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Abstract. This survey is an introduction to the (classical)
Riemann-Hilbert problem: the problem of finding a linear differential
equation of Fuchsian type with given singular points and prescribed
monodromy representation.
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1. Introduction
In 1850s, Riemann introduced the concept of “local system” on a punctured P1.

He claimed that one could (and should) study the solutions of an N-th order linear
differential equation via studying the corresponding rank N local system. He knew
that a rank N local system on P1 \{a1, . . . ,an} was just a collection of n invertible
N×N matrices Mi (i = 1, . . . ,n) with the constraints that the product (in a certain
order) of all of them is the identity matrix. He also understood that each Mi, up
to GLN(C) conjugation, has the effect of the analytic continuation of the solution
along a small loop around the singular point.

He applied this idea to the study of the Gauss hypergeometric function via
studying the corresponding rank 2 local system on P1 with three punctures re-
moved and obtained a stunning success (It is pertinent to emphasize that this
local system examined by Riemann is rigid).

In 1900, inspired by Riemann’s work, Hilbert [29, 30] posed a problem on
the existence of a Fuchsian equation with given singular points and monodromy
matrices Mi. Nowadays, this problem is known as the Riemann-Hilbert prob-
lem.

To have a right understanding of the (classical) Riemann-Hilbert problem
(RHP), in Section 2, we start from the theory of differential systems on P1 with
regular or Fuchsian (which is stronger than regular) singularities and talk about
the corresponding monodromy representation. The Riemann-Hilbert problem is
also known as the inverse monodromy problem. In Section 3, We will give a his-
toric review of the Riemann-Hilbert problem. In particular, of Plemelj’s work on
it, the first counterexample given by Bolibrukh and some asymptotic analysis
ideas for this problem. Then we will talk about the asymptotic analysis of RHP
via pants decomposition. Next, some related problems are briefly introduced. In
Section 4, we will briefly talk about the Riemann-Hilbert correspondence which
contains both the monodromy problem and the inverse monodromy problem in
terms of the geometric language in a general setting. In Section 5, we will briefly
talk about the parameter dependence problem which includes the isomonodromy

July 2024 ICCM Notices 65

For the author's personal use only.

For the author's personal use only.



X. Tang

problem and the monodromy dependence. Finally, we end with the example of
N = 2 4-point Fuchisan system, its middle convolution and the isomonodromy
equation (Painlevé VI equation).

There are surveys on RHP and its modern applications, for example, [10, 12,
27, 55].

2. Monodromy Representation

2.1 Singular Points and Local Fundamental Solutions

Consider a linear system

(2.1) dy
dz

= A(z)y, y = (y1(z), . . . ,yN(z))
T ,

with A(z) being a N ×N meromorphic map on P1.

Definition 2.1. Let a∈C be a singular point of A(z). It is called a regular singular
point if in every sectorial neighbourhood V of a containing no other singular points
of (2.1), there is an analytic fundamental solution Φ(z) of (2.1) of moderate growth.
That is, there exists λV , CV ∈ R such that each matrix element Φi j(z) of Φ(z)
satisfies

|Φi j(z)|<CV |z−a|λV , z ∈V.

Otherwise, a is called an irregular singular point.

Definition 2.2 (Poincaré rank). Assume z = 0 is a singular point of the matrix
function A(z) in (2.1). If A(z) is of the form

A(z) =
B(z)
zr+1 , r ∈ N,

where B(z) is holomorphic at z = 0 and B(0) 6= 0. Then, the Poincaré rank of z = 0
is defined to be r. If r = 0, then z = 0 is called a Fuchsian singular point.

Theorem 2.3. Assume z = 0 is a Fuchsian singular point of (2.1), that is, we
can write the system as

z
dy
dz

= B(z)y,

where B(z) is holomorphic at z = 0 and B(0) 6= 0. Furthermore, assume that B(0)
has distinct eigenvalues modulo non-zero integers (non-resonance condition)1, then
the system (2.1) has a fundamental solution around z = 0 of the following form

Φ0(z) = (I +O(z))zB(0),

1 In some papers, the notion of strongly non-resonant is used, i.e., λa −λb /∈ Z.
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where I + O(z) is a power series of z with matrix-valued coefficients and it is
convergent to a holomorphic matrix-valued map in a neighborhood of z = 0.

If B(0) = G0 diag(λ1, . . . ,λn)G
−1
0 , then (2.1) has a fundamental solution around

z = 0 of the following form

Φ0(z) = G0(I +O(z))zdiag(λ1,...,λn).

More generally, the non-resonance condition could be removed using meromor-
phic gauge transformations.

Theorem 2.4. Assume z = 0 is a Fuchsian singular point of (2.1), then the
system (2.1) has a fundamental solution around z = 0 of the following form

Φ0(z) = P(z)zE , E ∈ glN(C),

where P(z) is holomorphic at z = 0 and the eigenvalues of E do not differ by
non-zero integers.

Then, we see immediately that

Proposition 2.5. The Fuchsian singular points are regular singular.

The converse is not true.

Example 2.6. For the following differential system

dy
dz

=

(
1/z 1
0 0

)
y,

• z = 0 is a Fuchsian singular point;
• z = ∞ is a regular singular point but not Fuchsian (via the variable change

w = 1
z ).

Remark 2.7. There is another equivalent way to define the regular singular points.
Let z = 0 be a singular point of (2.1), we call z = 0 regular singular, if there exists
P(z) ∈ GLN(C({z}))2 such that the transformed system

dỹ
dz

= Ã(z)ỹ(z), Ã(z) = P−1(z)A(z)P(z)−P−1(z)P′(z)

under the meromorphic transformation

ỹ(z) = P(z)y(z)

has a simple pole at z = 0.

2 C({z}) is the field of germs of meromorphic functions at 0.
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2.1.1 Levelt Fundamental Solution

A necessary and sufficient condition for a regular singular point being Fuchsian
can be also read from the fundamental solution of Levelt form and the Fuchs
relation. By Theorem 2.4 and Remark 2.7, we have

Proposition 2.8. Let z = 0 be a regular singular point of (2.1). Then the system
has a fundamental solution of the form

Q(z)zE , as z → 0,

where

• Q(z) is meromorphic at z = 0;
• E is a matrix with distinct eigenvalues modulo non-zero integers.

Note that for any E ∈ glN(C), the entries of zE are of the form(
zE)

i j = ∑
l≥1

zρl Pi jl(logz)

where Pi jl are polynomials of degree less than N and {ρl} are eigenvalues of E.
Without loss of generality, in the following, one can re-express the form Q(z)zE

such that the eigenvalues E {ρi}N
i=1 of E satisfy 0 ≤ Reρi < 1.

Definition 2.9 (Levelt valuation). Let Sol0 be the space of local solutions of (2.1)
near 0 and let K be the following differential field extension of C({z}):

K = C({z})(zρ1 , · · · ,zρN , logz) .

(1) Define the valuation v : K → Z∪{∞} on K as follows:

1. v(0) = ∞;
2. v( f (z)zρk(logz)m) := d if f (z) = ∑

i≥d

aiz
i ∈ C({z}), ad 6= 0.

(2) The Levelt valuation on the local solution space Sol0 is defined to be

v : Sol0 → Z∪{∞}
v((y)) = min

1≤ j≤N
v(y j), y = (y1, . . . ,yN)

T ∈ Sol0 .

Similarly, if Φ(z) is a fundamental solution near z = 0, then one can also define
v(Φ) = mini j{v(Φi j(z))}.

Theorem 2.10 (Levelt [48]).

(1) If z = 0 is a regular singular point of (2.1), then there exists a solution of
the form

(2.2) Φ(z) =U(z)zBzE ,

where
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• U is holomorphic at z = 0;

• B = diag(v(e1),v(e2), . . . ,v(eN)), {ei} is a basis of the solution and
v(ei)≥ v(ei+1), i = 1, . . . ,N −1;

• E is an upper block triangular matrix with eigenvalues {ρi}, 0≤Reρi <

1, i = 1, . . . ,N.

(2) The regular singular point z = 0 is Fuchsian if and only if U(0) is invertible.

A fundamental solution of (2.1) around z = 0 of the form (2.2) is called a Levelt
fundamental solution. One can further define

βk = v(ek)+ρk, k = 1, . . . ,N,

which are called the Levelt exponents at z = 0.
If all the singular points of A(z) are Fuchsian, i.e., all the poles of A(z) are

simple poles, then we obtain the Fuchsian system of the form

(2.3) dy
dz

=
n

∑
i=1

Ai

z−ai
y, Ai ∈ glN(C).

In particular, if A∞ := −∑
n
i=1 Ai 6= 0, then ∞ is also a Fuchsian singular point of

this system. In the Fuchsian case, the local exponents at z = ai are the eigenvalues
of Ai.

Theorem 2.11 (Fuchs relation). Let {a1,a2, . . . ,an} ⊂ P1 be the set of singular
points of (2.1) and all assumed to be regular singular. Let {βi j}N

j=1 be the Levelt
exponents at z = ai, i = 1, . . . ,n. Then

n

∑
i=1

N

∑
j=1

βi j ≤ 0.

In particular, ∑
n
i=1 ∑

N
j=1 βi j = 0 if and only if (2.1) is a Fuchsian system.

Remark 2.12. If the system (2.1) has an irregular singularity z = a, then around
z = a, there exists a unique formal fundamental solution Φ̂(z) of the form

Φ̂(z) = Ga(I +O(z−a))eTa(z),

where T = T0 log(z− a)+∑
ra
k=1

T−k(z−a)k

−k is generically diagonal, ra is the Poincaré
rank of a. However, the power series part I +O(z− a) is in general divergent.
Thus, the formal solution just represents the asymptotic behavior of actual solu-
tions Φ( j)(z) in some sectors S( j) around z = a. The actual solutions in different
sectors are related by so-called (constant) Stokes matrices. The monodromy rep-
resentation and the corresponding inverse problem in this case is complicated and
we will not discuss irregular singularities in this survey.
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2.2 Fuchsian System and Monodromy Representation

Now, let us focus on the Fuchsian system (2.3) and assume that A∞ 6= 0. Then
by Theorem 2.4, there is a local fundamental solution around each singular point
z = ai given by

Φi(z) =

{
Pi(z−ai)(z−ai)

Ei , ai 6= ∞;
P∞(z−1)z−E∞ , ai = ∞.

Globally, we want to see how the local fundamental solutions change when it is
analytically continued around the singular points. Choose a path li from ∞ to each
ai. Then, we can continue Φ∞ along the path li and compare the result to Φi. This
defines a connection matrix Ci. If we fix z = ∞ to be the reference point, the global
solution Φ(z), obtained by analytic continuation, has the following asymptotic
expansion around the singular points z = ai and z = ∞

(2.4) Φ(z) =

{
Pi(z−ai)(z−ai)

EiCi, z → ai;
P∞(z−1)z−E∞ , z → ∞.

In particular, if Ai = GiΘiG
−1
i , with Θi being a diagonal matrix and its eigen-

values satisfy the non-resonance condition, then the fundamental solution near ai

can also be written as

Φi(z) =

{
Gi(I +O(z−ai))(z−ai)

Θi , ai 6= ∞;
G∞(I +O(z−1))z−Θ∞ , ai = ∞.

Via analytic continuation along li, we can write Φ(z) as

(2.5) Φ(z) =

{
Gi(I +O(z−ai))(z−ai)

ΘiCi, z → ai;
G∞(I +O(z−1))z−Θ∞ , z → ∞.

Let γ be a based loop, and Φγi be the analytic continuation of Φ around γ,
then there is an invertible matrix Mγ such that

Φ
γ = ΦMγ .

Mγ is called the monodromy matrix associated to γ. In particular, it only depends
on γ via its homotopy class.

Let z0 be a based point and γi be the based simple loop around ai, then the
corresponding monodromy Mi of Φ(z) in (2.4) (respectively in (2.5)) is given by

Mi =C−1
i e2πiEiCi, i = 1, . . . ,n; M∞ = e2πiE∞ .

(Mi =C−1
i e2πiΘiCi, i = 1, . . . ,n; M∞ = e2πiΘ∞ corresponding to (2.5).)
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Since the path around all singularities is contractible, that is

γ1 · γ2 · · ·γn · γ∞ = 13,

these matrices are subjected to the relation:

M∞Mn · · ·M2M1 = I.

More precisely, we get an anti-representation

(2.6)
ρ : π1(P1 \{a1, . . . ,an,∞},z0)−→ GLN(C),

γi 7−→ Mi.

Remark 2.13. In some papers, one defines the product of γ1 and γ2 in an in-
verse way, or writes Φ(z−ai) = Φ((z−ai)e2πi)Ti, and then obtains a representation
π1(P1 \ {a1, . . . ,an,∞},z0) → GLN(C). In this survey, we do not distinguish these
cases and just call them the monodromy representations.

2.2.1 Singular Data and Monodromy Data

Furthermore, let us consider the constant gauge transformation of the funda-
mental matrix solution

Φ̃ = KΦK−1, K ∈ GLN(C).

Then Φ̃ satisfies

dΦ̃

dz
= Ã(z)Φ̃(z), Ã(z) = KA(z)K−1, i.e. Ãi = KAiK

−1,

and for each i, the monodromy matrix M̃i(z) of Φ̃(z) around γi is given by

M̃i = KMiK
−1.

Thus, we consider the two following moduli space associated to the N × N
Fuchsian systems with n singular points. The first one is

A=

{
(A1, . . . ,An)

∣∣ A j ∈ glN(C),
n

∑
j=1

A j = 0

}
/GLN(C)

≈

{
(G j,Θ j)

n
j=1

∣∣ G j ∈ GLN(C),Θ j ∈ diagnr
N (C),

n

∑
j=1

G jΘ jG
−1
j = 0

}
/∼

3 The product of the based loops γ1, γ2 is defned by

γ1 · γ2 =

{
γ1(2t), if 0 ≤ t ≤ 1/2;
γ2(2t −1), if 1/2 ≤ t ≤ 1.

July 2024 ICCM Notices 71

For the author's personal use only.

For the author's personal use only.



X. Tang

where ≈ means that generically, when A j = G jΘ jG
−1
j , with Θ j ∈ diagnr

N (C) and
diagnr

N (C) denotes the set of diagonal matrices with eigenvalues satisfying non-
resonance condition, we have equality. The equivalence condition is given by the
GLN(C)-action G j 7→ KG j.

The second one is

M=
{
(M1, . . . ,Mn)

∣∣M j ∈ GLN(C),Mn · · ·M1 = I
}
/GLN(C)

≈
{
(C j,Θ j)

n
j=1

∣∣C j ∈GLN(C),Θ j ∈diagnr
N (C),Cne2πiΘnC−1

n · · ·C1e2πiΘ1C−1
1 = I

}
/∼,

where the equivalence is given by the GLN(C)-action C j 7→ SC j.
The monodromy representation gives us a map from A to M. If {λ j,α}α are

eigenvalues of A j, then {exp(2πiλ j,α)}α are the eigenvalues of M j. In particular,
under the non-resonance condition, M j is conjugate to exp2πiA j , and the corre-
sponding two spaces have the same dimension. Thus one can expect an one-to-one
correspondence between A and M. The inverse monodromy problem is known as
the Riemann-Hilbert space, see the details in the next section.

Remark 2.14. We say that the corresponding irreducible linear system has rigid
monodromy, if the subset with fixed local exponents of M is a point. This means
that the global behaviour of the solutions under analytic continuation is deter-
mined by the local behaviour at the singularities. Most local systems are not
rigid, but there are typical examples:

• Rank N irreducible linear systems on P1 \ {a1,a2,a3}, whose monodromies
Mi has N distinct eigenvalues, are rigid only if N = 1,2;

• The classical functions such as nFn−1 [5] and the Pochhammer hypergeomet-
ric functions [28] solve the corresponding higher order differential equations
for rigid local systems.

2.3 Basic Example

Now, let us consider the following simple example,

(2.7) dy
dz

=

(
A0

z
+

A1

z−1

)
y, A0,A1 ∈ gl2(C),

where

• The matrix A0 has eigenvalue {0,1− γ}, γ /∈ Z;
• The matrix A1 has eigenvalue {0,γ −α −β −1} with γ −α −β /∈ Z;
• A∞ =−A0 −A1 = diag(α,β ) with α −β /∈ Z.

The system (2.7) is uniquely determined by the above constraints up to a
diagonal conjugation

A0 → T−1A0T, A1 → T−1A1T, T = diag(1,r), r 6= 0.
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Lemma 2.15. Let y = (y1,y2)
T be a solution of (2.7). Then y1 satisfies the Gauss

hypergeometric differential equation

(2.8) z(1− z)
d2y1

dz2 +[c− (a+b+1)z]
dy1

dz
−aby1 = 0,

where a = α, b = β + 1, c = γ. And y2 can be solved via the component equation
of (2.7) and y1.

Thus, the local solution of (2.7) around z = 0,1,∞ is given in terms of the dif-
ferential expansion of hypergeometric function 2F1(z), and the connection matrix
is given by the Kummer relations. The fundamental solution normalized at ∞ is
given by(

F(α,α − γ +1,α −β | 1
z )

β (β−γ+1)
(β−α)(β−α+1)

1
z F(β +1,β − γ +2,β −α +2| 1

z )
α(α−γ+1)

(α−β )(α−β+1)
1
z F(α +1,α − γ +2,α −β +2| 1

z ) F(β ,β − γ +1,β −α| 1
z )

)

× z
−

α 0
0 β


.

The global solution can be written as

Φ(z) =


G0(I +O(z))zdiag(1−γ,0)C0, z → 0;
G1(I +O(z−1))(z−1)diag(γ−α−β−1,0)C1, z → 1;
(I +O(z−1))z−diag(α,β ), z → ∞

where

G0 =
1

β −α

(
β − γ +1 β

α − γ +1 α

)
, G1 =

1
β −α

(
1 β (β − γ +1)
1 α(α − γ +1)

)
,

C0 =

(
e−πi(α−γ+1) Γ(γ−1)Γ(α−β+1)

Γ(γ−β )Γ(α) −e−πi(β−γ+1) Γ(γ−1)Γ(β−α+1)
Γ(γ−α)Γ(β )

e−πiα Γ(1−γ)Γ(α−β+1)
Γ(1−γ)Γ(α−γ+1) −e−πiβ Γ(1−γ)Γ(β−α+1)

Γ(1−α)Γ(β−γ+1)

)
,

C1 =

(
−Γ(α+β−γ+1)Γ(α−β+1)

Γ(α−γ+1)Γ(α)
Γ(α+β−γ+1)Γ(β−α+1)

Γ(β−γ+1)Γ(β )

−e−πi(γ−α−β−1) Γ(γ−α−β−1)Γ(α−β+1)
Γ(1−β )Γ(γ−β ) e−πi(γ−α−β−1) Γ(γ−α−β−1)Γ(β−α+1)

Γ(1−α)Γ(γ−α)

)
.

Remark 2.16.

1. The monodromy group acts reducibly on the space of solutions, if and only
if at least one of a, b, c−a, c−b is an integer.

2. When the monodromy representation is irreducible, the equivalent class of
the representation is determined by the eigenvalues of M0, M∞ and M0M∞,
here it depends only on a,b,c mod Z.

Remark 2.17 (The case of a,b,c ∈ R). In this case the eigenvalues of the mon-
odromy matrices lie in S1.

1. Suppose the monodromy group is irreducible. Let F be the invariant her-
mitian form for M0,M∞. If {c} is between {a} and {b}, then F is positive
definite.
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2. Let W be the group generated by the reflections in the edge of Schwartz’s
triangle (the image of the upper half plane under Schwartz map4). Then
the above monodromy map is a subgroup of W generated by product of an
even number of reflections.

3. The Riemann-Hilbert Problem
3.1 On the Origins of the Riemann-Hilbert Problem

In his 1857 paper Riemann suggested to study the problem of constructing a
system of functions with regular singularities that has the prescribed monodromy
properties. At the ICM 1900, Hilbert included it as Problem no. 21 on his list of
“Mathematical Problems”. It was formulated as follows:

“Prove that there always exist a linear differential equation of
Fuchsian type with given singular points and with a given mon-
odromy group.”

In Hilbert’s original formulation: the problem requires the vector-function of
the variable z that is regular on the z-plane except at the given singular points; at
these points the functions may become infinite of only finite order. He mentioned
the singularities, nowadays called regular singularities (i.e. Definition 2.1), but did
not speak of Fuchsian linear systems.

More explicitly, we can think of two problems as follows: given the monodromy
group with encoded singularities, can it be realized by

1. a linear N ×N system on P1 having only regular singularities?
2. a N ×N Fuchsian system on P1?

The answer to the first problem is positive, which is proved by Plemelj in 1908.
While in 1989, Bolibrukh constructed the first counterexample for the second one,
see, more explanation in the following subsections. The question 2. is known as
the Riemann-Hilbert problem (RHP).
Remark 3.1 (The N-th order Fuchsian linear differential equation). The linear
differential equation of order N

(3.1) y(N)+q1(z)y
(N−1)+ · · ·+qN(z)y = 0

defined on the complex plane with coefficients qi(z) being rational functions is
called of Fuchsian type, if qi(z) has at most a pole of order i. One can translate

4 Let f and g be two linearly independet solutions of the Gauss hypergeometric equation (0 ≤
|1− c|, |c−a−b|, |a−b|< 1), then Schwartz map is a map from H∪R to P1, given by

z0 7→ f (z0)/g(z0)

.
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the N-th order Fuchsian linear differential equation into a (first order) Fuchsian
linear differential equation of size N with y = (y,y′,y′′, . . . ,y(N−1))T .

One can also ask the question: is there a Fuchsian linear N-th order differen-
tial equation having a prescribed monodromy group with encoded singularities?
The answer is negative since the number of parameters in (3.1) with singularities
a1, . . . ,an is less than the dimension of the space of the monodromy representations.

About the formulation of the problem, Anosov and Bolibrukh [2] argued as
follows:

“In mathematical literature, Hilbert’s 21st problem is often called the
Riemann-Hilbert problem, although Riemann never spoke exactly of some-
thing like it. This was well-known: Klein in his “Lectures on the develop-
ment of the mathematics in 19th century” said that “Riemann speaks in
such a careless way as if existence of functions (y1(z), . . . ,yp(z)) (having
the given singularities and monodromy) is self-evident and one has only
to study their properties”. However, Hilbert mentioned that “presumably
Riemann was thinking on this problem”, and Röhrl [62] made a final step
in this mythological direction and distinctly attributed Hilbert’s 21st prob-
lem to Riemann. As well as the majority of the mathematicians who have
dealt with the problem, we prefer to say that the Riemann-Hilbert problem
(Hilbert’s 21st problem) is close to the sphere of Riemann’s ideas and it has
arisen in the course of research stimulated by him.”

3.2 Plemelj’s Method

In 1908, Plemelj5 [61] published a solution to the RHP that was widely accepted
until the early 1980s. In his work, he reduced the RHP to a Hilbert boundary value
problem in the theory of singular integral equations. The idea is as follows: join
all singularities a1, . . . ,an ∈ C by a simple closed oriented contour Γ, and define a
piecewise constant invertible matrix valued function M(z)

M(z) = [MiMi−1 · · ·M1]
−1 , z ∈ [ai,ai+1), i = 1, . . . ,n; an+1 = a1,

where Mi is the matrix of monodromy corresponding to a small loop around ai.
Denote by Γ+ and Γ− the interior and exterior of Γ in CP1 respectively. Then one
can consider the following boundary value problem.

Hilbert Boundary Value Problem. Find all vector-valued functions Φ+ =

Φ+(z),Φ− = Φ−(z) ∈ C1×N such that

1. Φ+(z) is holomorphic in Γ+ and Φ−(z) is holomorphic in Γ− and of finite
order at z = ∞;

2. Φ± are continuous right up to the contour Γ with the exception of points
a1, . . . ,an, and on (ai,ai+1),

Φ−(z) = Φ+(z)M(z).

5 Josip Plemelj (December 11, 1873 – May 22, 1967) was a Slovene mathematician, best known
for his work on analytic functions and the application of integral equations to potential theory.
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3. Φ±(z)(z− ai)
ε tends to zero for some 0 ≤ ε < 1 as z → ai over Γ+ and Γ−,

respectively.

Such a problem can be solved by the methods of the theory of singular integral
equations.

Next, Plemelj applied a procedure to proceed from the constructed system to
another one with the same monodromy and the same singular points, which is
a Fuchsian system at all except for perhaps one of the points. The remaining
proof to obtain an actual Fuchsian system was shown to have a serious gap by
Kohn [43]. But Kohn also proved that Plemelj’s argument is valid, if one of the
monodromy matrices is diagonalizable, or if apparent singularities (this means that
A(z) has poles outside ai, but the associated monodromy matrix is the identity)
are permitted.

More details and applications on various integrable systems can be found in
[10].

3.3 A Brief History

Here are some major results after Plemelj’s work:

• In 1913, Revisiting Plemelj’s paper [61], Birkhoff [6] refined the argument
grounded in the method of successive approximations. Concurrently, he
pioneered the extension of RHP to incorporate certain difference equations.

• In the late 1920s, Lappo-Danilevskiǐ [47] solved the RHP in a constructive
way in the case where all generators Mi are sufficiently close to the iden-
tity matrix. His method expressed solutions of a Fuchsian system and their
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associated monodromy in the form of convergent series of the matrix coeffi-
cients Ai. Then the RHP reduces to the problem of inverting the series and
studying its convergence.

• In 1956, Krylov [46] constructed an effective solution for RHP for all 2×2
systems with 3 singular points. His work made crucial use of the Gauss
hypergeometric functions.

• In 1957, Röhrl [62] introduced the algebro-geometric ideas in the analysis of
the RHP.6 He constructed a principal bundle on P1 \{a1, . . . ,an} with struc-
ture group GLN(C). In terms of geometric language, P1 may be replaced by
an arbitrary Riemann surface and then, in higher dimensions, Riemann sur-
faces are replaced by complex manifolds. Nowadays, such a generalization
are summarized under the umbrella of Riemann-Hilbert correspondences.
Important early contributions to this field were achieved by Deligne [18],
Kashiwara [39] and Mebkhout [53, 54].

• In 1979, Dekkers [17] proved the solvability of the RHP for N = 2 with an ar-
bitrary number of singularities. More explicitly, he solved the case when all
monodromy matricies are not diagonalizable via appropriate meromorphic
gauge transformations.

• In 1982, Erugin [22] considered the RHP for all 2×2 systems with 4 singular
points. In particular, he elucidated a striking connection of this problem and
the Painlevé VI equation (see Subsubsection 5.3.3).

• In 1983, Kohn [43] showed that if one of the given monodromy matrices Mi

is diagonalizable, then ρ is realizable as the monodromy representation of
a Fuchsian system.

• In 1992, Kostov [45] and Bolibrukh [8] showed that if the representation ρ

is irreducible, the RHP has a positive answer.
• In 1998, Kitaev-Korotkin [42] and in 1999, Deift-Its-Kapaev-Zhou [16] solved

the case N = 2 with off-diagonal monodromy matrices in terms of Theta
functions. In 2004, Korotkin [44] and Enolski-Grava [21] solved the RHP
for general N with quasi-permutation monodromy matrices by means of the
Szegö kernel on Riemann surfaces (realized as a N-fold branched covering
of P1).

• For N = 3,4, a complete characterization was given by Bolibrukh [9] (1999,
N = 3) and Gladyshev [26] (2000, N = 4).

• In 2002 Malek [50] studied the special case of reducible representations and
he showed how to produce new families of reducible counterexamples.

3.4 The First Counterexample Given by Bolibrukh

In general, the RHP is not solvable. There are monodromy representations
which are not given by solutions of Fuchsian systems. This surprising fact came

6 Röhrl was thought of as the first one to apply the methods of fiber bundles to the solution of
the problem, but the original ideas goes back to Birkhoff. It is a pity that an adequate geometric
language was not available at that time to describe it appropriately.
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to light in the important works of Bolibrukh in 1989, see [7]. In more details,
Bolibrukh’s first counterexample concerns the following 3× 3 system with n = 4
singular points:

(3.2) dy
dz

= A(z)y =

0 a12(z) a13(z)
0
0

Ã(z)

y

where

(3.3)

a12(z) =
1
z2 +

1
z+1

− 1
z−1/2

, a13(z) =
1

z−1
− 1

z−1/2
,

Ã(z) =
1
z

(
1 0
0 −1

)
+

1
6(z+1)

(
−1 1
−1 1

)
+

1
2(z−1)

(
−1 −1
1 1

)
+

1
3(z−1/2)

(
−1 1
−1 1

)
.

3.4.1 Basic Observations

This system is not Fuchsian, but we have the following basic observations.

1. This system has singularities at a1 = 0, a2 = −1, a3 = 1/2, a4 = 1. In par-
ticular,

• a2, a3, a4 are Fuchsian singularities;

• a1 is a regular singular point but not Fuchsian: Consider the trans-
formation

Φ = PΨ =

0 1/z 0
1 0 0
0 0 1

Ψ,

then 0 is the Fuchsian singular point of the resulting system

dΨ

dz
= (P−1AP−P−1P′)Ψ.

2. Expanding (3.2) for y = (y1,y2,y3)
T , we obtain

dy1

dz
= a12(z)y2 +a13(z)y3,(3.4)

dỹ
dz

= Ã(z)ỹ, ỹ = (y2,y3)
T .(3.5)

Then, we have

• e1 := (1,0,0)T is a solution of the first equation;

• All ai, i = 1,2,3,4 are Fuchsian singular points of the second equation.
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We want to compute the Levelt fundamental solutions of (3.2). Based on the
second basic observation, we will solve (3.5) first and then substitute its solution
to (3.4).

3.4.2 The Second Order System

Write Ã(z) = ∑
4
i=1

Ãi
z−ai

, we have

• A1 has eigenvalues {1,−1};
• A2, A3, A4 are nilpotent.

By Theorem 2.10, there exists a local fundamental solution around ai, i = 2,3,4
of the Levelt form

Qi(z)(z−ai)

(
0 1
0 0

)
,

where Qi(z) is a holomorphic invertible matrix at z = ai.
Bolibrukh proved that the system (3.2) has non-trivial monodromy, and there

does not exist a Fuchsian system with the same monodromy group and encoded
singularity locations.

Two key points of Bolibrukh counterexample are:

1. In this example, the monodromy representation is reducible with sub-re-
presentation given by Ce1. In particular, each monodromy matrix is similar
to a Jordan form with only one block.

2. This example has sensitive dependence on the location of the singular
points: once slightly perturbed, the RHP with the same monodromy might
be solvable.

The general answer for N = 3 is as follows:

Theorem 3.2 ([7]). The RHP for N = 3 has a negative answer if and only if the
following three conditions hold:

1. the representation ρ is reducible;
2. each matrix Mi = ρ(γi) can be reduced to a Jordon normal form, consisting

of only one block;
3. the corresponding two dimensional subrepresentation of the quotient repre-

sentation ρ2 is irreducible, and the Fuchsian weight of the canonical exten-
sion for ρ2 is greater than zero.

3.5 Pants Decomposition and CFT Approach to the RHP

Even though there are some positive answers for the existence of solutions to
the RHP, only few constructive results exist. The following two cases admit an
explicit construction of the solution:

1. Let ρ : π1(P1 \{a1, . . . ,an})→ GLN(C) is a quasi-permutation representation
satisfying
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• ρ cannot decompose into two sub-representations which are both
quasi-permutation representations in the same basis of CN (this im-
plies that the compact Riemann surface corresponding to the associ-
ated permutation representation is connected).

• Non-triviality condition: the monodromy matrices cannot be simulta-
neously diagonalizable (otherwise, we obtain N scalar RHPs).

Korotkin [44] constructed the solution in terms of modified Szegö kernels
and prime forms.

2. The rigid case. Katz [41] introduced a middle convolution functor MCλ on
the categories of perverse sheaves and showed that any irreducible rigid
local system on the punctured affine line is connected to a one-dimensional
local system by an iterative application of middle convolutions and scalar
multiplications. Since these steps can be inverted, this leads to an exis-
tence algorithm for rigid local systems in terms of the local monodromies.
Dettweiler-Reiter [19] gave a purely algebraic analogue of Katz middle con-
volution as well as an additive version acting on tuples of residue matrices
{Ai} of Fuchsian systems. We will review Dettweiler-Reiter’s construction
on the N = 2 4-point Fuchsian system in Subsubsection 5.3.2.

There are also some ideas involving the asymptotic analysis of the solutions.
For simplicity, let us focus on the situation where all monodromy matrices are
diagonalizable and have distinct eigenvalues. First, let us give a refined boundary
value problem which is closely related to linear ODEs.

3.5.1 A Refinement of the Boundary Value Problem

For simplicity, we fix the n singular points a = (a1 = 0,a2 . . . ,an−1,an = ∞) with
the radial ordering condition 0 = |a1| < |a2| < .. . < |an−1|. Or even more conve-
niently, assume a2, . . . ,an−1 ∈ R+. Inspired by the asymptotic expansions of the
fundamental solution near the singular point, the Riemann-Hilbert problem is
also transformed as the boundary value problem consisting in finding an analytic
invertible matrix Ψ : P1 \Γ → GLN(C) with the following contour Γ and the jump
matrix J(z;a). The uniqueness of the solution is ensured by an appropriate nor-
malization condition. The contour Γ is chosen to be a collection of circles γk and
segments lk ⊂ R

Γ =

(
n⋃

k=1

γk

)
∪

(
n−1⋃
k=1

lk

)
.

More explicitly,

• γk is a counter-clockwise oriented circles centered at ak such that its interior
doesn’t contain other singular points;

• lk is the segment joining the circles γk and γk+1.

For example, when n = 4, the contour Γ is drawn as follows:
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To define the jump matrix, we use the (C,Θ)-space for monodromy matrices
consisting of

• a n-tuple of N ×N diagonal matrices Θ j, j = 1, . . . ,n satisfying the Fuchs
relation ∑

n
j=1 trΘ j = 0 and the non-resonance condition.

• a collection of 2n matrices Ck,± ∈ GLN(C) satisfying

Mk→1 :=C−1
k,+e2πiΘkCk,− =C−1

k+1,+Ck+1,− for k = 1, . . . ,n−2

Mn−1→1 :=C−1
n−1,+e2πΘn−1Cn−1,− =C−1

n,+e−2πiΘnCn,−

Mn→1 := I =C−1
n,+Cn,− =C−1

1,+C1,−.

In fact, there are only n independent matrices.

The jump matrix J(z) is then given by

J(z)
∣∣
lk
= M−1

k→1 k = 1, . . . ,n−1,

J(z)
∣∣
γk
=C−1

k,±(ak − z)−Θk ℑz ≷ 0, k = 1, . . . ,n−1,

J(z)
∣∣
γn
=C−1

n,±(−z)Θn ℑz ≷ 0.

The above RHP has a more straightforward connection to the linear ODE with
rational coefficients: define a matrix function Φ(z) by

Φ(z) =


Ψ(z), z outside γ1, . . . ,γn,

Ψ(z)(ak − z)ΘkCk, z inside γ1, . . . ,γn−1,

Ψ(z)(−z)−ΘnCn, z inside γn.

One can check that Φ(z) has the constant jump M−1
k→1 on (ak,ak+1). Define

A(z) := ∂zΦ ·Φ−1,

then A(z) is a meromorphic matrix valued map on P1 with possible simple poles
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only at a1, . . . ,an. Thus,

dΦ

dz
=

n−1

∑
k=1

Ak

z−ak
Φ, Ak = Ψ(ak)ΘkΨ(ak)

−1.

In particular, the monodromy matrices of the resulting Fuchsian system are
uniquely determined by the jump matrices:

M1 = M1→1, Mk+1 = Mk+1→1M−1
k→1.

3.5.2 Pants Decomposition for Monodromy Data

For simplicity, let A0,A1,A∞ ∈ slN(C) satisfy A0 +A1 +A∞ = 0, and each Ai has
distinct eigenvalues modulo Z. Then we consider Fuchsian systems defined on a
3-punctured sphere and the corresponding monodromy space

MslN
3 =

{
(M0,M1,M∞) ∈ SLN(C)3 : M∞M1M0 = I,

M j ∼ e2πiΘ j , j = 0,1,∞
}
/SLN(C).

One starts with (M0,M1,M∞) with fixed non-degenerated distinct eigenvalues, then
there are 3(N2 −N) parameters. They are constrained by

M∞M1M0 = I

and considered up to an overall SLN(C) conjugation, which decreases the number
of parameters by 2(N2 −1). Thus,

dimMslN
3 = 3(N2 −N)−2(N2 −1) = (N −1)(N −2).

In particular, dimMsl2
3 = 0.

Remark 3.3. In general, for any Lie algebra g and Ai ∈ g, with fixed generic local
exponents, one has

• dimMg
3 = dimg−3rankg;

• dimMg
n = (n−2)dimg−n rankg.

Let us look at the n = 4 case carefully, that is,

MslN
4 =

{
(M0,Mt ,M1,M∞) ∈ SLN(C)4 : M∞M1MtM0 = I,

M j ∼ e2πiΘ j , j = 0, t,1,∞
}
/SLN(C).

Applying the computation above, we have

dimMslN
4 = 2(N −1)2, dimMsl2

4 = 2.

In the case of 4 (or more) poles, a convenient parameterization is suggested by
pants decompositions.
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Introduce Mt0 = MtM0 (assumed to be diagonalizable) and consider the two
triples

{(M0,Mt ,M
−1
t0 ),(Mt0,M1,M∞)}.

Now let us choose the submanifold with fixed eigenvalues of M0,t,1,∞, Mt0.

Mt0 = e2πiS, S ∈ h (Cartan subalgebra).

Then, we obtain a submanifold

MslN
4 (S) =

{
(M0,Mt ,e

−2πiS),(e2πiS,M1,M∞)
}
/H ⊂MslN

4 .

It is similar to

MslN
3 =

{
(M1,M2,M3) : . . .

}
/G =

{
(M1,M2,e

2πiΘ3) : . . .
}
/H,

except that the conjugation is simultaneous for both triples. To relax this condi-
tion, one can consider the twist action on MslN

4 by the Cartan group H ⊂ SLN(C):

h : {(M0,Mt ,e
−2πiS),(e2πiS,M1,M∞)} 7→ {(M0,Mt ,e

−2πiS),h−1(e2πiS,M1,M∞)h}.

Thus, roughly one can say that

MslN
4 (S)/H =MslN

3 ×MslN
3 .

Such a parametrization (by pants decomposition) of monodromy data associ-
ated to 4 (or more) poles implies that we can reduce a corresponding RHP (RH
boundary value problem) into a sequence of simpler RHP (3-point case) that can
be solved exactly or asymptotically. This is the idea of the Riemann nonlinear
steepest descend method of Deift-Zhou [15].

3.5.3 The Decomposed 3-Point RHPs

For example, when n = 4, the contour Γ is drawn as follows:
Then the original 4-punctured sphere is decomposed into 2 pairs of pants T 0t ,

T 1∞ and one annulus A. Now we can associate two 3-point RHPs corresponding
to T 0t , and T 1∞, respectively.

(1) The 3-point RHP corresponding to T 0t is given as follows.
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• The contour Γ0t is given by the union of γ0, γt , So and two segments in the
above picture in T 0t ;

• Fix a matrix CS ∈ GLN(C) such that

MtM0 =C−1
S e2πiSCS, S= diag(σ1, · · · ,σN);

the jump matrix function J0t(z) is defined by

J0t(z)
∣∣
Γ0t∩Γ

= J(z)
∣∣
Γ0t∩Γ

,

J0t(z)
∣∣
So
= (−z)SCS.

The solution Ψ0t(z) gives the fundamental matrix solution Φ0t of a Fuchsian system
with 3 singular points 0, t,∞ characterized by appropriate monodromies. Further-
more, write

Φ
0t(z) = Φ̃

0t(z/t),

then the rescaled matrix Φ̃0t(z) solves a Fuchsian system characterized by the
same monodromy as Φ0t(z) but the singular points are at z = 0,1,∞. Adding the
normalization condition Φ̃0t(∞)' (−z)S, as z → ∞ (which implies Ψ0t(∞) = t−S),
we can write the asymptotic expansion of Φ̃0t(z) as

Φ̃
0t(z) =


G0t

0 (z)(−z)Θ0C0C−1
S , as z → 0,

G0t
1 (z)(1− z)ΘtCtC

−1
S , as z → 1,

G0t
∞ (z)(−z)S, as z → ∞,

where

G0t
0 (z) = G0t

0

(
I + ∑

m≥1
g0t

0,mzm),
G0t

1 (z) = G0t
1

(
I + ∑

m≥1
g0t

1,m(z−1)m),
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G0t
∞ (z) = I + ∑

m≥1
g0t

∞,mz−m.

(2) The 3-point RHP corresponding to T 1∞ is given as follows.

• The contour Γ1∞ is given by the union of Si, γ1, γ∞ joined by the two segments
in T 1∞ as shown in the above picture;

• The jump matrix function J1∞(z) is defined by

J1∞(z)
∣∣
Γ1∞∩Γ

= J(z)
∣∣
Γ1∞∩Γ

,

J1∞(z)
∣∣
Si
=C−1

S (−z)−S.

Now the solution Ψ1∞(z) gives a solution of Fuchsian system with 3 singular points
0,1,∞ characterized by the monodromies MtM0, M1, M∞. Furthermore, we normal-
ize such a solution at z → 0 by Φ1∞(z)' (−z)S, i.e., the asymptotic expansion is
given by

Φ
1∞(z) =


G1∞

0 (z)(−z)S, as z → 0,
G1∞

t (z)(1− z)Θ1C1C−1
S , as z → 1,

G1∞
∞ (z)(−z)−Θ∞C∞C−1

S , as z → ∞,

where

G1∞
0 (z) = I + ∑

m≥1
g1∞

0,mzm,

G1∞
1 (z) = G1∞

1

(
I + ∑

m≥1
g1∞

1,m(z−1)m),
G1∞

∞ (z) = G1∞
∞

(
I + ∑

m≥1
g1∞

∞,mz−m).
The solution Ψ(z) of the original 4-point RHP can be approximated by Ψ0t and

Ψ1∞ by shrinking the length of the annulus A to be the circle S, and by considering
the matrix function

Ψ
S(z) =

{
Ψ(z)

(
Ψ0t(z)

)−1
, z ∈ T 0t ,

Ψ(z)
(
Ψ1∞(z)

)−1
, z ∈ T 1∞.

Then ΨS(z) is holomorphic on P1 \S and has no jumps along Γ. The normalization
and the nonconstant jump of ΨS(z) on S are given by

JS(z) = Ψ
S
−(z)

−1
Ψ

S
+(z), Ψ

S(∞) = G∞Ψ
1∞(∞)−1.

More explicitly, along the contour S we can compute

JS(z) = Ψ
S
−(z)

−1
Ψ

S
+(z) = Ψ

1∞
− (z)−1

Ψ
0t
+(z)

=
[
G1∞

0 (z)zS
][

G0t
∞ (z/t)(z/t)S

]−1

= G1∞
0 (z)tSG0t

∞ (z/t)−1
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=

G1∞
0 (z)

[
I +

∞

∑
m=1

tmtSg0t
∞,mt−Sz−m

]−1

G1∞
0 (z)−1

G1∞
0 (z)tS.

Let us consider the following assumption (almost without lose of generality)7

for the diagonal matrix S= diag(σ1, . . . ,σN):

|Re(σ j −σk)|< 1, σ j 6= σk, for j 6= k.

Then we have

tmtSg0t
∞,mt−S = O(tm−s), s = max

j,k
|Re(σ j −σk)|< 1.

Thus, we arrive at the estimate for JS(z):

JS(z) = (I +O(t1−s))G1∞
0 (z)tS.

The solution of RHP generated by the jump matrix G1∞
0 (z)tS is given by

Ψ
S
0(z) =

{
G∞Ψ1∞(∞)G1∞

0 (z)tS, z ∈ T 0t ,

G∞, z ∈ T 1∞.

By Deift-Zhou’s argument [15] for the singular integral operator associated
with RHP for the ratio ΨS(z)ΨS

0(z)
−1, one can obtain the estimate

Ψ
S(z) =

(
I +O

(
t1−s

1+ |z|

))
Ψ

S
0(z), t → 0,z ∈ C.

Now the error term is of order O(t1−s), a better result up to the error o(t) is
obtained by Its-Lisovyy-Prokhorov [31].

Proposition 3.4 ([31]). A uniform approximation for Ψ(z) as t → 0 is given by

Ψ(z) =

{
G∞Ψ1∞(∞)−1(I + E(t)

z +O( t2−s

|z| ))Ψ
1∞(z), z ∈ T 1∞,

G∞Ψ1∞(∞)−1(I −q(z, t)+O(t2−s)G1∞
0 (z)tSΨ0t(z), z ∈ T 0t .

Here, the functions E(t) and q(z, t) can be determined using the t-expansion of
JS(z).

3.5.4 Linear Pants Decomposition

For general n, one can consider the following pants decomposition of P1 \
{a1, . . . ,an} into n−2 pairs of pants T 1, . . . ,T n−2, with boundaries

∂T 1 = {γ1,γ2,S1}, ∂T n−2 = {Sn−2,γn−1,γn},
∂T k = {Sk−1,γk+1,Sk}, k = 2, . . . ,n−3,

7 The values with Re(σ j −σk) =±1 are excluded for technical reason.
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where the interior of the circle Sk contains exactly the cycles γ1, . . . ,γk+1 and
S1, . . . ,Sk−1. Such a decomposition is also known as the linear pants decompo-
sition (every pair of pants has at least one external boundary component γi). The
following picture shows the decomposition for n = 5.

Assume Mk→1 with k = n−1, . . . ,2 are diagonalizable

Mk→1 =CSk e2πiSkC−1
Sk

, Sk = diag(σk,1, . . . ,σk,N),

and identity S1 = Θ1, Sn−1 =−Θn−1.
Then one can pose a 3-point RHP for each pair (Γk,Jk), k = 1, . . . ,n− 2 such

that

• Γk is the union of the boundary of T k and the corresponding two segments;
• Jk is defined by the rule:

– Jk
∣∣
Γ∩Γk

= J
∣∣
Γ∩Γk

;

– Jk
∣∣
Sk
=C−1

Sk
z−Sk .

3.5.5 Connection Problem

One can also consider another pants decomposition of P1 \{0, t,1,∞}, e.g.,
Again there are two 3-point RHPs corresponding to this decomposition into

two pants. After gluing, one obtains the asymptotic expansion of Ψ(z) or Φ(z) as
t → 1.

The different pants decompositions correspond to the asymptotic expansions
of Ψ(z) or Φ(z) in different regions around different singular points.
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3.5.6 CFT Approach to RHP: Monodromy Fields

Inspired by the idea in [35, 57], Gamayun-Iorgov-Lisovyy [23] constructed a
formal QFT solution of the Riemann-Hilbert problem for the following ansatz
of Φ:

(3.6) Φ jk(z,w) = (z−w)2∆
〈VΘ1(a1) . . .VΘn(an)ϕ j(z)ϕ̄k(w)〉

〈VΘ1(a1) . . .VΘn(an)〉
, j,k = 1, . . . ,N.

Here {VΘi(ai)}, {ϕ j, ϕ̄k} are assumed to be primary fields in a 2d CFT characterized
by some central charge c and the leading term of OPE of ϕ j(z) and ϕ̄k(w) is of the
form

ϕ j(z)ϕ̄k(w) = (z−w)−2∆
δ jk.

The other fields VΘi(ai) are called monodromy fields (or twist fields), which are
defined by the following OPE

VΘi(ai)ϕk(z) =
n

∑
j=1

(
(z−ai)

C−1
i ΘiCi

)
jk

∑
l≥0

VΘi,l(ai)(z−ai)
l .

Then the row vector (ϕ1(z), . . . ,ϕn(z)) should be multiplied by Mi when continued
around VΘi(ai). Thus, (3.6) gives the solution of the corresponding RHP.

One possible way to realize the above realization CFT is through the N com-
ponent free fermions ψ j(z), ψ̄k(z) and Fock representations [25]. The monodromy
field

VΘ(a) : Hµ →Hν

is the operator between the bosonic Fock spaces Hµ and Hν with different charges
µ, ν . By conformal Ward identity, one only needs to define VΘ(1), which is char-
acterized by

1. VΘ(1)HµV−1
Θ

(1)⊂Hν , VΘ(1)−1HνVΘ(1)⊂Hµ ,
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2. the normalization condition: 〈ν |VΘ(1)|µ〉= 1,
3. the 2-fermionic correlators in the different regions

〈ν |VΘ(1)ψ(z)ψ̄(w)|µ〉, |z|, |w| ≤ 1,

−〈ν |ψ̄(w)VΘ(1)ψ(z)|µ〉, |z| ≤ 1, |w| ≥ 1,

〈ν |ψ(z)VΘ(1)ψ̄(w)|µ〉, |z| ≥ 1, |w| ≤ 1,

〈ν |ψ(z)ψ̄(w)VΘ(1)|µ〉, |z|, |w| ≥ 1,

give solutions to the 3-point RHP in the different regions.

The first condition ensures that one can use the Wick theorem, combined with
the third condition, one can compute all matrix elements of VΘ(1). Then, via the
insertion of resolution of the unity between VΘi(ai) and VΘi+1(ai+1), i = 1, . . . ,n−1,
one can show that (3.6) gives the desired solution for the n-point RHP.

We have seen that the n-point Riemann-Hilbert problem can be approximated
by (n− 2) 3-point Riemann-Hilbert problems. Unfortunately, finding 3-point so-
lutions remains an open problem in general. However, in a number of cases the
3-point inverse monodromy problem can be solved in terms of generalized hyper-
geometric functions.

3.6 Some Related Problems

3.6.1 Deligne-Simpson Problem

Find the necessary and sufficient conditions for the choice of the conjugacy
classes C j ⊂ GLN(C) or c j ⊂ glN(C) so that there exist irreducible (or, respectively
with trivial centralizer) n-tuples of matrices M j ∈C j or A j ∈ c j satisfying

Mn · · ·M2M1 = I, or A1 +A2 + · · ·+An = 0.

This is the Deligne-Simpson problem (DSP). Here “irreducible” means “with
no common proper invariant subspace”. In technical terms, this means that it is
impossible to simultaneously conjugate the tuple to a block upper-triangular form
with the same sizes of the diagonal blocks for all matrices M j or A j. The name of
the problem is due to the fact that the multiplicative version (i.e. for M j) it was
stated by Deligne in 1980s and C. Simpson [64] was the first to obtain important
results towards its resolution.

Theorem 3.5 (Simpson [64]). For generic eigenvalues and when one of the ma-
trices M j has n distinct eigenvalues, the DSP is solvable for matrices M j if and
only if the following two inequalities hold:

1. d1 + · · ·+dn ≥ 2N2 −2;
2. r1 + · · ·+ r̂ j + · · ·+ rn ≥ N, for j = 1,2, . . . ,n,

where
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• d j = dim(C j) is the dimension of the conjugacy class C j in GLN(C), and
• r j := minλ∈C rank(Yj −λ I) for a matrix Yj from C j.

Crawley-Boevey [13] solved the additive version using quiver theory.

3.6.2 The Inverse Problem in Differential Galois Theory

We have seen that the monodromy representation of a Fuchsian system is
given by the analytic continuation of the fundamental solution. There is another
important action coming from automorphisms of objects that do not depend on
the equations but only on the base field.

In the Galois theory, the automorphisms are those of a separable closure of the
base field from which the coefficients of the equation are taken. In the theory of
differential geometry, the analogous role is played by a universal covering of the
base domain.

Let (k,∂ ) be a differential field of characteristic zero with Ck := ker∂ an alge-
braically closed field. Consider the differential system

(3.7) ∂y = Ay, A ∈ glN(k), y = (y1, . . . ,yN)
T .

We call it a system over k.

Definition 3.6. A differential extension (L,∂ ) of (k,∂ ) is a Picard-Vessiot exten-
sion for (3.7), if there is a fundamental solution Φ in L:

∂Φ = AΦ, Φ ∈ GLN(L)

such that

1. L is generated as a field extension of k, by the entries of Φ;
2. CL =Ck.

Theorem 3.7. For every differential field (k,∂ ) of characteristic zero with Ck

algebraically closed, there exist a Picard-Vessiot extensions of k for every sys-
tem (3.7). Two Picard-Vessiot extensions of k with respect to the same system (3.7)
are k-isomorphic.

Definition 3.8. The differential Galois group of (3.7) over k is the group of
differential k-automorphisms of L.

The dimension of the differential Galois group G is related to the transcendence
of the solutions.

Proposition 3.9. Let G be the differential Galois group of a Picard-Vessiot ex-
tension k ⊂ L. Then the dimension of G as an algebraic variety over Ck is equal to
the transcendence degree of L over k.

The inverse problem asks whether G can be realized as the differential Galois
group of some system (3.7).
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Theorem 3.10 (Tretkoff-Tretkoff [65]). The inverse problem in differential Ga-
lois group has a solution over k = C(z), where C(z) denotes the field of rational
functions.

3.6.3 Grothendieck-Katz p-Curvature Conjecture

It involves a hypothetical criterion for a linear algebraic differential equation
with coefficients in Q(z) to have all solutions in algebraic functions. For example,
we can look at a linear algebraic differential equation as follows,

y(N)(z)+q1(z)y
(N−1)(z)+ · · ·+qN(z)y(z) = 0, qi(z) ∈Q(z).

First, one can reduce it to a linear differential equation for y = (y,y(1), . . . ,y(N−1))T

as

(3.8) dy
dz

+A(z)y = 0, A(z) = (Ai j(z))i, j=1,...,N ∈ glN(Q(z)).

For a large enough prime number p ≥ 2, one can further obtain a well-defined
reduction modulo p of (3.8), that is,

Ai j(z) mod p ∈ Fp(z), Fp := Z/pZ.

Definition 3.11. For the reduced operator ∂z +A[p], where

A[p] := (Ai j(z) mod p)i, j=1,...,N ,

the following Fp(z) operator

Curvp :=
(
∂z +A[p]

)p
: Fp(z)

N → Fp(z)
N

is called the p-curvature operator.

If the solutions of (3.8) are algebraic, then the p-curvature vanishesfor all suf-
ficiently large prime numbers p.

A. Grothendieck conjectured that the inverse is also true: the vanishing of
p-curvature for p � 2 implies the algebraicity of all solutions.

Katz [40] applied Tannakian category techinques to show that this conjecture
is the same as saying that the differential Galois group G can be determined by
mod p information, for a certain wide class of differential equations. In 1982, he also
proved that this conjecture holds for the Gauss-Manin connection. This conjecture
is now known as Grothendieck-Katz p-curvature conjecture. A highly non-trivial
arithmetic result is obtained by D. Chudnovsky-G. Chudnovsky in 1984 to confirm
this conjecture in rank 1.

Theorem 3.12 (Chudnovsky-Chudnovsky [14]). Grothendieck-Katz p-curvature
conjecture holds for connections on line bundles.
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4. Riemann-Hilbert Correspondence
4.1 Meromorphic Connection on P1

Let X be a connected one dimensional analytic complex variety. We can define
the meromorphic connection on its holomorphic bundles as follows.

Definition 4.1. Let F be a holomorphic vector bundle of rank N over X , and
U =

(
Ui, fi

)
be a trivializing atlas with local coordinate zi on Ui. A meromorphic

connection ∇ on F is a family of meromorphic differential systems {(Si)}i:

(4.1) dy
dzi

= Ai(zi)y

of rank N such that on each Ui j, the systems on Ui and U j are gauge transformations
of each other: using the defining cocycle g = (gi j) corresponding to U ,

Ai =
dgi j

dzi
g−1

i j +gi jA jg
−1
i j .

Then singular points of ∇ are understood as follows.

Definition 4.2. Let ∇ be a meromorphic connection on a holomorphic bundle
F over X . A point a ∈ X is a singular point for ∇ if for a trivializing covering
U =

(
Ui
)

i∈I and a ∈Ui, a is a singular point of the differential system (Si) defined
by ∇ on Ui.

1. a is called a regular (or irregular) singular point if it is a regular (or irreg-
ular) singular point of (Si) on Ui;

2. a is called a logarithmic pole of ∇ if it is a Fuchsian singular point of (Si)

on Ui.

It is known that the rank N holomorphic vector bundle over P1 is determined
by a cocycle

g0∞ : U0∞ = C∗ → GLN(C)

for U0 = C, U∞ = P1 \ {0}. More completely, Birkhoff-Grothendieck describes all
holomorphic vector bundles on P1 as follows. Any rank N holomorphic vector
bundle F over P1 is a direct sum of line bundles

F 'O(k1)⊕·· ·⊕O(kN),

i.e. g0∞ = diag(zk1 , . . . ,zkN ), ki ∈ Z. The degree of F is defined to be

deg(F) =
N

∑
i=1

ki,

which determines the associated determinant line bundle det(F) by the cocycle
zdeg(F), that is, det(F) = O(deg(F)). This line bundle is also endowed with the
induced connection tr∇.
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By the above definition, a meromorphic connection on a holomorphic vector
bundle F over P1 is equivalent to a differential system on C with rational function
coefficients (2.1). Furthermore, using the Fuchsian relation 2.11, one can show that
if F can be endowed with a Fuchsian connection, then deg(F) = 0.

4.2 Röhlr’s Work

In 1957, Röhrl applied methods from the theory of fibre bundles to study
the Riemann-Hilbert problem. From the monodromy representation ρ, Röhrl con-
structed a principal bundle over P1 \{ai}n

i=1 with the structure group GLN(C).
Consider the universal covering π : S → P1 \{a1, . . . ,an}. Denote the points of S

by z̃. Let z̃0 be a point such that π(z̃0) = z0. Then one can identify the fundamen-
tal group π1(P1 \{a1, . . . ,an},z0) with the group ∆ of deck transformations of the
universal covering. An element σ of ∆ acts from the left on the points of S. We
define the action of ∆ from the right on S as follows: z̃ ·σ = σ−1z̃. For any function
f (z̃) on S we have

σ
∗ f (z̃) = f (z̃ ·σ).

Thus, the fundamental group π1(P1 \{a1, . . . ,an},z0) acts on the space of functions
f (z̃) by the above identification.

The triple (S,π,π1(P1 \{a1, . . . ,an},z0)) can be considered as a principal bundle
P̃ with the discrete structure group ∆. Consider the principal bundle

P = (πP : PE → P1 \{a1, . . . ,an},GLN(C),π1(P1 \{a1, . . . ,an},z0))

associated to P̃ via the representation

ρ : ∆ ∼= π1(P1 \{a1, . . . ,an},z0)→ GLN(C).

The total space PE is holomorphically equivalent to the space S×GLN(C)/∼, with
equivalence relation

(z̃ ·σ ,ρ(σ−1)G)∼ (z̃,G), σ ∈ ∆.

We denote a point of PE by 〈z̃,G〉 and consider the holomorphic map

T : S → PE , T (z̃) = 〈z̃, I〉,

where I is the N×N identity matrix. Then the following diagram is commutative:

S T //

π
%%

PE

πPxx

P1 \{a1, . . . ,an}

It is well known that every holomorphic bundle over non-compact Riemann
surfaces (here, punctured Riemann spheres) is holomorphically trivial. Thus, there
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exists a holomorphic section U : P1 \{a1, . . . ,an}→ PE . For every z̃ ∈ S, we find that
T (z̃) and U(π(z̃)) lie in the same fiber of P and get

(4.2) U(z) = T (z̃)Φ̃(z̃)−1, z = π(z̃),

where Φ̃(z̃) is a holomorphic function from S to GLN(C). Then, one can see that

σ
∗
Φ̃(z̃) = Φ̃(z̃)ρ(σ), σ ∈ ∆.

That is, Φ̃(z̃) has the monodromy given by ρ. Thus, the matrix differential one
form

ω = dΦ̃(z̃)Φ̃(z̃)−1

is single valued on P1 \{a1, . . . ,an}, and the system defined by ∇ = d −ω has the
given monondromy ρ leading to the following result.

Theorem 4.3 (Röhrl [62]). There is a one-to-one correspondence between the set
of all systems dΦ = ωΦ with the prescribed monodromy ρ and the set H0(P1 \
{a1, . . . ,an},O(P)) of holomorphic sections of the principal bundle P.

Similarly, one can construct a vector bundle F over P1 \{a1, . . . ,an} by

F = (S×CN)/∼,

and the principal bundle P is the frame-bundle of F whose fibers over Ui j are the
C-linear isomorphisms between the fibers of F over Ui and F over U j respectively.
Röhrl also extended F to P1 using the section Φ̃. The extended bundle has a
meromorphic section that is holomorphically invertible everywhere except at the
singular points a1, . . . ,an. The corresponding system has the given monodromy
and a1, . . . ,an are regular singular points. Röhrl’s method works also well for any
non-compact Riemann surface. That is,

Theorem 4.4. Let X be a non-compact Riemann surface, for any representa-
tion ρ : π1(X)→ GLN(C), there exists a linear differential equation on X with the
monodromy representation ρ.

Remark 4.5 (About extension). We have seen that in the Fuchsian system, at
the neighborhood Vi of ai (with local coordinate x = z−ai), there exists a Levelt
fundamental solution (2.2) of the form Ui(x)xBixEi . By Levelt Theorem 2.10, Ui

is holomoprhically invertible at ai. Thus, there exists an invertible matrix Xi ∈
GLN(C) such that nearl ai

Φ(x) = Xi
(
Ui(x)x

BixEi
)

X−1
i

and such that X−1
i MiXi is an upper block triangular matrix.

onversely, one can first use the set of pairs (Xi,Bi) satisfying the conditions

1. X−1
i MiXi is upper block triangular,
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2. Bi = diag(λi1, . . . ,λiN), λi j ∈ Z for all i, j and λi j ≥ λi( j+1),

to reconstruct Φ̃(x̃) on the universal covering S by

Φ̃(x̃) = Xi
(
xBi(x̃ ·σ)Ei

)
X−1

i ρ(σ), Ei =
1

2πi
log(X−1

i MiXi),

where x is the local coordinate centered at ai. Then, one can apply formula (4.2)
to simultaneously extend F and P to all ai, and the corresponding extended con-
nection at ai is defined by the differential system satisfied by Φ̃.

This way one can recover Plemelj and Kohn’s result:

1. there exists a differential system with regular singular points {a1, . . . ,an}
and monodromy representation ρ, where all but one singular point are
Fuchsian.

2. if at least one of Mi = ρ(γi) is diagonalizable, then there exists a Fuchsian
system with singular points {a1, . . . ,an} and monodromy representation ρ.

The detailed proof can be found in [9] or Chapter 4 of [55].

4.3 Generalization

With the geometric language of bundles and connection, one can easily gen-
eralize the correspondence to higher genus Riemann surfaces and even the higher
dimensional complex connected varieties.

Theorem 4.6. Let X be a connected complex variety. Then the following categories
are equivalent:

1. the category of rank N flat holomorphic vector bundles over X ;
2. the category of rank N locally constant sheaves (i.e. local systems) over X ;
3. the category of N-dimensional representations of π1(X).

In terms of the modern language, one can consider certain DX -modules on a
smooth variety X instead of differential systems, and consider constructible sheaves
on the complex manifold Xan associated to X instead of representations of the
fundamental group and obtain

Theorem 4.7. The de Rham functor DRX gives an equivalence of categories:

DRX : Db
rh(DX )

∼−→ Db
c(X),

where

• Db
rh(DX ) is the bounded derived category of DX -modules consisting of com-

plexes whose cohomology sheaves are regular holonomic DX -modules;
• Db

c(X) is the bounded derived category of CXan-modules whose cohomology
sheaves are constructible.
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5. Isomonodromic Deformation and Monodromy
Dependence

5.1 Isomonodromic Deformation and Isomonodromic Tau Function

In Riemann’s paper, he also studied the desired functions as functions of the
branch points when the monodromy is kept invariant. The question was first stud-
ied by Schlesinger [63].

Theorem 5.1. The monodromy matrices of Φ(z;a) are independent of deforma-
tion parameters {ai} if and only if Φ(z;a) satisfy

∂aiΦ = ΩiΦ, i = 1, . . . ,n,

where each Ωi is a rational matrix function of z.

More explicitly, for the Fuchsian system (2.3), monodromy preserving require-
ment implies

(5.1) ∂Φ

∂ai
=

(
− Ai

z−ai
+Ri

)
Φ.

The compatibility of (2.3) and (5.1) gives the zero curvature equations

(5.2)
dAi +

[
n

∑
j=1

(A jd ln(ai −a j)+R jda j) ,Ai

]
= 0

∂

∂ai
R j −

∂

∂a j
Ri +[R j,Ri] = 0.

In particular, choose R = ∑i Ridai = 0, we obtain the Schlesinger equations

(5.3)

∂Ai

∂a j
=

[Ai,A j]

ai −a j
, i 6= j,

∂Ai

∂ai
=−∑

j 6=i

[Ai,A j]

ai −a j
.

Remark 5.2 (Discrete isomonodromic deformation). Assume that Ai is similar to
a diagonal matrix Θi, i = 1, . . . ,n,∞, then the following transformation

Θi → Θi +Li, Li ∈ diagN(Z),
n

∑
i=1

trLi +L∞ = 0,

preserves the monodromy, which is known as Schlesinger transformation.
Jimbo-Miwa-Ueno [36, 37, 38] developed the theory of the isomonodromic de-

formation in a general setting. In particular, if Ai’s are solutions of Schlesinger
equations (5.3), one can check that

ωJMU = ∑
i6= j

trAiA jd ln(ai −a j)
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is a closed 1-form on T (the space of the singular points a1, . . . ,an, also known as
the isomonodromic times). Then, locally there exists a function τJMU such that

dT lnτJMU = ωJMU.

It is called the isomonodromic tau function.
A remarkable property [51, 56] of this tau function is that it admits an analytic

continuation as an entire function to the whole universal covering T̃ .
Riemann-Hilbert problems and isomonodromic deformations play an important

role in mathematical physics, in particular, in the theory of integrable systems and
theory of random matrices. The main object of interest is the isomonodromic tau
function, which has several other striking properties:

• the zeros of tau function correspond to the points in Confn(C) where the
inverse monodromy problem (RHP) is not solvable for given monodromy
data.

• geometrically, the isomonodromic deformation could be explained as an
integrable deformation (E,∇) of the trivial bundle (E0,∇0) over P1. Let

ϑ :=
{

a ∈ Confn(C)
∣∣ E
∣∣
P1×{a} is non-trivial

}
.

ϑ is called the Malgrange divisor which also corresponds to the zeros of the
corresponding tau function.

• the symplectic/Hamiltonian formalism: one can explain the Fuchsian sys-
tems (under gauge equivalence) as points of the phase space, and its isomon-
odromic deformations are trajectories of the corresponding Hamiltonian
systems

d(A j)st

dai
= {(A j)st ,Hi},

where

– the Hamiltonian Hi is given by Hi = ∑ j 6=i
tr(AiA j)
ai−a j

,

– the Poisson structure is given in terms of r-matrix.

Then τJMU becomes a generating function of Hamiltonians.
• determinant representation: isomonodromic tau function can be extended

to general isomonodromic deformations (for non-Fuchsian system). In dif-
ferent theories, such a tau function can be interpreted as determinant of the
Töplitz operator, the Fredholm operator, or the Cauchy-Riemann operator.

• it is related to quantum field theory developed by Sato, Miwa and Jimbo,
where the isomonodromic tau function is defined to be the correlator of
monodromy fields (also known as twist fields, which can be seen in the
operator formalism as Bogoliubov transformations of the fermion algebra
ensuring the required monodromy properties).
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• in concrete examples, the isomonodromic tau function is related to the tau
function in the applications of Painlevé equations, the representing gap
probabilities in random matrix theory, the correlation functions of Ising
model and the sine-Gordon field theory at the free-fermion point etc.

5.2 Constant Problem and Monodromy Dependence

Note that τJMU is defined by

d lnτJMU = ωJMU ,

where d is taken over the singular points. Then the tau function is defined up to
a multiplicative constant which may be related to the monodromy data. In rather
special examples, such a constant problem was handled in terms of Fredholm
determinant or Töplitz determinant.

Its-Lisovyy-Prokhorov [31] developed the mononodromy-dependent method to
solve such constant problem, which is inspired by [4, 51]. The key idea is to find
an extension of the Jimbo-Miwa-Ueno differential form ωJMU to a closed 1-form
on the whole space

Â' T̃ ×M,

where

• Â denotes the variety of the rational matrix-valued function A(z) of Fuchsian
type;

• M denotes the space of monodromy data.

This means the construction of a differential 1-form ω̂ = ω̂(A) = ω̂(a;M) such
that

• dω̂ = dT ω̂ +dMω̂ = 0;
• ω̂(∂ai) = ωJMU(∂ai), for any ai ∈ T .

They show how this 1-form ω̂ can be used to solve the connection formulae for
the isomonodromic tau functions which would include an explicit computation of
the relevant constant factors.

5.3 N = 2 4-Point Fuchsian System and Painlevé VI Equation

5.3.1 N = 2 4-Point Fuchsian System

We consider the N = 2 Fuchsian system

(5.4) dy
dz

= A(z)y =

(
A0

z
+

At

z− t
+

A1

z−1

)
y, A0,t,1 ∈ gl2(C)

with four regular singular points 0, t,1,∞ on P1.
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By the transformation

y → zl0(z− t)lt (z−1)l1y,

the system (5.4) is replaced as

A(z)→ A(z)+

(
l0
z
+

lt
z− t

+
l1

z−1

)
I.

Without loss of generality, we can assume that one of the eigenvalues of Ai (i =
0, t,1) is zero, and by a constant gauge transformation

A∞ =−(A0 +At +A1) =

(
κ1 0
0 κ2

)
.

By eliminating y2 in y = (y1,y2)
T of (5.4), we obtain a 2nd order linear differ-

ential equation

(5.5)

d2y1

dz2 +

(
1−θ0

z
+

1−θt

z− t
+

1−θ1

z−1
− 1

z−q

)
dy1

dz

+

(
κ1(κ2 +1)

z(z−1)
+

q(q−1)p
z(z−1)(z−q)

− t(t −1)H
z(z−1)(z− t)

)
y1 = 0,

where

• θi is the other eigenvalue of Ai, i = 0, t,1;
• q is the zero of the (12)-entry A12(z) of the matrix A(z);
• p = A11(q);
• the function H is given by

H =
1

t(t −1)
{q(q−1)(q− t)p2 −{θ0(q−1)(q− t)+θ1q(q− t)

+(θt −1)q(q−1)]p+κ1(κ2 +1)(λ − t)}.

The equation (5.5) has regular singularities at z = 0, t,1,q,∞, but the local
exponents of z = q are 0,2, thus it is an apparent singularity.

5.3.2 Middle Convolution

Dettweiler-Reiter [19] presented both multiplicative (MCλ ) and additive (mcµ)
versions of Katz’s algebraic analogue and reproduce Katz’s main result. Here MCλ

is a functor of category of finite dimensional C[Fr]− mod of free group Fr to iteself;
and the additive one mcµ is related to MCλ via Riemann-Hilbert corespondence.
They [20] also gave a cohomological interpretation and applyed their theory for
the construction of explicit algebraic solution of Painleé VI equation.

Now we review their theory for the present setting. For the above 2×2 matri-
ces A0,At ,A1, and µ ∈ C, one can define the following 6× 6 convolution matrices
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B0,Bt ,B1:

B0 =

A0 +µ At A1

0 0 0
0 0 0

 , Bt =

 0 0 0
A0 At +µ A1

0 0 0

 ,

B1 =

 0 0 0
0 0 0

A0 At A1 +µ

 .

Proposition 5.3. Let γa (a ∈ C) be a cycle in C\{0, t,1,z} with a base point z0

and [γz,γa] = γzγaγ−1
z γ−1

a be the Pochhammer countor. Assume that y = (y1,y2)
T be

a solution of (5.4), then for a = 0, t,1,∞, the vector function

u =



∫
[γz,γa]

w−1y1(w)(z−w)µ dw∫
[γz,γa]

w−1y2(w)(z−w)µ dw∫
[γz,γa]

(w− t)−1y1(w)(z−w)µ dw∫
[γz,γa]

(w− t)−1y2(w)(z−w)µ dw∫
[γz,γa]

(w−1)−1y1(w)(z−w)µ dw∫
[γz,γa]

(w−1)−1y2(w)(z−w)µ dw


satisfies the differential equation

du
dz

=

(
B0

z
+

Bt

z− t
+

B1

z−1

)
u.

Note that there exist invariant subspaces of column vector space C6:

1. L0 = (ker(A0),0,0)T , Lt = (0,ker(At),0)T , L1 = (0,0,ker(A1))
T ;

2. K = ker(B0)∩ker(Bt)∩ker(B1) = ker(B0 +Bt +B1).

Let L=L0 ⊕Lt ⊕L1, and fix an isomorphism between C6/(L+K) and Cm for
some m. The matrices

mcµ(A0,At ,A1) := (B̃0, B̃t , B̃1) ∈ (glm(C))3,

where B̃0,t,1 are induced by B0,t,1 under the isomorphism C6/(L+K) ∼= Cm, are
called the additive version of the middle convolution A0,t,1 with parameter µ.

Since the eigenvalues of Ai are 0 and θi, i = 0, t,1, we can express Ai as follows:

Ai =

(
zi +θi −uizi

u−1
i (zi +θi) −zi

)
Then we can compute

L0 = (u0z0/(θ0 + z0),1,0,0,0,0)
T ,

Lt = (0,0,utzt/(θt + zt),1,0,0)
T ,

L1 = (0,0,0,0,u1z1/(θ1 + z1),1)
T .
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If µ 6= 0, K is spanned by (l1, l2, l1, l2, l1, l2)T , where (l1, l2)T ∈ ker(A0 +At +A1 +

µ). Then K 6= /0 in case µ coincides with one of the eigenvalues of A∞.

Lemma 5.4. If µ = 0,κ1,κ2, then dimC6/(L+K)= 2, i.e. m= 2; otherwise, m= 3.
In particular, if µ = 0, the middle convolution is the identity.

If µ = κ1,κ2, mcµ(A0,At ,A1) give the non-trivial transformations on the 2× 2
Fuchsian system with 4 singularties 0, t,1,∞. The corresponding transformations
of the resulting isomonodromic defomration equations coincide with Okamoto’s
birational canonical transformations [60].

Remark 5.5. Cecotti [11] investigated the relation between the theory of the Fuch-
sian system and the theory of Seiberg dualities for quiver SUSY gauge theories
in the spirit of Physical Mathematics. In particular, he explained Katz’s middle
convolution as the Seiberg duality at the central node of the squid quiver.

5.3.3 Painlevé VI Equation

The simplest isomonodromic deformation is associated to the N = 2 4-point
Fuchsian system. The Schlesinger equations for the isomonodromic deformations
of (5.4) are

(5.6) dA0

dt
=

[At ,A0]

t
,

dA1

dt
=

[At ,A1]

t −1
.

Let q be the zero point of the (12)-entry A12(z) as above, that is,

A12(z) =
k(z−q)

z(z−1)(z− t)
.

Then the Schlesinger equation (5.6) implies that q = q(t) satisfies the Painlevé VI
equation:

(5.7)

d2q
dt2 =

1
2

(
1
q
+

1
q−1

+
1

q− t

)(
dq
dt

)2

−
(

1
t
+

1
t −1

+
1

q− t

)
dq
dt

+
q(q−1)(q− t)

t2(t −1)2

[
α +β

t
q2 + γ

t −1
(q−1)2 +δ

t(t −1)
(q− t)2

]
,

where the parameters (α,β ,γ,δ ) are related to the eigenvalues of A0,t,1,∞ as follows:

α =
1
2
(θ∞ −1)2, β =−

θ 2
0

2
, γ =

θ 2
1

2
, δ =

1
2
− θ 2

t

2
.

This is the most general ODE of the form q′′ = F(t,q,q′), with F rational in
q, q′ and t, whose general solution has no movable branch points and essential
singularities. It can therefore be analytically continued to a meromorphic function
on the universal covering of P1 \{0,1,∞}.
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Remark 5.6. In some papers, one also considers the 4-point sl2-Fuchsian system,
where Ai (i= 0, t,1) have eigenvalues ±θi and A∞ =−(A0+At +A1) = diag(θ∞,−θ∞).
Then one can also obtain Painlevé VI equation (5.7) with

α =
1
2
(2θ∞ −1)2, β =−2θ

2
0 , γ = 2θ

2
1 , δ =

1
2
−2θ

2
t .

In the following, we use the sl2 set-up.

There are many special solutions of Painlevé VI equation with important ap-
plications:

• Riccati solutions: these solutions appear when the monodromy representa-
tion is equivalent to an upper triangular one.

• Chazy solutions: these solutions can be obtained by Bäcklund transforma-
tion of PVIα,0,0,0 from the singular solutions with α = 0. In the conformal
field, such solutions also correspond to the insertion of singular vectors.

• Picard solutions: these solutions correspond to some orbit of θ0,t,1,∞ =(
1
4 ,

1
4 ,

1
4 ,

1
4

)
. Up to Bäcklund transformations, this is the only case where

the general two-parameter solution of PVI is available [52].
• Algebraic solutions: these solutions correspond to finite orbits of the braid/

modular group action on monodromy of the associated linear system.
Lisovyy-Tykhyy [49] classified all algebraic solutions of the general Painlevé
VI equation up to parameter equivalence. In particular, known examples
of algebraic solutions turn out to be related to various mathematical struc-
tures, including e.g. Frobenius manifolds, symmetry groups of regular poly-
hedra, complex reflections, Grothendieck’s dessins d’enfants and their de-
formations.

5.3.4 Isomonodromy/CFT/Gauge Theory Correspondence

In 1982, Jimbo [34] gave the asmyptotic expansion of the tau function for
Painlevé VI.

In 2012, Gamayun-Its-Lisovyy [23] conjectured an amazing complete series
expansion for the tau function for Painlevé VI via the AGT correspondence [1].
Near t = 0,

(5.8) τPV I = const ∑
n∈Z

Cn(θθθ ,σσσ)t(σ0t+n)2−θ 2
0 −θ 2

t B(θθθ ,σ0t +n; t),

where

• θθθ = (θ0,θt ,θ1,θ∞);
• σσσ = (σ0t ,σ1t), where σi j are defined via trMiM j = 2cos2πσi j, and 0 <

|Reσi j|< 1/2;
• the structure constants Cn(θθθ ,σσσ) can be solved recursively and given in terms

of Barnes G-function;
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• B(θθθ ,σ ; t) is a power series in t which coincides with the c = 1 4-point Liou-
ville conformal block. More explcitly, it admits an expression via configu-
ration space of double Young diagrams

B(θθθ ,σ ; t) = (1− t)θt θ1 ∑
λ ,µ∈Y

Bλ ,µ(θθθ ,σ)t |λ |+|µ|,

where

Bλ ,µ(θθθ ,σ) = ∏
(i, j)∈λ

[
(θt +σ + i− j)2 −θ 2

0

][
(θ1 +σ + i− j)2 −θ 2

∞

]
h2

λ
(i, j)(λ ′

j − i+µi − j+1+2σ)2

× ∏
(i, j)∈µ

[
(θt −σ + i− j)2 −θ 2

0

][
(θ1 −σ + i− j)2 −θ 2

∞

]
h2

µ(i, j)(µ ′
j − i+λi − j+1−2σ)2 .

This conjecture was proved via two different ways [3, 33]. The first one is to
check such an expansion satisfies the Painlevé bilinear relation. The second one is
to consider the operator-valued monodromy of conformal blocks with additional
level 2 degenerate insertions. At c = 1, the Fourier transform of such conformal
blocks reduces the operator-valued monodromy to ordinary 2×2 matrices, which
can be used to construct the solution of the RHP and tau function.

Similarly, one can obtain a series expansion of τPV I near t = 1. In 2018, Ito-
Lisovyy-Prokhorov [31] used the idea of monodromy denpendence and solved the
conjectural formula for the constant problem proposed by Iorgov-Lisovyy-Tykhyy
[32].

In the general case of n Fuchsian singular points on P1, the isomonodromic tau
function admits a Fredholm determinant representation [24]. One can compute
the Fredholm determinant via the von Koch’s formula, where the combinatorial
structure coincides with the one in Nekrasov-Okounkov instanton partition func-
tion [58, 59], as sums over tuples of Young diagrams.
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