section
were inspired by the post of John Baez “Simplicial Sets vs. Simplicial Complexes” in
“The n-category Café ”, its comments and the discussion in the proof of (Otter, 2018,
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Prop. 9) in the paper of Nina Otter. These results are well known to experts, but we
decided to add them here for completeness.

By a simplicial complex K , we mean a set of finite non-empty sets such that ∅ �=
τ ⊆ σ ∈ K implies τ ∈ K . The set of vertices of K is defined by V (K ) =⋃

σ∈K σ.A
morphism of simplicial complexes f : K → L is a map f : V (K )→ V (L) such that
for any σ ∈ K we have f (σ ) ∈ L. The category of simplicial complexes is denoted
by SCpx.

For a simplicial complex K , we denote by SS(K ) a simplicial set, whose compo-
nents are defined by

SS(K )n = {(x0, . . . , xn) | {x0, . . . , xn} ∈ K }, (11.1)

the i-th face map is defined by deletion of the i-th vertex, and the i-th degeneracy map
is defined by doubling of the i-th vertex.

For a simplicial set X , we consider a map of the i-th vertex

vi : Xn −→ X0, 0 ≤ i ≤ n, (11.2)

which is induced by the map [0] → [n] sending 0 to i . For a simplex x ∈ Xn, we set

v∗(x) = (v0(x), . . . , vn(x)). (11.3)

It is easy to see that there are the following relations with face maps and degeneracy
maps

v∗(∂i x) = (v0(x), . . . , vi−1(x), vi+1(x), . . . , vn(x)),
v∗(si x) = (v0(x), . . . , vi (x), vi (x), . . . , vn(x)).

(11.4)

Therefore we can consider a simplicial complex

SC(X) = {{v0(x), . . . , vn(x)} | n ≥ 0, x ∈ Xn} (11.5)

with a morphism of simplicial sets

v∗ : X −→ SS(SC(X)). (11.6)

It is easy to see that for any simplicial complex K , there is an isomorphism

SC(SS(K )) ∼= K . (11.7)

These two constructions define functors between the category of simplicial sets and
the category of simplicial complexes

SC : sSet � SCpx : SS. (11.8)
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Proposition 11.1 The functors (11.8) are adjoint

HomSCpx(SC(X), K ) ∼= HomsSet(X , SS(K )), (11.9)

where v∗ : X → SS(SC(X)) is the unit of the adjunction, and the isomorphism
SC(SS(K )) ∼= K is the counit of the adjunction.

Proof Let X be a simplicial set and K be a simplicial complex. Then a mor-
phism f : SC(X) → K is a map of sets of vertices f : X0 → V (K ) such
that f ({v0(x), . . . , vn(x)}) ∈ K for any x ∈ Xn . Then the relations (11.4) imply
that we can construct a morphism of simplicial sets f̃ : X → SS(K ) defined by
f̃ (x) = ( f (v0(x)), . . . , f (vn(x))).We need to show that the correspondence f �→ f̃
defines a bijection (11.9). The fact that the map is injective is obvious.

Let us prove that it is surjective. Assume that we have a morphism of simplicial
sets g : X → SS(K ). For x ∈ X0 we set f (x) = g(x) ∈ V (K ). This defines a map
f : X0 → V (K ). For x ∈ Xn we have f (vi (x)) = vi (g(x)). Therefore

g(x) = ( f (v0(x)), . . . , f (vn(x))). (11.10)

It follows that { f (v0(x)), . . . , f (vn(x))} ∈ K . Hence f defines a morphism of sim-
plicial complexes f : SC(X)→ K such that g = f̃ . ��
Corollary 11.2 The category of simplicial complexes SCpx is equivalent to the full
subcategory of the category of simplicial sets sSet consisting of simplicial sets X such
that the map v∗ : X → SS(SC(X)) is an isomorphism.

Further we show that this equivalence of categories agrees with geometric realiza-
tions up to homotopy (Theorem 11.5).

For a set S, we denote by �(S) the simplicial complex consisting of all non-empty
finite subsets of S.

Lemma 11.3 For a non-empty set S, the simplicial set SS(�(S)) is contractible.

Proof Consider the indiscrete category S̃, whose objects are elements of S and each
hom set consists of one morphism. Then SS(�(S)) is isomorphic to the nerve of this
category N (S̃). Moreover, the category S̃ is equivalent to the one-point category ∗.
Therefore SS(�(S)) � N (S̃) � N (∗) = ∗. ��

For a simplicial complex K , we denote by P(K ) the poset of its simplices.

Lemma 11.4 For a simplicial complex K , the inclusions �(s) → K , s ∈ K , induce
an isomorphism

colim
s∈P(K )

SS(�(s)) ∼= SS(K ). (11.11)

Proof Let us first formulate a general statement about colimits of sets. Let S be a set
and F : C→ Sets be a functor from a small category to the category of sets such that:
(1) F(c) ⊆ S; (2) for any morphism f : c→ c′ the map F( f ) : F(c)→ F(c′) is the
inclusion F(c) ⊆ F(c′); (3) for any element from an intersection s ∈ F(c) ∩ F(c′)
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there is an object c′′ with morphisms f : c′′ → c and g : c′′ → c′ such that s ∈ F(c′′).
Then colim F =⋃

c∈C F(c). Indeed, any natural transformation to a constant functor
ϕ : F → �T uniquely defines a well defined map ϕ̃ : ⋃

c∈C F(c) → T such that
ϕ̃(s) = ϕc(s) for s ∈ F(c). Since colimits of simplicial sets are defined component-
wise, we can apply this statement to simplicial sets.

Therefore, the statement of the lemma follows from the following facts. For s ∈ K
the embedding �(s) ⊆ K induces an embedding SS(�(s)) ⊆ SS(K ). The simplicial
set SS(K ) can be presented as the union SS(K ) =⋃

s∈P(K ) SS(�(s)).For any s, t ∈ K
such that s ∩ t �= ∅ we have SS(�(s)) ∩ SS(�(t)) = SS(�(s ∩ t)) and s ∩ t ∈ K . ��
Theorem 11.5 For a simplicial complex K , there is a natural homotopy equivalence
of geometric realizations

|K | � |SS(K )|. (11.12)

Proof Let us recall the notion of a free diagram of simplicial sets (Dwyer and Kan,
1983, §2.4), (Farjoun, 1985, §2.4), (Farjoun, 1996, Appendix I). A functor F : C→
sSet is called free, if it is possible to choose a collection of subsets (called basis of the
functor) Bn,c ⊆ F(c)n for n ≥ 0, c ∈ C, which are closed with respect to degeneracy
mapsσi (Bn,c) ⊆ Bn+1,c, and such that for any simplex x ∈ F(c)n there exists a unique
f : c′ → c and a unique element of the basis b ∈ Bn,c′ such that x = F( f )(b). For
a free functor F the comparison map hocolim F → colim F is a weak equivalence
(Dwyer and Kan, 1983, §4.2).

We claim that the functor P(K )→ sSet, s �→ SS(�(s)) is free. Indeed the sets

Bn,s = {(x0, . . . , xn) ∈ SS(�(s)) | {x0, . . . , xn} = s} (11.13)

form its basis. Combining this with Lemma 11.4 we obtain that there is a natural weak
equivalence

hocolim
s∈P(K )

SS(�(s))
∼−→ SS(K ). (11.14)

On the other hand, it is well known that for any category C the homotopy colimit of
the trivial functor is the nerve hocolimC ∗ � N (C). Therefore, using Lemma 11.3,
we obtain a weak equivalence

hocolim
s∈P(K )

SS(�(s))
∼−→ N (P(K )). (11.15)

Applying the geometric realisation, we obtain that there is a natural homotopy equiv-
alence

|N (P(K ))| � |SS(K )|. (11.16)

Then the result follows from the homotopy equivalences

|N (P(K ))| � |sd(K )| � |K |, (11.17)

where sd(K ) is the barycentric subdivision of K . ��
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12 Appendix. Nerve theorem for simplicial sets

This section is devoted to the nerve theorem for simplicial sets (Theorem 12.6). The
results of this section are well known to experts, but we decided to add them here for
completeness.

Definition 12.1 (Čech nerve) Let C be a small category with pullbacks and let f :
X → Y be a morphism in C. Its corresponding Čech nerve Č( f ) is the simplicial
object in C whose n-th component is given by the (n+ 1)-fold fiber product of X over
Y :

Č( f ) =
(

. . . X ×Y X ×Y X X ×Y X X

←→←→←→←→

←→←→←→ ←→←→
)

. (12.1)

The face maps are defined as projections and degeneracy maps are defined as diagonal
embeddings. Note that the map f induces a morphism of simplicial objects

f̂ : Č( f ) −→ Y , (12.2)

where Y is treated as a constant simplicial object.

Lemma 12.2 For a surjective map of sets f : X → Y , the morphism of simplicial sets
f̂ : Č( f ) → Y is a weak equivalence to a constant simplicial set.

Proof First assume that Y = {y} is a one-point set. Then Č( f ) ∼= SS(�(X)) is
contractible by Lemma 11.3. Now consider the general case of a surjective map f :
X → Y . Since Č( f )n ∼= ∐

y∈Y f −1(y)n+1, the map to the discrete simplicial set

f̂ : Č( f ) → Y is a disjoint union of maps f̂ y : Č( f̂ y) → {y} for y ∈ Y , where
fy : f −1(y) → {y} is the restriction of f . Using that each of the maps f̂ y is a
homotopy equivalence, we obtain that f̂ is a homotopy equivalence. ��

If C = sSet is the category of simplicial sets, then Č( f ) is a bisimplicial set, where

Č( f )n,m = X
×Yn (m+1)
n is the fiber product of m + 1 copies of Xn over Yn .

Proposition 12.3 Let f : X → Y be a component-wise surjective morphism of sim-
plicial sets. Then f̂ induces a weak homotopy equivalence

diag(Č( f ))
∼−→ Y . (12.3)

Proof By Lemma 12.2, for any n, the map ( f̂n) = f̂n,• : Č( f )n,• → Yn is a homotopy
equivalence, where Yn is treated as a constant simplicial set. Then the result follows
from (Goerss and Jardine, 2009, Prop.1.9). ��

Let X be a simplicial set and U = (Ui )i∈I be a family of its simplicial subsets. For
a subset σ ⊆ I , we set Uσ = ⋂

i∈σ Ui . We denote by NU the nerve complex of this
family

NU = {σ ⊆ I | Uσ �= ∅, σ is non-empty finite}. (12.4)

The poset of simplices of NU is denoted by PU.
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Definition 12.4 (Čech nerve of a cover) Let X be a simplicial set and U = (Ui )i∈I be
its cover i.e. a family of simplicial subsets such that X = ⋃

i∈I Ui . If we take Y =∐
i∈I Ui , then the inclusions Ui → X induce a component-wise surjective simplicial

map f : Y → X . We set Č(U) := Č( f ). SinceUi0 ×X · · ·×X Uim
∼= Ui0 ∩ · · · ∩Uim ,

we obtain
Č(U)•,m ∼=

∐
(i0,...,im )∈Im+1:
{i0,...,im }∈NU

Ui0 ∩ · · · ∩Uim . (12.5)

Corollary 12.5 For a cover U = (Ui )i∈I of a simplicial set X , the inclusions Ui0 ∩
· · · ∩Uim ↪→ X induce a weak equivalence

diag Č(U)
∼−→ X . (12.6)

Theorem 12.6 (Nerve theorem for simplicial sets) Let X be a simplicial set and U =
(Ui )i∈I be a family of its simplicial subsets such that X =⋃

i∈I Ui and Uσ is weakly
contractible for any σ ∈ NU. Then there is a homotopy equivalence

|X | � |NU|. (12.7)

Proof Note that for the simplicial set associated with the simplicial complex NU, there
is a formula

SS(NU)m ∼=
∐

(i0,...,im )∈Im+1:
{i0,...,im }∈NU

∗. (12.8)

Therefore, if we denote by S a bisimplicial set such that Sn,m = SS(NU)m, we obtain
a morphism of bisimplicial sets Č(U) → S, sending Ui0 ∩ · · · ∩ Uim to ∗. Since
Č(U)•,m → Sm is a weak equivalence for any m, by (Goerss and Jardine, 2009,
Prop.1.9), we obtain that the morphism diag(Č(U)) → SS(NU) is a weak equivalence.
Therefore the result follows from Proposition 12.3 and Proposition 11.5. ��
Proposition 12.7 Let ϕ : X → Y be a morphism of simplicial sets and U = (Ui )i∈I
and V = (Vi )i∈I are covers of X and Y respectively such that ϕ(Ui ) ⊆ Vi . Assume
that for any i0, . . . , in ∈ I the map

Ui0 ∩ · · · ∩Uin
∼−→ Vi0 ∩ · · · ∩ Vin (12.9)

is a weak equivalence. Then ϕ is a weak equivalence.

Proof �� The result (Goerss and Jardine, 2009, Prop.1.9) implies that ϕ induces a
weak equivalence diag Č(U)

∼→ diag Č(V). Then the result follows from Proposition
12.3 and commutativity of the diagram

Č(U) Č(V)

X Y

←→∼

←→ ∼ ←→ ∼←→
(12.10)
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