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Abstract

We give a brief introduction to the generalization of the classical differential calculus to non-commutative algebras based on
operations on cyclic complexes extending the classical Cartan calculus. We mention some of the basic analytic and algebraic
applications of this calculus.

Introduction

A natural language for calculus on a manifold or an algebraic variety is in terms of the corresponding algebras of functions, be it
smooth or algebraic. The goal of non-commutative calculus is to extend the calculus to the case of associative algebras. While most
of what is done below works in the case of A, algebras, we will, at least until the end, avoid the oco-language.

Let A be an algebra. Let D be a derivation of A. When A is commutative, say A = C*(M) for a smooth manifold M, D is a vector
field on M and as such it acts on the de Rham complex (Q},,d) by Lie derivative, as it does on any natural tensor construction
applied to A. We will denote this action by Lp.

One also defines the contraction i, by D and the classical calculus is summarized by the "change of variables" identities

[d,1p] =Lp; lé =0
Introducing a formal variable u of degree —2, and working over power series C[[u]], one can combine these into a single identity
(ud + 1p)* = uLp € Endeqyy (7 (M) [u]]) (1)

Now let A be an associative algebra and D a derivation of A. The commonly used replacement for de Rham complex is the
periodic cyclic complex (Loday, 1998) which we recall in the section “Noncommutative Differential Forms” where, in the first
approximation, the differential graded space of differential forms get replaced by the Hochschild chain complex (C,(A), b) and one
can ask whether something similar to (1) exists there. The answer is yes, but with modifications. First, we relax (1) and ask for an
operator J (D) which is no more linear in D but rather a formal combination
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00 T
JD)= 3 (2)
n=1""
We are looking for [7(D) satisfying
(b+uB+7(D))* =uLp (3)

These formulas appear in Alekseev and Severa (2012) and in Bonechi et al. (2023). What we find instead is an exponential
series .7 (D) satisfying

(b+uB+7(D))* =u(e® — 1) (4)

These appear in Gerasimov (1993). All the homogenous components Ip: of .#(D) are defined over Z.

In characteristic zero, one can indeed pass from the operator .#(D) to a more classical 7 (D), but the procedure is somewhat
awkward. One way of saying this is that the operators .#(D) on Hochschild chains of a commutative algebra are A-linear modulo
u, and the "classical" operators [7(D) that we get from them are not.

The detailed description of this calculus of derivations is in the subsection “The Cartan Calculus of Derivations”

The classical calculus has an immediate extension from vector fields to multi-vector fields, generalizing the standard formulas

y(w) =fo;L(w) =df o (5)

for a function f and a form . The noncommutative Cartan calculus extends to the full DGA (differential graded algebra) of
Hochschild cochains (section “Noncommutative Calculus of Multi-Vector Fields and Forms”), where the appropriate notion seems
to be that of calculus.

Note that now, after extending to higher cochains and multivectors, comparing the two versions of Cartan calculus via HKR
(Hochschild-Kostant-Rosenberg) when our algebra is commutative becomes much more difficult; when A is regular, a positive
answer is given by the Kontsevich formality theorem. We include some information about this in the last section but, for more
information, refer the reader to the original papers.

Other Approaches to NC-Calculus

Also, the text below does not contain any mention of alternative approaches to non-commutative calculus, so let us mention at
least two of them.

e The language of Fredholm modules and spectral triples. While not really disjoint from the text below, it is an important subject
by itself. A good starting point is the lecture of Alain Connes: see "Relevant Websites" section

® Braided commutative structures that originated from the study of matrix compact quantum groups, see f.ex (Beggs and Majid,
2021). and especially the references therein for a good introduction to the subject.

The Commutative Case

Let A be a commutative unital algebra over a ground ring k of characteristic zero. An algebraic version of a vector field on X is a
derivation of A. More generally, for a graded k-algebra, a derivation of degree m is a k-linear map D : A— A of degree m satisfying
D(ab) = D(a)b + (—1)"“laD(b) (6)

for any homogeneous a and b in A.
An algebraic version of the algebra of differential forms on X is the graded commutative unital algebra Q} ;, generated by a unital
subalgebra A and by elements da, a€ A, that are k-linear in a and satisfy

d(ab) = (da)b + adb; d1=0 (7)
This algebra is graded in such a way that |a| =0 and |da| = 1. It has a graded derivation of degree 1

d: Qz/kﬁﬂx/r,:, d>=0

such that d(a) =da and d1=0. The Lie algebra Der(A) acts on €3, by derivations: for DeDer(A), extend D to a degree zero
derivation of Q} , that sends da to dD(a). We will often write Lp, instead of D. Define also ip : Qj ,— /’le as the unique derivation
of degree —1 sending da to D(a) and a to zero. The following Cartan relations hold.
Theorem 2.1
[Lp,Le) = Lipg; [Lp,te] = ypg; [y 1e] =0; [d,1p] = Lp.
Moreover, since A is commutative, one can form the graded commutative algebra of algebraic multi-vector fields:
/Z/k = AADZT(A%

with A in degree zero and Der(A) in degree 1. T} /k[l] is a graded Lie algebra with the Nijenhuis-Schouten bracket [-, -] which is a
graded derivation in both variables and, for ae A and De Der(A), satisfies
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[D,a] =D(a), [D1,D,]=D1Dy — D,D;.
In the case when A is the algebra of smooth functions C**(M) on a smooth manifold M, (Q*, d) is replaced by the de Rham
complex of M and the role of T} /i 18 played by the Lie algebra I'(M, A*TM) of multi-vector fields on M.

Remark 2.2 The whole package of the de Rham complex, multi-vector fields and the operations of Lie derivative, contraction and
Cartan relations extends to the case of graded commutative algebras.

Non-Commutative Calculus

Noncommutative Differential Forms

When A is a not necessarily commutative algebra, the Lie algebra Der(A) is defined but the algebra Q2 ;, needs modification. One
can drop the requirement that it has to be graded commutative. The result is a graded differential algebra QXL/,: on which Lp, ip,
and d act as above, and all the Cartan Eq. (19) hold. Unfortunately, the cohomology of d is trivial. In fact the map

n
aopda, ...day 1—aparday...day 1 + Z (fl)kaodal...d(akakﬂ)dakﬂ.,.danﬂ (8)
k=1

is a contracting homotopy for the complex (QX”/';:, d).

Remark 3.1 A meaningful noncommutative calculus based on noncommutative forms does exist; we discuss it briefly below. But
first we are going to describe a related approach based on Hochschild and cyclic homology.

Cyclic Complexes

For an associative unital algebra A over a commutative unital ring k, define

Co(A)=A® (A/k)®* 9)
b:Ce(A)>Ce_1(A); B:Co(A)—>Ceys1(A); (10)

n—1
b(ay®...®ay) = Z (-1)'ar®...®aiais1 ®a, + (—1)"a,a40 ® ... @an_1; (11)

izo
Bay®...Qa) =Y (-1)"1®ai®..0a,Qa®...ai. (12)

One has

b>=0; bB+Bb=0; B>=0. (13)

The B-differential appeared first in Rinehart (1963). The homology of the differential b is called the Hochschild homology of A
and is denoted by HH,(A).

Definition 3.2 The negative cyclic homology HC, (A) (resp. periodic cyclic homology HC*" (A)) of an associative algebra A is the homology of
the complexes:

CCy (A) = (Ca(A)[[ul], b+ uB); CCE(A) = (Ca(A)((w). b+ uB),

where u is a formal variable of degree — 2.
Hochschild Cochain Complex
The role of noncommutative multi-vector fields is played by Hochschild cochains.

Definition 3.3 Let A be a unital associative algebra over k. Set
C*(A) = Homy (A®®, A) (14)
with the differential 5 : C*(A) - C*"1(A) given by

8¢(ar, ..., anp1) = arp(ay, ..., any1)

n
k
(=D p(ar, .., a1 ani1) + dlar, ..., an)ansa
k=1

The complex (C*(A), 8) computes the groups Extagan (A, A), usually called the Hochschild cohomology of A and denoted by HH® (A).
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Note that the space of cocycles in C'(A) is Der(A). There is a differential graded Lie algebra structure on C*(A)[1] that extends
the commutator of derivations (the Gerstenhaber bracket). For later use, let us be more explicit. Let ¢ € C*(A) and e C'(A). Set

Py = dpo(Y Qid... ®id) + (—1)"po(id @y @id... ®id)+
ot (DM ge(id ... @)

and

(6,91 = dowr — (=) g,
Here | - | refers to the Lie algebra degree, i. e, for ¢ C¥, |¢p| =k — 1. [-, ] is called the Gerstenhaber bracket and the following holds.

Theorem 3.4 (C*(A)[1],[,],6) is a differential graded Lie algebra.

The commutative case
Suppose that A is a commutative algebra and k contains the rational numbers. Define the Hochschild-Kostant-Rosenberg map

1

HKR : C,(A) Q] a0®...®ani—>ﬁa0da1.,.dan, n>0 (15)

It is easy to see that HKR intertwines b with 0 and B with d. Moreover it extends to
HKR : CC; (A) — (@ gl[ul], ud);  CCR(4) > (@} (), ud) (16)

Dually there is a HKR morphism of complexes
HKR : AT,/ —C"(A) (17)
given by
1

HKR(D;...Dy) (a1, ..., an) = m;m(am))...pn(%w) (18)

Theorem 3.5 Suppose that A is a commutative regular algebra. Then HKR induces an isomorphism HH,(A) > Q) /i and quasi-isomorphisms

CC,(A) = (@[], ud)
CC¥(A) = (Ui (w)), ud)

(AT3 ke 0) = (C*(A), 8).

Remark 3.6 In the case of A= C>(M), the same result holds after replacing algebraic tensor products with projective tensor products.

Operations on Cyclic Complexes
The Cartan Calculus of Derivations

Definition 4.1 For a derivation D of A, set

Lp(a®...®a,) = > a0®...0D(a)®...®a,

j=o

ip(a0®...®a,) =aoD(a1) ®a; ® ... ®ay

Spr(a0®...®an) = > > (=1)"LA(@®...®a,) ®ar® ... ®aj_1

j=0k=j

I]_) =Ip + MSD.

The following lemma is essentially due to Rinehart (1963)

Lemma 4.2 The following Cartan relations are satisfied:

[b+uB,Lp]=0; [Lp,Le] =Lipg; [Lp,Ie] =Ipg; [0+ uB,Ip]=ulp (19)
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The missing Cartan relation
[Ip,Ie] =0 (20)

is true only at the level of homology.
Proposition 4.3 For all n>0.

n—1 n
[b+ uB,Ipi] + ;; (k ) IpIps = uD)

Remark 4.4 For comparison, define in the commutative case the operations

Jpr=1p, n=1; Jp =0, n>1 (21)
then
n—1 n
[ud7 ]D] = uD, [ud,IDn] —+ Z (k)]DhIDn—n = O7 n>1 (22)
k=1
and, as a consequence, setting J(D) = >_°_ | L], we get
(ud + J(D))* =uLp (23)
On the other hand, the relations from Proposition 4.3 are equivalent to
(b+uB+ 7(D))*=u(e® - 1) (24)
where again
<1
J(D) = Zﬁ I (25)
n=

This seems to be another instance of the appearance of the inverse Todd series %, as it often happens in the comparison

between commutative and non-commutative context.
One can pass from .#(D) to J (D) as follows.

Lemma 4.5 Define the Stirling numbers as the coefficients of the power series

00

ch‘lx}‘yl = Z %y(y —x)...(y — (n— 1)x). (26)

k1>0 n=1

Let Ipn, n > 1, satisfy the relations from the proposition 4.3 and set

J(D) = ZCkJL}BIDI.
k>0

Then
(b+uB+ J(D))* =ulLp

Example 4.6 Let A be a differential graded algebra whose differential we denote by d4. Let o be a derivation of degree one of A
and set

R = (da + )% = [da, ] +%[rx,o¢}.

Consider first the commutative case and the de Rham complex Q% Ik with the differential d 4 + d. Then
Dy=dj+d+ i (27)

is again a differential. Equivalently,
1
Dy =dy+ud — (28)

is a differential on Q% ,,((u)).
Now, more generally, assume that, in addition to the Lie algebra Der(A), a collection of Jg» acts on a complex with differential
b + uB, subject to (22). Then, formally, set
o0 u "
D} =d4+ud —¥(R) where ¥(R)= ) — e (29)

n=1

One checks that (D¥)* =0.
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Let us now assume that instead of a collection of operators Jx«, a collection of operators Iz« acts subject to the equations of (22).
For example, the complex could be CCP(A). Looking for ®(R) such that

(ds+b+uB—OR))> =0, (30)
we find
O(R) = cR'Is (31)
ol
where
WSROI AV « U S n—
Gy x=(14+ 1= —x(x—y)...(x— (n—1)y) (32)

X
y

We see that exp (’—;) gets replaced by (1 + %) .

Both operators require a convergence condition. For example, one might assume that k contains the rationals and the image of
R is inside an ideal of A. Or, one assumes that the image of R is contained in p.A where p>2 is a prime. In both cases,
b+ uB+d4 — ®(R) is a well-defined differential on the periodic cyclic complex completed with respect to the filtration induced by
powers of the ideal (in the second case, this means p-adic completion).

Compatibility with the hochschild-kostant-rosenberg map

Theorem 4.7 Suppose that A is commutative. There exists a natural (in D) k[[u]]-linear continuous morphism

HKR(D) : CC, (A)[[u]] = 4 . [[u]]
of the form HKR(D) = HKR + >_>°_ | HKRpn, where HKR is the quasi-isomorphism given in Theorem 3.5 and HKRp» are homogeneous of

n=1

degree n in D and such that the following holds.
(ud + 1p)HKR(D) = HKR(D)(b + uB + J (D))

Remark 4.8 As in the commutative case, all of the above extends to (differential) graded algebras.

Noncommutative Calculus of Multi-Vector Fields and Forms

Return to the case of a commutative algebra A. Recall that A*T,[1] carries a graded Lie algebra structure. The action by operators
ip, DeDer(A) extends to an action by contraction of multi-vectors (multi-vector fields) so that Q~* is a graded module over the
graded algebra A°Ty,. Set, for ae A" Ty,

Ly=[d,15] : Q} _’Q,.A?}:Hl (33)

Theorem 4.9 The operation of Lie-derivative L makes Q/'J;:"“ into a module over the Lie algebra A *T,,[1]. The following identities hold.

(1) (Lo, Lg) =Lpp;

(2) [Lustgl = (=) ap
(3) [lx,l/;}:(),

(4) [d,1,) =L,

Moreover,

Lyp = ly1p; Lyp = Lyg + (—1)|“|laLﬁ (34)

Suppose now that A is an associative algebra. The definitions of the operators Lp, ip, I as in 4.1, extend to the case of a general
Hochschild cochain DeC*(A) as follows.

Definition 4.10 Let A be a graded vector space and D a Hochschild cochain on A. We set
Lp(ay®...®an) =D(ag...,ds) ®a41 ® ... ®an+
n—d
ZSkao®-..®D(ak+1, e Uitd) @ .. Qan+
k=0
n
Z mD(is1,s .-y An, Ao, -..) ® ... @ ay,

k=n+1-d
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where the second sum in the above formula is taken over all cyclic permutations such that gy is inside D. The signs are given by

k
b= (—1)PHD 0 and = (<) PR+ clab ), ot )

Definition 4.11 Let a A be a graded algebra. For De C%(A) we set
iD(ao ®... ®an) _ (71)\D\Z,£d(\fl1\+l)ﬂuD(“11--»41‘1)®ad+1 ®...®an

and

Sp(ar®...®a,) = Z gl ® a1 ®...a0® ... ®D(aj11, ..., 8j4d) ® ... @ ay,

j20; k>j+d
(The sum is taken over all cyclic permutations; ao appears to the left of D). The signs are given by

& = (71)\D\(\‘10\+Z?: (a+1)+(D1+1) 37 (aik+ 1)+ 3 (il + )3 Gail+1)

As before, Ip =1p + uSp.

Proposition 4.12 (cf Daletskii et al., 1990). We set Ip = ip + uSp. Then
[Lp,Lg] =0 [b+uB,Ip]=1Ip + (_1)\D\+1LD

The other Cartan relations hold at the level of pairing between HH® (A) and HH, (A), but not on the level of chains and cochains (compare
to Subsection “The Cartan Calculus of Derivations”):

[Lp, ] =ypp; [w,] =0

Definition 4.13 For any differential graded Lie algebra g, let U™ (g) be the kernel of the augmentation U(g) — k. Let Cobar(U™(g)) be the
free associative algebra generated by U™ (g)[1] (the degree shift by one). We denote the free generator corresponding to xe U™ (g) by (x). Define

- RO Dy (@)
where the comultiplication is defined by Ocobar(x) = 3 (=1)" () () (35)
Ax = Z D @x@
In addition, the differential d, induces a differential on Cobar(U" (g)). Now define the dg algebra

U(g)1Cobar (U (g))[[u]] (36)

as follows. It is an algebra over k[[u]] generated by the subalgebra (U(g), dy) and the subalgebra Cobar(U* (g)). The only additional relations
are

X, (0)] =[X,x], Xeg,xeU (g).
The differential acts as follows:
x—dgx, xe U(q); (%) (dgx) 4 Ocobar (%) + ux, xelU™(g). (37)

The lemma 4.2 says that Cobar(U"(g)) acts naturally on CC; (A) where g=Der(A). This has a straightforward extension as
follows.

Proposition 4.14 Let A be a unital algebra and let g be a differential graded Lie subalgebra
A[1]XDer(A)=C*(A)
(consisting of zero-cochains and one-cocycles). Then Cobar(U*(g)) acts naturally on CC; (A).
Now let A be a Z/27Z-graded algebra. Suppose that 7 is a Der(A)-invariant supertrace on A. Let g be as above. Given a Maurer-
Cartan element Z of g[u], i.e. an odd element satisfying the identity di + 1[4, 2] =0, the composition #; =toei is defined as an
element of Homy, (C, (A)[u], k[u, u™"]).

Proposition 4.15 One has
#;ﬁ(b + uB) =0.

Example 4.16 Let [Pbe an odd element of A and R = J*. Set /. = uR — uzadIp. (This is a very slightly more general situation than the
one above). The corresponding cyclic periodic cocycle, restricted to the subalgebra of even elements of A, is the Jaffe-Lesniewski-
Osterwalder (JLO) cocycle (Jaffe et al., 1988; Getzler and Szenes, 1989) of the form

(ao, ..,,azn)»—>/ t(aoe R[D,ay]...e”" K[ ays)e”>R)dt, ...dty
AZH
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where A?" is the standard 2n-simplex

{(to..... o) ti=1 and >0, i=0,...,2n.
i

Remark 4.17 The JLO cocycle is an infinite series that is not defined on periodic cyclic chains because those are infinite series
themselves. It is defined on chains that are finite series in u, but the complex of those is homologically trivial (over the rationals).
However, it is defined on suitable completions of the latter complex when A is a topological algebra (Connes, 1988; Meyer, 2007;
Puschnigg, 1993).

Remark 4.18 Let F be an odd element of A satisfying F2 = 1. A version of the proposition 4.15 can be applied to deduce the
Connes cocycle (Connes, 1985)

#1(FN Y (ay, ..., a,) = 1(Fao[F, ay)...[F, an))

Theorem 4.19 The action described in the proposition 4.14 extends to a natural A action of Cobar(U*(g,)) on CC; (A)where
g4 = C*(A)[1] is the differential graded Lie algebra of Hochschild cochains with the Gerstenhaber bracket.

Remark 4.20 Over rational numbers there exist explicit formulas implementing this action.

Formality

Theorem 4.21 (Kontsevich, 2003; Dolgushev, 2006; Shoikhet, 2003, Tamarkin, 1999). There exists an L, quasi-isomorphism

K: A*Ty—C Oy, On) (38)
and a compatible quasi-isomorphism of L., modules over A**1(Ty)
S : CC, (Om, Om) = (Q[[u]], ud) (39)

Calculi
A part of non-commutative calculus involves the analog of the wedge product on multi-vector fields. While it does exist, it depends
on a choice of an associator and is, in contrast to the above, non-canonical.

Definition 4.22 A Gerstenhaber algebra is a graded commutative algebra A together with a graded Lie algebra structure on A[1]
such that

o B9 = [, Bl + (= 1)V )
for any homogeneous o, 8,7 in A.

Definition 4.23 (Tamarkin and Tsygan, 2000; Tamarkin and Tsygan, 2005; Dolgushev et al., 2009). A calculus is a pair (A, M)
together with the following data.

(1) a Gerstenhaber algebra structure on A;
(2) a linear map

AQM->M

which gives M a structure of a module over the graded commutative algebra A;

(3) a linear map
L: ANl @M->M

which gives M a structure of a module over the graded Lie algebra A[1];

(4) alinear map d : M — M of degree —1 such that

(@) Lop=Latp + (—1)",Lg, [Layig] = (=) 'Ly
(b) [d1]=L,, d*>=0.
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Example 4.24 For a commutative algebra A, the pair (AT, Q47 is a calculus. For an associative algebra A, the pair (HH®(A), HH_,(A))
is a calculus (Daletskii et al., 1990).

There is a homotopy version of the calculus structure which we will denote by Calc,, (cf. Tamarkin and Tsygan, 2005). The
main formality result is the following.

Theorem 4.25 There is a natural Calc, structure on the pair (C*(A),C_.(A)) such that:

(1) the underlying Ly, structure of C*(A)[1] is equivalent to the one given by the Gerstenhaber bracket;
(2) the underlying L., module structure of C_e(A) over C*(A)[1] is equivalent to the action given by operators Ly;
(3) the Lo, module structure over the odd Abelian Lie algebra kd is given by the cyclic differential B.

Applications

Chern Character

One of the main applications of cohomology in the commutative case is the Chern character which gives pairing of topological K-
theory with cohomology. The corresponding non-commutative analog is the Connes-Karoubi Chern character for topological
algebras

Ky (A) > HCE' (4)

and its algebraic counterpart from algebraic K-theory to negative cyclic homology. The natural map K*8(A)— K" (A) is a fibration
and hence comes with an associated half-infinite exact sequence. The Chern character is a natural transformation between the two
sequences,

——— KJ(A) KM (A) —— K[P(A) —— K% (A) — ...

| L] |

. ——=HC*,_(A) —=HC (A) — HCP"(A) ——= HC*,_5(A) —— ...

As usual, homology is easier to compute then K-theory and the Chern character provides computational tools for getting
information about K-theory. An important example is provided by the index theorems, see below. In this context one should note
that the infinite cochains constructed in the proposition 4.15, while not in the dual of the cyclic periodic homology, have a well
defined pairing to the image of Chern character.

The Gauss-Manin connection

Let S be an algebraic variety and A be a sheaf of Og -algebras. Then CCP (A/Os) (the periodic cyclic complex of .A where the ring
of scalars is Og) is a sheaf of complexes of Os-modules. In Getzler (1992), generalizing the classical results of (Grothendieck,
1968) and (Katz and Oda, 1968), Getzler constructed a flat connection on the homology sheaf HCP*"(4/Os). (Literally speaking,
one needs an assumption that the Og-module A admits a connection; this connection does not need to be flat or to preserve the
product).

The Getzler-Gauss-Manin connection can be lifted to the level of complexes. Namely, there is a flat superconnection

VEM - Q3 ® 0, CCE (A/ Os) = Q5 ® 0, CCE (A/Os)[1] (40)

Cf. Dolgushev et al. (2011), Tsygan (2007) and Nest and Tsygan,. The construction combines the contents of Example 4.6 and
Theorem 4.19.

Examples can be found in Yashinski (2017) and Yamashita (2017). Other approaches to and versions of the Gauss-Manin

connection in noncommutative geometry are contained in Ginzburg and Schedler (2012), Kaledin (2009) and Petrov et al. (2018).
For some examples see Yashinski (2017), Yashinski (2012)

Remark 5.1 Ginzburg and Schedler (2012), the periodic cyclic complex is shown to be quasi-isomorphic to a complex
Q*"(A)((u)),d + 1a where 1, is the Ginzburg-Schedler differential. The differential 1o commutes wirh Lie derivatives and con-
tractions by derivations (because it is some sort of a contraction itself). Therefore the Cartan calculus of derivations extends to this
version of the periodic cyclic complex. We do not know how to extend it to a Cartan calculus of higher Hochschild cochains
(although this can be helped by passing to a semi-free resolution of A), nor to the Ginzburg and Schedler versions of the
Hochschild and negative cyclic complexes. For a different approach to Gauss-Manin connection see Petrov and Vologodsky (2019)
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Noncommutative Hodge Structures

In algebraic geometry, the De Rham cohomology of a smooth projective complex algebraic variety carries a pure Hodge structure.
In noncommutative geometry, periodic cyclic homology replaces De Rham cohomology, and there is a notion of a smooth proper
DG category. Conjecturally, the periodic cyclic homology of such a category carries a noncommutative Hodge structure. The latter
is defined in Katzarkov et al. (2008). There are two ingredients of a (classical) pure Hodge structure: the integral (or rational) lattice
and the Hodge filtration. In the noncommutative setting, what replaces the filtration is a variant of the Gauss-Manin connection
(Katzarkov et al., 2008; Shklyarov, 2014).

The Goodwillie Rigidity

Let x; and %, be two multiplication laws on the same k-module A. Assume for all a and b in A that ax;b — ax,bel where I is a
pro-nilpotent ideal with respect to either multiplication.

Theorem 5.2 Let k contain the rationals. There is a natural isomorphism of complexes
T(%1,%2) 1 CCE(A, %1 ) CCE (A, %2 )

where " stands for the completion with respect to the ideal.

Furthermore, T (%1, %3)T (%2, %x3) is homotopic to T(%, *x3), and there are higher homotopies. More precisely: there is an A,
functor from the category whose morphisms are products on A congruent to one another modulo I, with exactly one morphism
between any two objects, to the category of complexes.

Theorem 5.2 is a refinement of Goodwillie’s theorem: if k contains Q then for a pro-nilpotent ideal I of A, the projection
CCP (A)"— CCP (A/I)

is a quasi-isomorphism.

Deformation Quantization

Formality

Theorem 5.3 Let M be a smooth manifold. There exists an L., quasi-isomorphism

K: /\'JrlTM—)C'H(OM,OM) (41)
and a compatible quasi-isomorphism of Ly, modules over A*+1(Ty)
§: CC, (Oum, Op) = (4 [[u]], ud) (42)

The existence of one such quasi-isomorphism for cochains is the formality theorem of Kontsevich (Kontsevich (2003)). The
existence for chains is proven in Shoikhet (2003) and Dolgushev (2006). The fact that those quasi-isomorphisms are parametrized
by Drinfeld associators follows from Tamarkin (1999) and Kontsevich (1999) (for cochains) and from the statement and proof of
Theorem 4.25 (for chains).

Classification and cyclic homology of deformation quantization algebras

Definition 5.4 A formal Poisson structure on M is a formal series
n=m +hny +...€ ATy[[H]]

satisfying {n,n} = 0.
For a formal Poisson structure 7 put

o0

1
Meo= Y ﬁxq,,k(hn, .oy hm) (43)

k=1

(k arguments hr).

Lemma 5.5 Let

frrog =13+ Hra(f,8)

Then %, ¢ is a deformation quantization of .
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The 2-cochain I, ¢ is an MC element of C?(Opy, Ou)|[[h]], and we write
Orom = (Oul[hl], *70) (44)

For first appearences of deformation quantization see Bayen et al. (1978a,b)
Lemma 5.6

C*(Oros; Orom) = (C*(Ou, Ou)[[H), 6 + [Mro,])

CC, (Oram) = (CC, (Ou)[[H],b + L, + uB)

Algebraic Index Theorem

Theorem 5.7

COP (O 1) —=2 3, [[]] ()

lI l\/A\u@(TM)
HKR e
CC(Onm[[l)) —— 3, ([P ((w))
is homotopy commutative. Here I is the Goodwillie rigidity isomorphism,

Aua(Tu) =D _u™Ag(Ty)
k=0

and

A@(TM) = ZAQ,Zk (TM)

k>0

is the characteristic class of the tangent bundle that is defined by an invariant power series Ag whose restriction from g,, t0 sp,, is A.

Proofs of the Poisson case can be deduced from (Kontsevich and Soibelman, 2000; Shoikhet, 2003; Dolgushev, 2005; Will-
wacher, 2011; Van Den Bergh et al., 2012; Willwacher, 2016). When = is symplectic, this is the algebraic index theorem of Fedosov
(1996). In the case when the Poisson structure has constant rank, this is the algebraic index theorem for families cf. Nest and
Tsygan (1995a,b). The Atiyah-Singer index theorem can be deduced from it (Nest and Tsygan, 1996). For the case M = T*R", cf
(Elliott et al., 1996).

References

Alekseev, A., Severa, P., 2012. Equivariant cohomology and current algebras. Confluentes Math. 4, 27—40.

Beggs, E., Majid, S., 2020. Quantum Riemannian Geometry. Springer, xvi + 809. pp. 2021.

Bayen, F., Flato, M., Fronsdal, C., Lichnerowicz, A., Sternheimer, D., 1978a. Deformation theory and quantization. II. Physical applications. Ann. Phys. 111, 111-151.

Bayen, F., Flato, M., Fronsdal, C., Lichnerowicz, A., Sternheimer, D., 1978b. Deformation theory and quantization. I. Deformations of symplectic structures. Ann. Phys. 111, 61-110.

Bonechi, F., Cattaneo, A.S., Zabzine, M., 2023. Towards equivariant Yang-Mills theory. J. Geom. Phys. 189, 2—17.

Connes, A., 1985. Noncommutative differential geometry. Inst. Hautes Ftudes Sci. Publ. Math. 257-360.

Connes, A., 1988. Entire cyclic cohomology of Banach algebras and characters of 0-summable Fredholm modules. K-Theory 1, 519-548.

Daletskii, Y.L., Gelfand, I.M., Tsygan, B.L., 1990. On a variant of noncommutative differential geometry. Soviet Math. Dokl. 40, 422—-425.

Dolgushev, V., 2006. A formality theorem for Hochschild chains. Adv. Math. 200, 51-101.

Dolgushev, V., Tamarkin, D., Tsygan, B., 2009. Formality theorems for Hochschild complexes and their applications. Lett. Math. Phys. 90, 103—136.

Dolgushev, V.A., Tamarkin, D.E., Tsygan, B.L., 2011. Noncommutative calculus and the Gauss-Manin connection. Higher structures in geometry and physics, 287 of Progr.
Math. New York: Birkhduser/Springer, pp. 139—158.

Dolgushev, V.A., 2005. A proof of Tsygan’s formality conjecture for an arbitrary smooth manifold, ProQuest LLC, Ann Arbor, MI. Thesis (Ph.D.)-Massachusetts Institute of
Technology.

Elliott, G.A., Natsume, T., Nest, R., 1996. The Atiyah-Singer index theorem as passage to the classical limit in quantum mechanics. Comm. Math. Phys. 182, 505-533.

Fedosov, B., 1996. Deformation Quantization and Index Theory vol. 9 of Mathematical Topics. Berlin: Akademie Verlag.

Gerasimov, A., 1993. Localization in GWZW and Verlinde formula, arXiv preprint hep-th/9305090.

Getzler, E., Szenes, A., 1989. On the Chern character of a theta-summable Fredholm module. J. Funct. Anal. 84, 343-357.

Getzler, E., 1993. Cartan homotopy formulas and the Gauss-Manin connection in cyclic homology. In: Quantum Deformations of Algebras and Their Representations (Ramat-
Gan, 1991/1992; Rehovot, 1991/1992), vol. 7 of Israel Math. Conf. Proc., Bar-llan Univ., Ramat Gan, pp. 65-78.

Ginzburg, V., Schedler, T., 2012. Free products, cyclic homology, and the Gauss—Manin connection. Advances in Mathematics 231, 2352—2389.

Grothendieck, A., 1968. Crystals and the de Rham cohomology of schemes. Dix exposés sur la cohomologie des schémas 3, 306-358.

Jaffe, A., Lesniewski, A., Osterwalder, K., 1988. Quantum K-theory. |. The Chern Character. Comm. Math. Phys. 118, 1-14.

Kaledin, D., 2009. Cyclic homology with coefficients. Algebra, Arithmetic, and Geometry: Volume II: In Honor of Yu. I. Manin. 23-47.

Katz, N.M., Oda, T., 1968. On the differentiation of de Rham cohomology classes with respect to parameters. Journal of Mathematics of Kyoto University 8, 199-213.

Katzarkov, L., Kontsevich, M., Pantev, T., 2008. Hodge theoretic aspects of mirror symmetry. In: From Hodge theory to integrability and TQFT tt*-geometry, vol. 78 of Proc.
Sympos. Pure Math., Amer. Math. Soc. Providence, RI, pp. 87—174.


http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref1
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0005
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0005
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref4
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref5
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref6
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref7
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref8
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref8
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref9
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref10
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref11
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref12
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref12
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0010
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0010
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref13
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref14
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0015
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref16
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0020
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0020
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref17
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref18
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref19
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref20
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref21
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0025
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0025

Noncommutative Calculus 715

Kontsevich, M., 2003. Deformation quantization of Poisson manifolds. Lett. Math. Phys. 66, 157-216.

Kontsevich, M., 1999. Operads and motives in deformation quantization, 48, pp. 35-72. Moshé Flato (1937—1998).

Kontsevich, M., Soibelman, Y., 2000. Deformations of algebras over operads and the Deligne conjecture. In: Conférence Moshé Flato 1999, Vol. | (Dijon), vol. 21 of Math.
Phys. Stud. Dordrecht: Kluwer Acad. Publ., pp. 255-307.

Loday, J.-L., 1998. Cyclic homology, vol. 301 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], Springer-Verlag, Berlin,
second ed. Appendix E by Mar a 0. Ronco, Chapter 13 by the author in collaboration with Teimuraz Pirashvili.

Meyer, R., 2007. Local and Analytic Cyclic Homology, vol. 3 of EMS Tracts in Mathematics. Ziirich: European Mathematical Society (EMS).

Nest, R., Tsygan, B. Cyclic homology. in progress.

Nest, R., Tsygan, B., 1995a. Algebraic index theorem. Comm. Math. Phys. 172, 223-262.

Nest, R., Tsygan, B., 1995b. Algebraic index theorem for families. Adv. Math. 113, 151-205.

Nest, R., Tsygan, B., 1996. Formal versus analytic index theorems. Internat. Math. Res. Not. 557-564.

Petrov, A., Vaintrob, D., Vologodsky, V., 2018. The Gauss—Manin connection on the periodic cyclic homology. Selecta Mathematica 24, 531-561.

Petrov, A., Vologodsky, V., 2019. On the periodic topological cyclic homology of dg categories in characteristic p, arXiv preprint arXiv:1912.03246.

Puschnigg, M., 1993. Asymptotic cyclic cohomology, Universitét Heidelberg, Naturwiss.-Math. Gesamtfak., Heidelberg.

Rinehart, G.S., 1963. Differential forms on general commutative algebras. Transactions of the American Mathematical Society 108, 195-222.

Shklyarov, D., 2014. Non-commutative hodge structures: Towards matching categorical and geometric examples. Transactions of the American Mathematical Society 366,
2923-2974.

Shoikhet, B., 2003. A proof of the Tsygan formality conjecture for chains. Adv. Math. 179, 7-37.

Tamarkin, D., Tsygan, B., 2001. Cyclic formality and index theorems, vol. 56, pp. 85-97. EuroConférence Moshé Flato 2000, Part Il (Dijon).

Tamarkin, D., Tsygan, B., 2005. The ring of differential operators on forms in noncommutative calculus. In: Graphs and patterns in mathematics and theoretical physics, vol. 73
of Proc. Sympos. Pure Math., Amer. Math. Soc., Providence, RI, pp. 105-131.

Tamarkin, D.E., 1999. Operadic proof of M. Kontsevich’s formality theorem, ProQuest LLC, Ann Arbor, MI. Thesis (Ph.D.)-The Pennsylvania State University.

Tsygan, B., 2007. On the Gauss-Manin connection in cyclic homology. Methods Funct. Anal. Topol. 13, 83-94.

Van Den Bergh, M., Calaque, D., Rossi, C., 2012. Caldararu’s conjecture and Tsygan’s formality. Annals of Mathematics 176, 865-923.

Willwacher, T., 2011. Formality of cyclic chains. Int. Math. Res. Not. IMRN. 3939-3956.

Willwacher, T., 2016. The homotopy braces formality morphism. Duke Math. J. 165, 1815-1964.

Yamashita, M., 2017. Monodromy of the Gauss—Manin connection for deformation by group cocycles. Journal of Noncommutative Geometry 11, 1237—1265.

Yashinski, A., 2017. The Gauss—Manin connection for the cyclic homology of smooth deformations, and noncommutative tori. Journal of Noncommutative Geometry 11, 581-639.

Yashinski, A., 2012. The Gauss-Manin connection and noncommutative tori, arXiv preprint arXiv:1210.4531.

Relevant Websites

https://alainconnes.org/fr/2021/09/two-backbones-of-the-cyclic-theory/
Two backbones of the cyclic theory.


http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref22
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0030
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0035
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0035
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0040
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0040
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref23
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0045
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref2
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref3
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref15
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref24
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0050
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0055
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref25
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref26
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref26
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref27
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0060
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0065
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0065
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0070
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref28
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref29
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref30
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref31
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref32
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/sbref33
http://refhub.elsevier.com/B978-0-323-95703-8.00022-7/otherref0075
https://alainconnes.org/fr/2021/09/two-backbones-of-the-cyclic-theory/

	Noncommutative Calculus
	 Introduction
	 Other Approaches to NC-Calculus

	 The Commutative Case
	 Non-Commutative Calculus
	 Noncommutative Differential Forms
	 Cyclic Complexes
	 Hochschild Cochain Complex
	 The commutative case


	 Operations on Cyclic Complexes
	 The Cartan Calculus of Derivations
	 Compatibility with the hochschild-kostant-rosenberg map

	 Noncommutative Calculus of Multi-Vector Fields and Forms
	 Formality
	 Calculi


	 Applications
	 Chern Character
	 The Gauss-Manin connection
	 Noncommutative Hodge Structures
	 The Goodwillie Rigidity
	 Deformation Quantization
	 Formality
	 Classification and cyclic homology of deformation quantization algebras

	 Algebraic Index Theorem

	References
	Relevant Websites




