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Abstract

We show that solutions to the Robin mean value equations (RMV), introduced in Lewicka
and Peres (2022), converge uniformly in the limit of the vanishing radius of averaging,
to the unique solution of the Robin-Laplace boundary value problem (RL), posed on any
C" ! regular domain and with any bounded Borel right hand side. When compared with
the case of continuous right hand side, analyzed in Lewicka and Peres (2022), the present
more general setting presents significant technical challenges. Along the way, we prove
the asymptotic Holder equicontinuity of solutions to (RMV): Lipschitz in the interior and
C%% up to the boundary, for any & € (0, 1). Our proofs employ martingale techniques,
where (RMV) is interpreted as the dynamic programming principle for a discrete stochastic
process, interpolating between the reflecting and the stopped-at-exit Brownian walks.

Keywords Robin problem - Third boundary value problem -
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Finite difference approximations - Viscosity solutions
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1 Introduction

In this paper, we continue the analysis of the Robin mean value equation, introduced in [14].
More precisely, we study the following family of integral problems, parametrised by € — 0+-:

2

ue(x) = (1 - yse (x))]i LS ﬁf(x) forall x € D, (RMV),
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which are posed on a bounded domain D C R¥, with a given bounded, Borel function
f, a positive constant y, and se appropriately given in Eq. 2.1. The weights s, interpolate
between 0 in the interior of D (points distanced from dD at least by €), and a quantity that
is of order € on dD. It has been shown in [14] that for f continuous, the unique solutions to
(RMV),, in the limit of vanishing averaging radii ¢ — 0, approximate the solutions to the
Robin-Laplace problem:

a
“Au=f in D, alf fyu=0 on dD. (RL)
n

The main purpose of this paper is to extend the approximation result u =% u in D to all
bounded, Borel f-s. As a parallel statement, we also prove the asymptotic Holder equicon-
tinuity of the family {u¢}¢_o: Lipschitz in the interior and C%* up to the boundary of D,

for any « € (0, 1).

We work under the following basic hypotheses:

The nonempty set D c RY is open, bounded, connected and of regularity C'-!. The (BH)
function f : D — R is bounded and Borel. The coefficient y > 0 is a positive constant.

Recall that D being C-! regular signifies that 8D is locally a graph of a C'! function,
which is equivalent to the uniform (two-sided) supporting sphere condition; see Eq. 2.2 and
[13] for details. The following is the main result of this paper:

Theorem 1.1 Assume (BH). Then {uc}c_.0 converges uniformly on DiwouelC (@) that is
the unique WP (D) solution to (RL).

We point out that [15, Theorem 6.30] if D has regularity C1¢ and f € LP(D) with
p e (1, ﬁ) then the unique solution to (RL) has regularity u € W27 (D). Consequently,

under (BH) there holds: u € WP (D) for any p € (1, 00) and thusu € cle (2_)) forany o €
(0,1). The L! convergence of {uc}e—o in Theorem 1.1 can be deduced by improving the
direct estimates in [14], whereas the uniform convergence of these, in general, discontinuous
approximants follows from:

Theorem 1.2 Assume (BH). There exists 3o < 1 such that for every § € (0, 8o) there is
€ > 0 with the following property. For all € < € and all xq, yo € D satisfying |xo — yo| < 6,
there holds:

1
and  [uc(xo) = ue(v0)| = C5(log 5 ).

1)

(or)
|u5(x0) - ue(yo)| =< m

The constant C above may depend on D, || f || 1o<(py and y, but not on €, xg, yo or 5.1

Our proof of Theorem 1.2 is quite delicate, in particular we use martingale techniques
involving various couplings of random walks and yielding estimates on the probabilistic
representations of u.. Indeed, (RMV), can be naturally interpreted as the dynamic pro-

gramming principle along a discrete stochastic process {X;}° ,, which samples uniformly

IThe dependence of the constant C in Theorems 1.2, 6.1, 8.1 and 10.1 on D involves only the maximal radius
r in the two-sided supporting sphere condition and the diameter of D.

@ Springer



The Robin Mean Value Equation II: Asymptotic Holder Regularity

on the truncated balls B.(X},) N'D, and stops with probability ys.(X§) at each X§; the pro-
cess accumulates values of f until its stopping time €. Alternatively, one can consider an
infinite horizon process, where the accumulation procedure never stops, but the consecutive
evaluations of f are instead weighted by the probability of not having had the opportunity
to stop. As shown in [14], each u. has thus two representations:

€x_1

2

€ © €,x
ue(x) = ME[ ,12:(:) (fOXn )]

) (DPP),

: 3 €, - €,x
= s 3| LUK T 0 -y

Jj=1

Our approach suggests how to view more general, nonlinear operators (like A, Ax) sub-
ject to the oblique-type boundary conditions, through their local averaged approximations.
This approach has been previously successfully employed in the Dirichlet and Neumann
cases [1, 3-5, 7, 8, 12, 19, 22, 23]. We also mention the recent papers [2, 18] where the
internal Holder and Lipschitz estimates on solutions to the mean value equation related to
the Dirichlet problem for A, are derived. We finally remark that the homogeneous Robin
problem for the Laplace equation: —Au = 0 in D, ;j'r‘l + yu = F on 3D, was first studied

probabilistically [21] for C* domains.
1.1 The Structure of this Paper

In Section 2 we recall the motivation for the coefficient sc(x) in (RMV), and quote the
results obtained in [14]. In Section 3 we recall the definition of the process {X;™° o
in Eq. 3.2 and construct its stationary measure in Lemma 3.1, which is equivalent to the
Lebesgue measure but more natural for the L? estimates. In Section 4 we discuss the two
probabilistic representations equivalent to (RMV),.

In Section 5 we begin the discussion of convergence of {u.}2°, ,. We first show, in Theo-
rem 5.1, that the associations f > u, are uniformly bounded as linear maps from L? to L',
with a bound that only depends on a given p € (1, 00). By density of continuous functions
f in L® with respect to L? norm, it immediately follows that {u}2°, , converges in L'to
some limit . This unique limit is identified as the W2P solution of (RL) in Theorem 5.2,
where we use the estimate on the reminder term in the Taylor expansion of u, from [14].

Sections 6—10 are devoted to proving Theorem 1.2. In Section 6 we treat the interior case
and show the asymptotic Lipschitz continuity of {u}e—o away from 9D. To this end, we
use reflection coupling of random walks in Lemma 6.4, following [16], and employ an iter-
ative argument in the proof of Theorem 6.1. In Section 8 we show the asymptotic Holder
equicontinuity of {u,}_q in the region close to 3D, with the exponent 1/2. This more deli-
cate property is proved via a different coupling of the Robin processes. Namely, the internal
supporting sphere property of D implies that the processes are unlikely to visit the € neigh-
borhood of 3D too often, before reaching far enough into the interior, where Theorem 6.1
can be invoked. The expected distance increase in each such visit is bounded using a geo-
metrical estimate in Lemma 7.2, while coupled rejection sampling bounds the chance that
one of the processes is absorbed at the boundary whereas the other continues. In Section 7
we derive the mentioned almost Lipschitz estimate (7.1) on the quantity fBe wnp Y —X dy,
which is related to the Prekopa theorem on projections of log-concave densities and to the
properties of the center of mass in truncations of a convex set as it passes a hyperplane. At
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this point, asymptotic equicontinuity of of {u. }c_.¢ is already established, yielding the result
in Theorem 1.1. Sections 9 and 10 improve the Holder exponent « = 1/2 to any « € (0, 1),
via a logarithmic bound claimed in the second estimate of Theorem 1.2.

1.2 Notation

Forx e RV, r > 0, by B, (x) we denote the open ball centered at x and with radius r. The
integral sign f 4 f)dx = |,IT| [ f(x) dx stands for the average value of the function f,

on the set A ¢ R" with positive Lebesgue measure |[A| > 0. The scalar product of two
matrices X, Y € R¥*N is (X : Y) = trace(X"Y), and the tensor product of twp vectors
p.qg eRYis p®q = pgT € RV*N Given a C! domain D C RY, we denote by 7 (x)
the outward unit normal vector at x € 9D, and by wypx the projection onto 9D along the
normal 7 (mypx), defined for each x € D with sufficiently small distance from 9D. Unless
specified otherwise, C stands by any universal positive constant that may depend on D, y
and f, but not on €, x or other parameter quantities. The Landau symbols O and o likewise
have the same uniformity properties. By € <« 1 and C > 1 we mean a “sufficiently small”
and a “sufficiently large” positive number.

2 The Robin Mean Value Equation: Basic Existence and Convergence
Results in [14]

In this section we gather the definitions, the setup and some general preliminary results
obtained in [14]. Recall that we work under the basic hypotheses (BH) and that we are
concerned with the following family of integral equations, parametrised by € > 0:
€2 -
ue(x) = (1 — yse(x u dy+ ——f(x forallx € D. (RMV
(@ = (=) f w0yt g RMV),

To define the coefficient s (x) above, we introduce the notation (see Fig. 1):

1
de(x) = min {1, —dist(x, 0D)} € [0,1]  forallx € D, € > 0,
€

Bf =Bi(0) CR*,  Bf,=Bfn{w<d} forall del0,1],
1B
(N +DIB )]

N+1 —
se(x) = e(l —de(x)?) 2 forallx € D, € > 0. (2.1)

Fig. 1 The referential truncated ball and the scaled distances from 0D
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Recall also that D is said to be of class C!*! provided that 3D is locally a graph of
a Cl! function. Equivalently, such D satisfies the uniform (two-sided) supporting sphere
condition, stated below. This result has been first shown in [17, Section 2] and then in the
article [13], to which we refer for a self-contained discussion and an elementary proof.

Lemma An open, bounded set D C RN is of class C"' if and only if there exists a radius
r > 0 such that for every x € 3D there exist a, b € RV satisfying:

B,(a) C D, B,(b)CRN\Zj and |x—a|l=|x—-bl=r.

Moreover; the global Lipschitz constant of i can be taken as the inverse of the supporting
radius:

- - 1
[n(x) —n(y)| < —|x —y| forall x,y e dD. 2.2)
r
The following important properties of the coefficient s, were proved in [14]:

Lemma Let D be as in (BH). Then, for all ¢ < 1 and all x € D we have:
|Be(x) \D| < se(x)

: 23
|Bs(O)]  — € (2.3)
f y = xdy = —se(@)ii(mipx) + O(ese(x)), 24
Be(x)ND
2
e g, €
fBE(x)mD(y Wy = N+21dN + O(ese (). (2.5)

We now recall the main existence, uniqueness, comparison, and convergence result from
[14]. It is the purpose of the present work to extend statement (ii) below to the general case
of (BH).

Theorem Assume (BH) and let € < 1.

(i)  Each problem (RMV), has a unique solution u. that is Borel, bounded with a bound
independent of €, and obeys the comparison principle. When f is continuous / Holder
continuous / Lipschitz, then u inherits the same regularity properties.

(ii)  When f € C(D), then {u¢}e_so converges uniformly on D to u € C(D) that is the unique
viscosity solution to (RL). In fact, u coincides with the unique W2P (D) solution to
(RL).

We conclude this section by a brief account of the classical regularity theory in the con-
text of (RL). The Robin problem, called also the third boundary value problem / impedance
boundary problem / convective boundary problem, has received large attention due to
its many applications in science and engineering. Using Schauder estimates, it follows
[11, Chapter 6.7] that on a bounded C*“-regular domain D, the general strictly elliptic
problem Lu = f with C*(D)-regular coefficients and f € C*(D), subject to the oblique
boundary conditions: {8(x), Vu(x)) + y (x)u(x) = ¢(x) posed with y, B, ¢ € Cle D)
where y(B8,n) > 0, has a unique solution u € Cz'“(@) that satisfies the usual a-priori
bounds. The modern theory for nonlinear boundary value problems modeled on (RL), is
contained in the monograph [15]. It is shown in Theorem 1.26 there, that solutions to lin-
ear oblique problems in Lipschitz domains are Holder continuous. Further, in Theorem 4.40
and Corollary 4.41 it is shown that regularity C*% of D suffices for the solution regularity
u € C>*(D), provided that f € C*(D) and g € C*(dD). We observe that for (RL), the
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obliqueness vector B = 7 is only Lipschitz and thus one cannot, in general, expect that u €
Cx2(D). In [15, Theorem 6.30] it is shown that if D has regularity C'* and f € L? (D) with
pe(l, = 0() then the unique solution to (RL) has regularity u € W2P (D). Consequently,
under (BH) there holds: u € W27 (D) for any p € (1, 00) and thusu € Cl2(D) for any o €
(0, 1). Analysis of (RL) in non-smooth domains, including sets with a rectifiable topological
boundary having finite (N — 1)-dimensional Hausdorff measure, can be found in [6, 10, 20].

3 The Robin Process and its Stationary Measure

We first recall the basic probability setting related to the equation (RMV),, given in [14].

1. Consider the probability space (B, B 78] N L) equipped with the standard Borel

o-algebra and the normalised Lebesgue measure, and define (221, Fi, IP1) as the countable
product of B]N augmented by the unit interval (likewise equipped with Borel o -algebra and
Lebesgue measure):

=B %0, 1) = {(w. b); w={w}3 %, w/ e B forallj €N andb € (0, D}.
Further, the countable product of (221, F1, 1) is denoted by (2, F, P), where:
Q= Q)N ={o={(w, b)}X; wi={w/}2,, w/ € BY, b; € (0,1) foralli, j € N}.

For each n € N, the probability space (€2, F,,P,) is the product of n copies of
(1, F1, P) and the o-algebra F,, is identified with the sub-o-algebra of F, consisting of
sets A x []72,,,1 Qi forall A € F,. Then {F;,}°2; where Fo = {#J, Q}, is a filtration of F.

2. For every € « 1, define the sequence of measurable functions {kle QO xD —
o
NU {+o0}},_,

kf(w,x) = min{k >1; x —|—ewl]-‘ € B:(x) ﬂD} forall w € 2, x € D.

Since each k7 is P-a.s. finite, we further construct the sequence of vector-valued random
variables {wE Q- BN} 72 ,» corresponding to € < 1 and x € D, by:
k
wi (w) = @) for P-a.e. w € Q.

. kS . L. .
The procedure of generating w;" is well known under the name of rejection sampling and
it has the following measure preservation property: for every €, x as above, for every Borel
set F C Bc(x)ND:

o
P(x +ew™ € F) = Y Pi({x + ewf € F} N {k = kf})
k=l 3.1
__IF| .i@_ |Be(me|)k—1: |F| oD
|Be (x)] | Be (x)] |Be(x) N DI’
Given € < 1, xg € D, we recursively define the sequence of random variables { X0
Q — D}, (see Fig. 2):
€ X; YO(w ..... Wy—1)
X5 = xo, XS0 (wi, .o wy) =X (wis e wamt) Few, ! ! Y
(3.2)

Each X, is F,-measurable and takes values in D, for n > 1. We also observe that
X5 (w) is jointly measurable in  and xg, by the same property of k{. When no ambiguity
arises, we will write X;,° or X, to simplify notation.
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The Robin Mean Value Equation II: Asymptotic Holder Regularity

Fig.2 Positions of the process defined in Eq. 3.2

3. For each € < 1, define the following probability measure on Borel subsets F' C D:

pe(F) = — B T2 e = 1 [ 1BeonDi ax,
Jp BT g f [Be(o) JpBeynDidr Jr

It is clear that . is absolutely continuous with respect to the Lebesgue measure, and that
its density function x — |B.(x) N D] is Lipschitz and satisfies:

1 B NnD -
- wgl forallx € D and € « 1.
37 [Be(x)|
Consequently, i, is equivalent to the Lebesgue measure:
|F| 3|F|

3D| = ne(F) = pp ID|

We define the product probability measure P x . on the space Q2 x D equipped with
the product o-algebra of F with the Borel o-algebra on D. By L”(ue) we denote the
Banach space of p-integrable — with respect to u. — Borel functions on D, for any power
p € (1, 00). Likewise, L? (P x u.) is the space of p-integrable, with respect to the measure
P x e, functions on 2 x D.

Lemma 3.1 Assume (BH) and let € < 1. Then the measure (i is stationary for the Robin
process {X:’Xo}i’;o. More precisely, for all n > 0 there holds:

(a) We(F)= (IP’ X ,ue)(Xfl’xO € F),for every Borel subset F C D,
(b) / 8(x0) die(x0) = / (80 X5™) (@) d(P x pe) (@, x0), for every Borel function
D QxD

g: D — R that is either nonnegative or Lebesgue integrable.

Proof Assertion (a) for n = 1 follows by Fubini’s theorem and Eq. 3.1:

(Px ue)(X7™ e F) = /;)P(xo + ew™ € F) dpe(xo)
_ 1
"~ [p|Be(xo) N D] dxg
_ Jr|Bc(xo) ND] dxo
~ Jp|Be(xo) N D] dxo

/ [F' 0 Be(x0)| dxo (3.3)
D

= pe(F).
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We thus see that p. coincides with the push-forward measure X{#(IP x pe) of P X pui, via
the measurable map 2 x D> (w, x9) Xf’xo € D. This yields (b) for n = 1, by means of
the change of variable formula. The general case n > 1 is obtained by induction, applying
(b) at n = 1 to the nonnegative function g(y) = P(X f’y e F) twice, in:

€0

(P x pe) (X € F)= /Q DP(Xj X € F)d(P x pe)= /D]P(Xj'y € F) due(y) = pe(F).

As before, one concludes that . = #(IP x we), which yields (b). O

n+1

4 Two Probabilistic Representations of u,
Foreache < 1,x¢ € D recall the definition of the Robin process (X0 }o° o in Eq. 3.2 and
define the F-measurable €0 : Q@ — N U {400} by:

T4 (@) = mln{n >1; b, < )/sg(X6 x‘))}.

We further define the random variables { AT Q- R}zo:() in

n

A @ =[] =y e 0 X5 (). .1
j=1
For n = 0 we adopt the convention that Ag = 1. When no ambiguity arises we write A}

and 7, or A, and 7, to alleviate the notation. Note that each A’ (w) as well as 7%, is
jointly measurable in @ and xg, by the same property of X;,;*°. We now set:

! 62 €,X
wio) = [ Y awaplfoX™w .
62 ad
i (x0) = ME[;;U o X ) AT “2)
2 i
/ ZQ(N LARARION ,_1 — 7(se 0 X7 (@) dP().

As shown in [14], the following representation result holds:

Lemma Assume (BH). For each € < 1, the functions u€, u¢ are well defined a.e. in D.
After adjusting on a negligible set, they coincide with the unique bounded Borel solution u
to (RMV),.:

Equivalence of the two representations in Eq. 4.2 can be seen directly. Given xo € D and
€ < 1, consider the integrable random variable:

769%0 -] 00
FEO= 3 foX{™ =3 (foX[™) iz,
i=0 i=0
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Let G be the sub-o-algebra of F, where we suppress the dependence on the auxiliary vari-
ables b,,. Namely, we set G = (G DN where G| C F) consists of all the Cartesian products
of: measurable subsets of (va )N, and the entire interval (0, 1). Then:

Jj—1

i
E(Ljj<cenoy | G) = E(Hﬂ{b,-zwe(x“%} | g)
j=1

1
=[]0- yse(X7) = A7 P —as.in Q,

j=1
which implies:

2 2
‘ = E[E(Fe™ | G)]

00 = sy = 2w

_ 62 E oo Xe’xo ]E ]l
o m [; (f o4, ) : ( {i<t0} | g)]
62 00 e eno] e

- ME[ZU ° X;"A; ] = u* (x0).

Il
=]

5 The L' Convergence

We will use the second probabilistic representation of uc, namely u€ in Eq. 4.2. The first
main result of this section is as follows:

Theorem 5.1 Assume (BH). Fix ¢ < 1 and p € (1,00). The map LP(D) > f +— uc €
LY (D) given in Eq. 4.2 is well defined, linear; and it satisfies:

C
lue ”Ll(ue) = m”f”LP(;LE), 5.1

where C is a constant that is independent of p, € and f, but it may depend on y and D.
Recall that by L? (i) we denote the Banach space of jic-integrable Borel functions on D.

Proof 1. Denote by v, the solution to (RMV), with f = 1. We first observe that the fol-
lowing sequence of random variables {M,}7° ; is a martingale with respect to the filtration
{F n},?;():
2 n—1
Mn = (Ue [¢] Xn)An + m ;Ai,
where we adopt the convention that My = v (xg). Indeed, (RMV), yields:

2

]E(Mn—H - M, |]:n) = (7L ve (y) d)’) “Ant1 —ve(Xn) - Ay + ;An
2(N +2
J B.(X,)ND ( +2)
= I —yse(Xy € dy — ve(Xp —— Ay
((1-seC >)]i€(xmv () dy = ) + 57—

0 P —a.s.in Q.
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Using equiboundedness of {v¢}e—o in [14, Theorem 1.1 (a)] we get:

2 n
E[Z i]| <E[My41]+C =E[Mo] +C =ve(x0)+C = C,
i=0

<
2(N +2)

where C is a constant depending only on y and D. Since {A;}{°,, is a decreasing sequence, it

follows that for n, = f 1 we thus get: E[ A}, ] < ﬁ < 1 forall xg € D. Consequently:

€ —=

Xeﬂto 1 b
E(Af,;ﬁ)l)né | ]:kne) = AZ’:EO E( n ] .7:1(,,6) < 2AZ;ZO P —as.in Q,

and so we get by induction:

1 _
E[AZ;ZO] =% forall xo €D andall k >0
Further, denoting ¢ = - the Sobolev exponent dual to p, we get:

IA

(s et no) " = ([ Blar neo)

for all n>kn,

(5.2)

- 1
— 92k/q
2. Towards estimating the left hand side of Eq. 5.1, we apply Young’s inequality, followed
by Lemma 3.1 (b) used to g = | f|? € L' (ue) in:

(k+1)ne (k+1)ne
€, X1 €, X €,X{ e X
Z ||(fOXi O)Ai OHLl(IP’Xue) = _Z fOX OHLI’([P’X/k) ” OHL‘?(]P)X[Lg)
i=kn, l_kne (53)
=< 2’</‘1 | fllLr(u forall k> 0.
In conclusion, i€ is well defined and:
2 oo (k+1)ne
€,X €,X
1N = 5y 22 2o 100X A s,
k=0 i=kn¢
2 o0
€ 2C+1
< — R
Sty e Mo 1; 2k/d
proving the claimed bound. The linearity of the map f +> i€ is obvious. O

At this point, we see that under assumption (BH), the family {i€}_, o converges in L' (D)
to some Borel, bounded u : D — R. Indeed, fix any p e (1, 00) and approximate the given
f in LP(D) by a sequence {f, € C(D)}oo Since {u? "}e_>0 converge uniformly on D in
virtue of [14, Theorem 1.1], it follows by Theorem 5.1 that the family {it }e— 0 associated
with f, is Cauchy in LY(D). In fact, the unique limit of {i¢}—0 can be identified as the
W?2P solution of (RL). Towards the proof, we need to recall the following statement from
[14, Theorem 7.1]:

Lemma Assume (BH) and let u € C I (2_7) be the unique W2P solution to (RL). Define the
following uniformly bounded sequence of Borel “reminder” functions {R¢}e—0:

2

Re(x) =u(x) = (1 - )/Se(x))]i ( )mju(y) dy — 2(N€7+2)f(x}
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Then, for every ¢ < 1 and xq € D we have:

n
u(xo) — ue(xo) = nlggoE[ Z(Re ° Xie"xo)]l{de (Xfo)zl}A?XO]' G4
i=0

Moreover, there exists a family of positive Borel functions {he : B¢(0) — R}c_ 0 that are
probability densities: f B.(0) he(y) dy = 1, and such that whenever dist(xg, 0D) > €, there
holds:

€2

R = 3 g5 ([, et =050 a— fow) 55

Here is the second main result of this section. In the next sections, we will show that the
below convergence is actually uniform.

Theorem 5.2 Assume (BH) and let u € Cl(@) be the unique W2P solution to Eq. (RL).
Then {u¢}e—so converge to u in L! (D).

Proof By Eq. 5.4 we obtain:

o0
[t =3 [ (RAXE)L oy AT A X o) @, 0)
D X QxD ! -
o0
= Z ” (Rf ° Xie’xo)]l{de(Xt)Zl}||L1'(IP>X,LE) ’ ”A?XU ”L‘f(]que) (5.6)
i=1

o0
= ”Re : 1{dezl}HLp(Me) : Z ”A?XO HLq(]que)’
i=1

where in the last equality we used the stationarity property in Lemma 3.1 (b) to the non-
negative Borel function g = |R¢|” - 1{4,>1). Now, similarly as in Eq. 5.3, using Eq. 5.2 we
get:

oo (k+1ne S

o0
Z ”A?XO ”Lq(que) = Z Z ”A?XO ”Lq(qug
i=1

k=0 i=kn, k=

C 1
7 21-1/p"

On the other hand, Eq. 5.5 gives:

€2

[Re - Laeztl oy = 5375735 I

5 [ = o, < CENhe* £ = fll Loy = 0D

Hence (5.6) yields that:

lim |ju — a1 =0
Iim I (FAYOP

and ends the proof. O
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6 A Proof of Asymptotic Equicontinuity - Lipschitz in the Interior

In this section, we deduce the asymptotic equicontinuity bound in Theorem 1.2 for the
interior case, namely that of x( located away from dD. Our main result is:

Theorem 6.1 Assume (BH). There exists 9 < 1 such that for every § € (0, 8o) there is
€ > 0 with the following property. For all € < € and all x¢, yo € D satisfying |xo — yo| < 8

we have:
8

" dist(xg, 9D)

The constant C may depend on D, y and f, but not on €, xq, yo or 8.

lue (x0) — ue(yo)l = C 6.1)

We begin by deriving an auxiliary estimate for the probability of exiting a ball before
exiting a half-space. This estimate has been noted in [?]; we present it here for convenience
of the reader.

Lemma 6.2 Let{Y: : Q — RN 1o2 | be the simple €-random walk in RV, started at Y5 =0
and given by: er—s—l () = Y5 + €wpq1, where wpq1 € B]N. For any d € [0, 1] define the
stopping time:

75(w) = min {n > 0; Yy (w) ¢ B}

Then, for all d € [0, 1] and € <K 1, there holds:

E[zf] < N;z(d+e>(1 +€), (6.2)
P(|Y,5| >1) < Nd+e)(l+e). (6.3)

Proof To alleviate the notation, we suppress the fixed step parameter € > 0. Consider the
sequence of random variables {M,};° :

I’léz

N+2
which is a martingale with respect to the filtration {F,}°° ,, because:

n=0’
E(Mn+l - Mn | -Fn)

My =(d+e— Yy en) (1+e+ (Yuen)+

€2

— (] — N gy _ _ N2 4. 2
= (d 1)(]ie(my dy = (Y, en)) (fBe(mw P dy = (Fuen)) + 75

2
€
=—][ V12 dy + =0 P—as.in Q.
B (0)

N +2

Apply now Doob’s Optional Stopping to the martingale { M, A}, With the stopping time

T4:
2

d+e)(1+e) =E[My] =E[Meynn] = N2

E[‘L’d A m]
Passing to the limit with m — oo proves (6.2). To show (6.3), we recall that |Y, 12— NLHne2
is a martingale, so that Doob’s Optional Stopping and Eq. 6.2 directly yield:

N
E[|Y,, ] = T 262]E[17d] SNd+e)d+e).

By Chebyshev’s inequality we easily obtain (6.3), which ends the proof of the Lemma. [
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By a scaling argument, we arrive at:

Corollary 6.3 Let {Y; : Q — ]RN};';l be as in Lemma 6.2. For R > p > 0 define:
T =min{n > 0; |Ys| > R}, 6 =min{n > 0; (Y, en) = p}.

P
Then, for all € K R there holds:

N+2

E[tg Aty < ;; (p+e)(R+e), (6.4)
N

P(I¥rgarsl = R) < 25 (0 + (R + ). (6.5)

The following is the main technical result of this section:

Lemma 6.4 Assume (BH). There exists 80 < 1 and n € (0, 1) such that the following
holds. For every § € (0, 89) and R > § there is € > 0 satisfying:

ue(xo) —ue(o)| <n- sup  ue) —ue)| + 2N + 1) & lucll oy + 2R3 f (D)
R.e.xg
(x,y)€A,

forall e <€ and xo,y0 € D suchthat |xo — yo| <& and dist(xo, 0D) > 2R,

where we define:

Af’é’xo = {(x,y) €D xD; |x—x9| <2R and |x —y| < 36}.

Proof 1. We fix § < 1 and R > §. Let xg, yo be as in the statement of the Lemma and
define H to be the hyperplane bisecting the segment [xg, yo]. For each € « §, consider
the following stopping time relative to the filtration {F,}:°,, given through the process
{X,°}°, in Eq. 3.2:

€
= min{n > 0; |X5™ — x| = R or dist(X5™, H) < §]~

To alleviate the notation, we suppress the fixed step parameter € > 0 and the superscript xo
in X,. By Eq. 6.4 it follows that:

N+2 /5§ €
Bon) = 52 (24 R+,
[tr] < 2 2+2( +¢€)
and for € <« § we further deduce:
RS
E[tg +1] < (N +3)- = (6.6)

Define the sequence of vector-valued random variables {Y,, : Q@ — D};’i z)rl, setting

Yo = yo and:

€
Y — Xyt if n=tp+1 and dist(X,,, H) < 5 with X, 41 € Be(Yo,)
" reflg (X,,) otherwise,

where by refly we denote the reflection across the hyperplane H (see Fig. 3). We point
out that the reflection coupling in the formula displayed above, dates back to the work by
Lindvall and Rogers on coupling of diffusion processes [16], where the Brownian parts of
were coupled via a time-dependent field of orthogonal matrices. The coupling was used in
[9] to prove gradient estimates for equations involving the Laplace-Beltrami operator on
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Fig.3 The hyperplane H and the
symmetric processes { X, Yn};’i 0
in the proof of Lemma 6.4

manifolds and the method has been significantly generalized and applied to parabolic and
elliptic equations alike.
Consider a further sequence {M,A(zy+1) };ozo, defined through:

M, = |ue(X ) —ue(Yy )| + —— I fllLem)-

N+2

2. In this step, we show that { M, x(z;+1)}o ) is a submartingale relative to {F,}52 . Call

H the hyperplane parallel to H, passing through 0. When n < t or when n = 1y and
dist(X,, H) > §:

em+1)
N+2

= / |ue (Xn + €w ) — ue(Vy + € reflg (why )| dPy(wyr1) +
Q

IE(A/ln+l ‘ ]:n) = E(‘ue(xnﬁ—l) - ue(yn+1)| | ]:n) + ”f”LDC('D)

emn+1)

N +2
2 )

n
\fé(x 1) dy—fBe(Y")ué(y) |+ 5y 1 ) = FO 1+ 55 1 s

2
- K]if(xn)”f(” sy K0) - <]if<y,,>“f(” bt 2(Ne+22)f( )

€ .
+m||f Iz (D)

| fllLoe (D)

2n

= ‘ME(X ) — ue(Yn)| + ——=1Ifll= wo(py = My P—as.in Q,

N+2

where we used (RMV), in the penultimate equality. On the other hand, for the case when
n = ty and dist(X,,, H) < %, there holds, P-a.s. in :

E(|ue(Xn+l) - ue(Yn+l)| | ]:n)

- (Xp+ew! | @B (Yy)) |u€(X,1 + 6w;i+1) —ue(Y, + reﬂg(w}l+1))’ dPy (wpy1)
n n+1 e\tn

> ‘/ e (Xn + €wyyy) APy (wnt1)
Q)

_ osenl b (X,, +€wn+l) dPy(wn+1)
nTE€W, 1 E€Beldn

_/{X renl 2B ué(Yn + reﬂﬁ(w,]lﬂ)) d]P’l(wnH)‘
nTE€W, 1 F0elln

= ‘/ ”e(Xn +Ew,1,+1) dPy (wn+1) _/ ue(Yn + ew,llﬂ) dPl(wn+1)‘~
Q Q)
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Applying the dynamic programming principle (RMV),, we conclude that:

(e (Xpr) =] 152) = | e - IRECL

= | (wex) - RS ) = (v -

2(N—|—2)f( ”)>‘
—— | fllLepy P—as.in Q.

2(N +2)

> |M6(Xn)_ue(Yn)| N+2

Consequently, there follows the claimed submartingale property:

en+1)
N +2

lfllLe =M, P—as.in Q.

E(Myy1 | Fn) = E(’ue(xnﬂ) - ue(Yn+l)’ | Fu) + | fllLoe (D)

> [ue(Xn) — e (V)| + ——— N+2

3. Applying Doob’s Optional Stopping with the stopping time 7y + 1, we get in virtue
of Eq. 6.6:

|ue(x0) — ue(yo)| = E[Mo] < E[Mqy41]

Elflli
— B[l Xy 1) — e (Veg )] + =D gre 441 69)
N+2
N+3
E[lue(Xey41) — tte Yoy D] + N 2R3 1 f Nl Loo (D).

To estimate the first term of Eq. 6.7, we split the effective domain of integration {X, 1 #
Yz, +1} according to the definition of Y,,, into two parts so that:

Ellue(Xey+1) —tte Yoy 4] = / [e(Xeyt1) — tte Yeyq1)| AP
{dist(X <y, . H)>§) 6.8)
+/ e (Xey 1) — e (Ve )] dP.
(dist(Xejy  H) < §INX 111 2B (Vo))
In the first integral above, we apply Corollary 6.3 with R and r = ‘x(’;yo‘ -5=< % —$.to
the effect that, when € < §:
. € N /6§ € )
P(dist(Xey H) > 5) = 25 (5 + 5) (R+€) = W+ D
This yields:
)
lue(Xzy+1) — tte Y4+ 1)| AP < 2N —|luc|| Lo (). (6.9)
{dist(X o, . H)>§) R
For the second integral in Eq. 6.8, we observe that:
. € Bc(0) \ Be(een)
P({dlst(x,,,, H) < 5} N {Xeyt1 € BG(YIH)}> < |€|B(06)|| ne©1).
€
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Since on the displayed event there holds: [X;,+1 — xol < R+ 2¢ < 2R and |X;,41 —
Yz, +11 < 3€, we conclude that:

/ |u€(XrH+l) - ue(YrH+l)| dP
{dist(Xpy  H)< 53N X¢py +1€Be (Yrpy)} (6.10)
=n- sup |ue(x) —ue(y)l.
(x,y)EA]

The bounds (6.7), (6.9) and (6.10) imply now the main estimate of Lemma 6.4.
O

Proof of Theorem 6.1 1. Fix § < 1 and let |[xg — yo| < 4. In view of the equibounded-
ness of solutions {u¢}e—0 to (RMV),, it suffices to prove (6.1) under the extra assumption
dist(xp, dD) > 38. We first use Lemma 6.4 with R = Ldist(xo, D) and obtain that for all
€ < € K § there holds:

2
lue (x0) — ue (o) < n~sup[|u€(x) —ue(y)|: v = xol < Sdist(xo, 9D) and |x = | < 3e]
5

c.— %
dist(xg, D)’
6.11)

again, in view of the equiboundedness of {u¢}e— 0.

2. To conclude the proof, we will estimate |u¢(Xg) — ue(yo)| for all couples (Xo, yo) €
D x D satistying dist(xg, dD) > & and |Xg — yo| < 3€. We apply Lemma 6.4 with R = 82
and get that:

lueGo) —ueGo)| < n- sup  fue(x) —ue(y)| + C8. (6.12)

.
(ryed; %0

For every integer kK > 1 define the iterated domain:

A = {(x, v) €D xD; |x —xo| < 2ks? and lx —y| < 36}.

Applying k times the bound (6.12), we obtain the following estimate:

k—1
lue(@o) —ue(Go)| <n* - sup |ue(x) —uc(y)|+C8Y '
(x,y)€Ag i=0 (6.13)
< 20 o) +
= 2l ) + 1 .
valid for all sufficiently small €, provided that:
§ — 2k8* > 2R = 25%. (6.14)
Define k in a manner to ensure that nk < §, namely:
log 8
k=[oe2.
logn
It is easy to verify that the iteration validity condition (6.14) is satisfied for all 6 < §p < 1.
Thus, Eqgs. 6.13 and 6.11 imply (6.1), again by the invoked equiboundedness. O
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7 Boundary Estimates|

In this and the following section, we complete the proof of Theorem 1.2, for the case when
xo is close to dD. We begin by some geometrical observations that are of independent
interest:

Lemma 7.1 Assume (BH). Then there exists a constant C > 0, depending only on D such
that for all xg, yo € D there holds:

’][ ydy—][ ydy’ < |x0 = Yol 4+ C (se (x0) + ¢ (¥0)) - (Ix0 — yol +€). (7.1)
B (x0)ND Be(y0)ND

Proof 1. We first observe that (7.1) holds for xg, yo & 9D + B(0), because then the left
hand side of Eq. 7.1 equals |xo — yo|. Likewise, for |xg — yo| > &, where § > 0 is some
fixed parameter:

‘ fBe(xO)ﬁ’D ydy— fBE(yo)ﬂ’D y dy‘ < lxo— yol + C(Ss (x0) + Se ()’0))
< |x0 — Yol + £ (s¢(x0) + 5¢(30)) Ix0 — ol.
by using Eq. 2.4. It thus suffices to treat the case:

X0, y0 € 0D + Bs(0) and |xo—yo|<8<<min{1,%},

where r is the radius in the uniform supporting sphere condition (BH) and § is small enough,
in particular, for the projections wypxo, Tap yo to be well defined. We further observe that:

R s 4
|ii(rapx0) — A (Tapy0)| < ;Ixo — ol (7.2)

because by Eq. 2.2 it follows that:
o o 1
|[ii(map x0) — fi(mapy0)| < ;|7Tano) — m3pY0)|

1 . _ | _
= ~|x0 = y0) + dist(xo. 9DYii(rax0) — dist(yo., D) rapy0)

A

1 R -
= (|x0 — yol + |dist(xo, 9D) — dist(yo, dD)| + 8 - |ii(wapxo) — n(mmyo)})

IA

%Ixo = Yol + %W(NSDXO) — i (mypy0)|-

(7.3)
Subtracting the second term in the right hand side from the left hand side, we obtain (7.2).
Our second preliminary estimate is:

)

max {|(7T317x0 — yp Y0, i(TapX0))|s |(TaDX0 — 9D Y0, (T3 Y0)) |}

) (7.4)
< Clxo — yol“.

To prove (7.4), observe that the boundary projections of xg, yp are not in the supporting
balls corresponding to yg, xo respectively:

mypyo & By (mapxo — rit(mapxo)) U By (mypxo + rit(mapxo)).
It follows that:

2 2 - 2
r* < |mypxo — mapyo|” & 2r (apx0 — Wy Y0, i (TyDXO)) + 17,
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which yields, in view of Eqs. 7.3 and 7.2:

1 > 4
- 2
*(mapx0 — Typ Y0, i (TyDX0)) < > |mapx0 — mapyo|” < s lxo — yol”,

implying the first estimate in Eq. 7.4. The second estimate follows by a symmetric argument.
2. Define:

| . s 1, -
wy = E(n(ﬂanO) + (3D Y0)). wy = E(n(ﬂapxo) — (9D Y0)).

so that: 71 (yp (xg)) = w1 + Wy and 71 (Typyo) = w1 — wy. By Egs. 7.2 and 7.4 there holds:
‘(ﬂapm — T9DY0. 17)1)‘ < Clxo—yol* and |z < Clxo — yol. (1.5)

Now, using the expansion (2.4) and (7.5) we get:

‘ ][ ydy— ][ y dy’
Be (x0)ND Be(yo)ND

< |(x0 = se (xo)i(wypx0)) — (Yo — e ())O)ﬁ(ﬂabyo))} + Cé(se(x0) + 5¢(30))
= | (7m0 — (se(x0) + dist(xo, 4D)ii(rypx0)
—<7T8D)’O — (se(y0) + dist(yo, 39))17(7@@)’0))‘

= ’V — (se(x0) + se (yo))lﬁz‘ + Cé(se(x0) + 5¢(y0))

< |V| + C(SE(XO) + SG(YO)) . (|X() - )’0| + 6),
(7.6)

where:

V= (ﬂano - ﬂaDyo) - <(se (x0) + dist(xo, 3D)) — (se(yo) + dist(yo, 37)))>17)1

- (dist(xo, aD)) + dist(vo, aD)) .
Since (w1, W) = 0 and observing the easy decomposition:

Xo— Yo = (ﬂabxo — 778D)’0) - (diSt(xo, dD) — dist(yo, 37)))17)1
a7
—(dist(xo, 9D) + dist(yo, 3'D)>17)2,

we directly compute:

V> = |xo — yol? , ,
= (|(se )+ distro,9D))  (se(vo) +dlist(o, D)) | = distxo, 9D) —dist(vo, 0D)| i

The key ingredient for the further arguments is that the first term above is nonpositive.
This statement follows from the implication (7.8) that we will prove in the independent
Lemma 7.2. We now readily conclude that:

—2(map (x0) — 79D (0). (Se (X0) — 5e(y0))W1)-

VI = Ix0 = yol* < =2{mapxo — mapyo. (e (¥0) = 5¢(y0)) 1)
< C(se(x0) + 5¢(30)) - Ix0 — yol?,
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in virtue of Eq. 7.5. Consequently, it follows that:

VI = |xo — yol?
VI —lx0 — yol = —————— < C(se(x0) + 5¢(y0)) - [x0 — yol,
V] + |xo — ol (s <00)

yielding (7.1) in view of Eq. 7.6. O

The proof of Lemma 7.1 relied on the following observation, which amounts to the
monotonicity and the 1-Lipschitz continuity of the center of mass of a truncated unit ball in
RY, as it passes a hyperplane:

Lemma 7.2 The function:

U(d) = (1—ayF ! ds  forall d €10, 1]
. S or a B .
N+1 fil](l_sl)NTfl

is decreasing and has Lipschitz constant 1. Consequently, for all xo, yo € D there holds:

dist(xo, 0D) < dist(yg, 0D)

7.
= 0 < se(xg) — se(yo) < dist(yo, 0D) — dist(xg, 3D). (7.8)

The implication (7.8) is indeed a direct consequence of the claimed properties of W,
because sc(x) = eW(dc(x)). We will now present two proofs of Lemma 7.2. The first
proof is self-contained, whereas the second proof uses the Prékopa theorem [24] on the
log-concave functions.

The first proof of Lemma 7.2 1. We need to show that 0 < —W¥’ < 1 on (0, 1). The first
inequality is clear, because:

—~(N + Dd(1 - d>)"T / (1- -1 =a»"
v'(d) = <0 forall d € (0, 1).

(N+1)- / (1-s)' ds)
-1

In particular, for N = 1 we have ¥'(d) = —% and hence it remains to deduce the second
claimed inequality: —W'(d) < 1 for N > 2. Equivalently, we will check that:

(N +1d(1 —d> T [4(1 -2 ds+(1—d2)N
(7.9)
§(N+1)-(f_]1—s = ds),

for all d € [0, 1]. To this end, we compute the derivative of the left hand side in Eq. 7.9:
(N + D1 —d?) T / (1—s)'T ds) (1 —d*N) — (N — d(1 —d*HN™!

<(N+D(1—ad»5 /(1—s) T ds

and observe that it is less than or equal to the derivative of the right hand side in Eq. 7.9,
which is:

d _
2N + 1)(/ (-9 ds) - (1 —A)T
-1
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To conclude (7.9) it thus suffices to check its validity at d = 0, namely: fo (1—s ) ds >

JTH' This will be implied by the following bound, proved in the next step:

/ (1= ds > \/Lﬁ (7.10)

2. We show (7.10) by induction on N. For N = 1, both sides are equal 1. For N = 2, we

have: »
T 1
1—=s )1/2 ds—/ cos’tdt = — > —
/ 0 4~ f

For N > 3 we change variable in: fo 1—-s )T ds = 0”/2

parts:
/2 /2
/ cosM rdt = (N — 1)/ cosM 2t - sin?¢ dt
0 0

/2 /2
= (N — 1)/ cosN 2t dt — (N — 1)/ cos™ ¢ dr.
0 0

The above is a well-known calculation, that yields by the induction assumption:

1 _ /2 _ 1
- N —1 N —1 =
/ (1—s2)¥ ds = —— COSN_Zldtzi/ (1_32)1‘/7* ds
0 N Jo
1

sV ¢t dr and integrate by

N Jo
N -1 1
> . > —.
N N-2"JN
Consequently (7.10) follows, completing the direct proof of Lemma 7.2. O

The second proof of Lemma 7.2 1. Recall that ¥ (d) = — fB{vd yn dy by Eq. 2.4. We will

show the claimed properties of ¥ in a more general set-up, namely when va is replaced
by an arbitrary open, bounded, convex set A C RY. Without loss of generality, we assume
that the projection of A on the ey axis equals the interval (0, &). Define the function Wy :
0,h) - R:

d
Wu(d) = —][ yv dy = —M forall d € (0, h),
AN{yy <d} Jo 8(@) dt
where g : R — [0, 00) is given as the (N — 1)-dimensional Lebesgue measure of the
sections of A in: g(¢t) = |{y eRVN (yi...yn_1,0) € A}|. By convexity of A it follows
that g is continuous, and we also have: g =0on R\ (0, #) and g > 0 on (0, &).
2. To show that W4 is decreasing, we simply compute:

d
e /0 (d —1gt) dt

d
/ g(t) dt
0

To show that W4 has Lipschitz constant 1, we are going to deduce that the function
(0, h) >d+— —W¥a(d) — d is nonincreasing. Integrate by parts to get:

d pt
//g(s)dsdt
_JovJo

Jie () di

V) (d) =

<0 forall d € (0, h).

—Wad)—d=
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and observe that the claimed property is equivalent to the following function being
nonincreasing:

g'd)

8(d)
Equivalently, we will show that the above defined function g : R — [0, 00) is log-concave,
ie.

©O,h)5d—

d rt
where: g(d) :/ /g(s) ds dr.
0 Jo

g(rdi + (1 = Mda) = g(d)*g(dy)' ™ forall A€ (0,1) andall di,dr eR. (7.11)

Recall now the celebrated Prékopa theorem (the formulation we use is that of [24, Theorem
6]), which states that if a given function # : R"™™ — [0, co) is log-concave, then the
marginal function R” > d +— fR" h(z,d) dz must be log-concave as well. We put n =
N + 1, m =1 and set & to be the characteristic function of the following set A C RV+2

A={(.t.d); de(0,h), t0.d), yeA, yy <t}.

Since A is convex, h is log-concave. The Prékopa theorem yields thus log-concavity of:

Radw/ h(y,t,d)d(y,t) = [{(y,1) e RN i1 € (0,d), y € A, yy <1} = 5(0),
RN-H

as requested in Eq. 7.11. This ends the second proof of Lemma 7.2. O

We conclude this section by another geometric observation. Note that the exponent (—N)
below, may be replaced by any exponent less than 2 — N.

Lemma 7.3 Assume (BH) and let ¥ > 0 be any radius that is strictly smaller than the
uniform inner supporting sphere radius r of D, defined in Eq. 8.1. Then there exists a
constant C; > 0, depending only on D, such that for all € < 1 the following holds.
Consider the inner supporting ball B;(yo) and let xg € B; (o) \ B7/2(y0). Then:

f Iy — yol ™V dy > |x0 — yoI ™ + Ci(se (x0) + €?).
Be(x0)ND

Proof We Taylor expand the function B (xg) "D 3 y — ¢(y) = |y — yo| ™ at x¢:

1
Iy = yol ™ = Ixo — yoI ™ + (Ve (x0), y — x0) + E(V2¢(xo) L (y—x0)®H)+ O (7.12)

and calculate the relevant derivatives:

Ve (x0) =—N|xo— yol ™ 2(xo — y0)
V2¢(x0) = Nlxo — yol "V "H((N +2)(x0 — y0)®* — |x0 — yol*Idy).

The claim now follows by integrating (7.12) on B¢ (xg) N D and observing that:

—Nlxo — yol ™ "*(xo — yo, ][ y — xo dy)
Be (x0)ND

X0 — Yo

= Nho= y0|*N*1<|x0 = Yol

i ¥0)) - 5e(x0) + O(€se (x0) = Crse(xo)
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by Eq. 2.4, and:
Nho = 3ol ™V + 200 0% =~ o~ 3oty s f -3 )
Be (x0)ND
2N
= N30 Yol V72 €2 + O(ese (x0)) = Cre?
by using (2.5). This ends the proof of the Lemma. O

8 A Proof of Asymptotic Equicontinuity - Holder 1/2 up
to the Boundary

In this section, we show a boundary counterpart of Theorem 6.1, which already implies the
asymptotic equicontinuity of {u. }—0, albeit in a weaker regularity regime than that claimed
in Theorem 1.2. The main result of this section is:

Theorem 8.1 Assume (BH). There exists 8o < 1 such that for every § € (0, do) there is
€ > 0 with the following property. For all € < € and all x¢, yo € D satisfying |xo — yo| < 8
with dist(xg, 9D), dist(yo, dD) < 8'/2, we have:

lue (x0) — ue(yo)| < €82,

The constant C may depend on D, y and f, but not on €, x¢, yy or §.

We start with a definition of quantities that will be used throughout the remaining
discussion.

Definition 8.2 Let D be as in (BH) and fix a radius p > 0 that is strictly smaller than some
uniform inner supporting sphere radius r of D, given by the property:

forevery x € 9D exists By(a) CD suchthat |x—a|=r. 8.1)
We define a continuous function Z* : D — D, satisfying:
x € By(2"(x)) cD forall x €D,

as follows. When x € D and dist(x, D) < p, there exists exactly one Z”(x) € D that
is the center of the inner p-supporting sphere at wypx. For x € D with dist(x, D) > p,
we set Z”(x) = x. Writing now {Z;”*0 = Z# o X7} it is straightforward that there
holds:
€,0,X €, 0, €,
|Zn+l i Xn-i(” = |Zl§ P — Xn-&)-c(l) : (8.2)
Forevery € < 1,x0 € Dand h € (e, % — ¢€), we further define the stopping time 7¢/*0
and two sequences of random variables {0, S;"}°% , by:

76X — min {n > 0; ’Xf{xo — Z;’p’x°’<p — h} = min {n > 0; dist(XZ’Xo, 817) > h},

n—1 n—1
O =€ Y Luxp<ry, S0 = X se (X5,
j=0 j=0

(8.3)
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Lemma 8.3 Let D be as in (BH) and let 7 < r with r as in Eq. 8.1. Then, there exists
a constant C > 0 depending only on D and 7, such that for every € < 1, xo € D and
h € (e, 5 —€) (Fig. 4):

E[e*z¢"%0 + 855, ] < Ch. (8.4)

fe,h,xo

Proof As usual, we drop the superscripts €, 7, h and xg to alleviate the notation. It suffices
to consider the case |xg — Zg’r’x°| > r — h. Define now the random variables:

My =Xy = 2| = Clne? + 5,),

where Cj is the constant from Lemma 7.3. We deduce that {Mzx,};2, is a submartingale

with respect to the filtration {F,}° ), because whenever n < 7 then |X,, — Z,| € [%, 7]
implies, in virtue of Lemma 7.3, that:

]E(Mn+l - M, | ]:n) = ]E(|Xn+1 - Zn+l |_N | ]:n) - |Xn - Zn|_N - Cl(62 +Se(Xn))

27[ 1y = Za ™ dy = | X0 — 227 = G + 5e(Xa)) = 0.
J Be(Xn)ND

Above, we have used (8.2) to replace E(| X, 41 — Zy41 |_N | Fu) by E(|Xns1— Zn{_N |
]-",,) and Eq. 3.1 to further replace it by fBe(Xn)ﬂD ly — 2,7V dy. For each fixed i > 1, we
may apply Doob’s Optional Stopping to the finite stopping time T A i, to the effect that:

PN |xg — Z()|_N = E[M()]
E[M:ni] = E[|Xini — Zeni| V] = C1 - B[ A i) + Sz ni]

IA

IA

IA

(F—h—e) " —C - E[2E A i) + Sini]-
Passing to the limit with i — oo, we get:
- 1/ -N  __ N(Mh+e) __n_
E[ezr—l—Sf]Sa((r—h—e) —-r N)ST-er,

N7 N1

which concludes the proof of Eq. 8.4 with C =
Proof of Theorem 8.1 1. Fix ¢ <« 1 and ¥ < r with r as in Eq. 8.1. Given
X0, yo as in the statement of the Lemma, consider the sequences of random variables
(2570, ZeT0 560 5701 ' as defined in Definition 8.2), together with the stopping
times T€/1%0 76130 where we set:

h =382

Fig.4 The auxiliary balls
B, (Z,) and the process {X,,};2,
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To alleviate the notation, we drop the superscripts €, 4 and denote:
Xn = X0, Y, =Y",  T=7OATN

We now define the sequence of random variables {M,}>°

n 2 n—1 J
My = ueXa)- [T (1= yse X)) + 5o S (FXD-T] (1= yse (X)) 85)
Pl 2(N +2) ,-1< / Pl )

and check that it is a martingale with respect to the filtration {F,}.2. Indeed, (RMV),
yields:

E(Mys1 — My | F) = (7[

ue(y) dy) - Ansr
Be(Xn)ND

2
€ .
—ue(Xn) - A + INT2) +2)f(X,,) A, =0 P—as.in Q.
Applying Doob’s Optional Stopping to the martingale {M, xz};>, that is equibounded by the
random variable C +Ce?T whose integrability follows from Eq. 8.4 because dist(xq, 3D) <
812 and h = §'/2, we obtain:

, -l
ue(xo) = E[Mo] = E[Mz] = E[uc(Xz) - As] + vy 2 B[/ (X)) - Aj].
j=1
Consequently, again by Eq. 8.4 and using the inductively validated inequality: [];_,(1 —
a)>1-— ZZ:I a; that holds for any n-tuple {a; € [0, 1]}7_,, we arrive at:
z

juetx) = EfucXo)]| = CE[1 = [ (1 = yseXe-n)] + CE[7]
k=1

< CE[yS$:*] + cs'/? < cs'/2.
Clearly, the same bound holds for the {¥;,}7° ;) process:
|ue (yo) — E[uc (Ye)]| < C8"/2.
Summing the last two bounds, we get:
e (x0) — e (yo)| < E[|ue(Xz) — ue(¥z)|] + C8'/2. (8.6)

2. In this and the next step, we proceed to estimating ]E[!ue(Xf) —ue(Yz) |] in Eq. 8.6.
This will be done with the help of Theorem 6.1, where we note:

dist(Xz, 0D) > h =82 or dist(Yz, 9D) > §'/2. (8.7)
To this end, we first estimate the following conditional expectation:
E(1Xnt1 = Yar1 P | Fa) = E(|(Xar1 = Yar)) = X = Y 1 ) = X0 = Yal?
F2AB(Xnt1 — Yot | Fu). Xn — Ya)
E(12€ - Lie @ x| Fu) +1Xn = Yal?

IA

n

+C(1Xn — Yul* + €) (se(Xn) + 5e(¥n)).
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P-a.s. in €2, using the fact that k;+1 (w, X)) = k;+1 (w, Yy) implies X411 —Yuy1 = Xn— Y,
and applying (7.1) to bound the product intermediate term above. Further, Eq. 2.3 results in:

E(12¢ - Tge o x4, @ v | F)

n+

462(E(1{k5+.(w,xn>¢1} | Fu) + E(Lpe,, @.v021) | Fa)

n

Ce(se(Xp) +sc(Yy)) P—as.in Q,

IA

A

because E(ﬂ{kfm(w,x,,);él} | fn) = E(Xn —|—ew']l+l € B(X,)\ D | Xl...Xn) =

%, with the same observation valid for the second expectation term as well.

Consequently:
E(1Xnt1 — Yug1l* | Far)
< [Xy — Yn|2(l + C(se(Xy) + Ss(Yn))) + CE(SG (Xn) + Se(Yn))-

Define the sequence of random variables {Q,};2, by:

(8.8)

~0 Y0 y
On = |Xp — Yol? - &7 CTHS) — Ce (530 + 57°).

We now check that {Q,}°  is a supermartingale with respect to the filtration {J,}7° ;:

Xy

_ 0 Y0
E(Qns1 —0n | Fu) =E(1Xns1 — Yag1|? | Fo) - e Gt
Xy — Vo2 e CEESD) _ Ce(s5(X,) + 5 (V)
<|X, — Y,|?- e—C<S§°+1+S;f°+1>(1+C(se(xn) +se(Yy) — eC<s6<xn>+se(Yn>>> <o,

in view of the fact that S;OH and Srf°+1 are J,,-measurable, and by Eq. 8.8. Application

of Doob’s Optional Stopping to the supermartingale {Qnnz}52,, where each |Q,az] is
bounded by the random variable C + Ce(S“fro + S%’O) that is integrable in view of Eq. 8.4,
yields:
8% > |xo — yol> = E[ Qo]
> E[Q:] = E[|X; — Y;[? - e CO 5] — Ce - E[S20 + 52°].
3. We now complete estimating E[|uc (X7) — ue(Yz)|] in Eq. 8.6. Firstly, by Eq. 8.4 and
the Chebyshev inequality, it follows that:
P(S2 + 852 > 1) < c8'/2, (8.10)
Secondly, by Eq. 8.9 and if only € < §:

8.9)

0, Y0
E[1Xe = ¥ Tigo, go_y | < € E[1Xe = v22 e C0F 4520

< CeE[S;" + S3°] + C8% < Ce - 812 + 8% < €42,
so that we obtain:

E[IXr = Yel - Iyg0 g0y | = €8, (8.11)

We now decompose:

Ef ue (X2) — ue(2)]] = E[Jue(Xe) = ue(¥)| - Ligo gy |

B[ Jue (X0) = e (V)| Tygro oy 1 (8.12)

{\Xf—YfIZ%O}]

HE{ e (X0) — e (V)| By gn 1{\Xf—Yf|<‘%°}]'
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The first term in the right hand side above is bounded by C8'/? in view of Eq. 8.10. The
same estimate holds for the second term, because Chebyshev’s inequality applied to Eq. 8.11
yields:

8o

B((s2 + 52 < 1N {IXe —vel = 2 = O

= g
To treat the last term in Eq. 8.12, recall that for each € (0, §p), Theorem 6.1 gives € = €(7)
so that |ue(x) — uc(y)| < m holds for all € < € and all x, y satistying |[x — y| < 7.
Define:

- (-, 1 1

€ = min {e(z—k) 7 € [8, 60)},
where we decrease the threshold for the admissible § below 570 so that the set in the definition
of € is nonempty. Assume further that € < €. Foreachw € {S:°+ 52" < 1} N{|Xz —Yz| <
570 }, apply now the above recalled statement to 7 = min {2]7, 217 > max{d, |X; — Y; |(a))}}
and x = X;(w), y = Yz(w). Since n € [, dp), it follows that:

Cn 2(6 + | Xz — Yz)) |Xz — Yzl
|ue(Xz) —ue(Yz)| < 5173 < # <cs'2 4 ¢ ;1/2 T

asin {S7°+ 852 <1} N {|Xz — Ye| < %0},

where we also used (8.7). Consequently and in virtue of Eq. 8.11, we get:

E[‘“f(xf) D] gn gn oy 1{\X;—m<%"}]
C
1/2 v 1/2
<csl? 4 5172 -IE[|XT Y; .1{5.;0”;05”] <82,

Thus, Eq. 8.12 implies that:

E[|ue(Xz) — ue(Y)|] < €8'/2

and the claim of the Theorem 8.1 finally follows by recalling (8.6). O

Combining Theorems 8.1 and 6.1, we obtain the Holder C%1/2_asymptotic regularity of
{te}e—o in D, which yields Theorem 1.1 in view of the L! convergence in Theorem 5.2.
Corollary 8.4 Assume (BH). There exists 8o < 1 such that for every § € (0, 8o) there is
€ > 0 with the following property. For all € < € and all xy, yo € D satisfying |xo — yo| < 6,
there holds:

|u€ (x0) — u (yo)| < C8'/2.

The constant C above may depend on D, || f || Lo (p) and y, but not on €, xo, yo or 8.

9 Boundary Estimatesl Il

In this section we derive further geometrical observations towards an improvement of the
bound in Theorem 8.1 and a complete proof of Theorem 1.2.
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The Robin Mean Value Equation II: Asymptotic Holder Regularity

Lemma 9.1 Assume (BH). Then there exists a constant C > 0 depending only on D, such
that for all xo, yo € D there holds:

f ly — x0l* dy < |xo — yol* - €500 4 Cé?. ©.1)
B (yo)ND

Proof We decompose:

][ 1y — xol?
Be(yo)ND

= |yo—xo|2+2(yo—xo,f Yy =0 dy>+][ ly=ylPdy (92
Be (yo)ND B (yo)ND
< |y0—x0|2+2()’0—xo,7[ y — yo dy) + €.
J Be(yo)ND

To estimate the linear term above, observe first that it is null when dist(yg, D) > €. In
the opposite case, we will use the representation (7.7), recalling the definitions:

1, . 1, R
w) = E(n(ﬂemxo) + i (apy0)) wy = E(n(ﬂapxo) — (3D 0)).

as in the proof of Lemma 7.1. Since by Eq. 2.4 we have:

7[ y =0 dy = —se(yo) (w1 — w2) + O(e?),
Be(yo)ND

it follows that:

(mapyo — mapx0, 7[ y = yo dy) < Cse(30) - [yo — xol* + O(€?).
JB(yo)nD
(dist(xo, dD) — dist(yo, ID))(w1. ][ y — yo dy) < se(yo) - dist(yo, 3D) + O(€?) = O(e?),
B (yo)ND
(dist(xo, 0D) + dist(yo, 8D))(w2, ][ Y=y dy) < Cse(y0) - Iyo — x01* + O(€?),
Be (yo)ND

where we used (7.5) in the second and third estimate, and the assumption dist(yp, D) < €
in the second estimate. Summing the three above bounds, and recalling (9.2), we get:

f 1y — xol? dy < Iyo — x02(1 + Cuse(v0)) + Cue?,
BG(JVO)QD

where the linear term in Eq. 9.2 is bounded by Csc(yo)|yo — x0|2 + O(€?). The proof is
done. O

Corollary 9.2 Assume (BH). Then for every xo € D and € < 1, the following sequence of
random variables is a supermartingale with respect to the filtration {F,};2 -

o0

n—1
, 2 s 2
[|X;x0—x0| . exp (—czsé(xjm)) — Cne ] X

n=

j=0

with the same constant C > 0 as in Eq. 9.1.
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Proof The proof is straightforward, because:
n
E(1Xu41= xol? - exp (~=C 3 sc(X)) = Cln+ e | F )
j=0

n
= f5.(x,)np X — %0|* dx - exp (=C Y- se(X))) = C(n + 1)é?
j=0

n—1
< |Xp —x0l -exp (—C Y se(X)) — Cne?,
j=0
by applying (9.1) to xp and yp = X,. O

Lemma 9.3 Let D be as in (BH) and let ¥ < r with r as in Eq. 8.1. Then, there exists
a constant Cy, > 1 depending only on D and 7, such that for every ¢ < 1, xg € D and
he (e, g — e):

E[0S%,,] < Cuh, (9.3)

fé,h.xo

where @f,’xo is as in Eq. 8.3. Moreover, for all k > 1 there holds:

fe,h,xo

. 1
P(OY,, = k(e +2Cuh)) < 5 9.4)

Proof 1.Givenr, h, €, x¢ as in the statement and a constant A > 0, consider the sequence
of random variables {M,,}72 , in:

n—1 n
€, X
My = 20n = Spy1 = )‘E(Zl[de(xj’*‘))d}) - (ZSE(X/ 0))’
j=0 j=0

adopting the convention that My = —se(x0). We claim that {M,}7° ; is a supermartingale

with respect to the filtration {F,}°°, provided that A = A(D) is chosen appropriately.
Indeed:

E(Mut1 — My | Fr) = Aelyg, (x,)<1) — E(se (Xnt1) | Fu) <0 P —as.in Q,
follows by observing that on the event {dist(X,, 3D) > ¢} the quantity above is clearly
nonpositive, whereas on the event {dist(X,, 3D) < ¢} it is still nonpositive upon choosing
X so small that:

E(se(Xni1) | F) = f

2\ Nl
se(y) dy > ce (I —=de(y)) 2 dy > Ae.
Be(X,)ND

B (X)ND
The supermartingale property and Doob’s theorem applied to the finite stopping times T A i
yield:

E[)»®fAi] = ]E[Mf/\i] + E[S(f/\i)Jrl] < ]E[Mo] + ]E[Sf+1] < ]E[Sf] +€ <Ch,

in virtue of Eq. 8.4. Consequently, Eq. 9.3 follows with C,, = C/A by passing to the limit
i — o0.
2. To show (9.4), we first use Chebyshev’s inequality in Eq. 8.4, to arrive at:

IP’(@; > 2Cl,h) < % ©9.5)

The general case k > 1 follows by induction. To this end, for each k > 1, define the stopping
time:

T = min {n 2 0; ©, = k(e +2C,h)}.
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Then Eq. 9.4 is equivalent to: P(Ty < 7) < 1/2%. Observe that:
- - X1
{Tin =7} =B =7} n o™ = 2¢,n].

Taking conditional expectations we get:
P(Tit1 < 7) = E[Lz,,<5]

| 1
= B[, -E(IL{ | Fr)] = SE[Lm=a] = 51

X
©. 'k =20,h}

by Eq. 9.5 applied with X7, in place of xo, and by the induction assumption. The proof is
done. O

10 A Proof of Asymptotic Equicontinuity - Holder «
up to the Boundary, « € (0, 1)

The main result of this section is:

Theorem 10.1 Assume (BH). There exists 69 < 1 such that for every § € (0, 8o) there is
€ > 0 with the following property. For all € < € and all x¢, yo € D satisfying |xo — yo| < 8

. . D . D % .
with max {dlst(xo, aD), dist(yg, 0 )} < 9, Toe (1/5), we have

1
e (x0) = e (y0)| < €5 -log (5)-

The threshold constant C,, is as in Lemma 9.3, whereas the constant C > 0 may depend on
D, y and f, but not on €, xq, yo or 8.

We start by defining yet another useful coupling.

Definition 10.2 Given xo, yo € D and € < 1, recall the set-up for the process {X§™° o2 in
Eq. 3.2, and define the coupled process {¥,; """} inductively as follows. Set Yo = yo. At
each n, denote by H,, the hyperplane in RV that is orthogonal to and bisecting the segment

[X,, Y,]. By refly,, denote the reflection across H,. Then, we set:

léé(w,x,,))

€,50,%0 __
Y _reﬂHn(X,, +ew, |

n+1

where IEZH = min {Ig > 1; refly, (X, + 6w§+1) e D}.

Lemma 10.3 Let D be as in (BH) and let ¥ < r with r as in Eq. 8.1. For a given

x0,y0 € D, e K landh € (e, min{% — €, 1}, we define the sequence of random variables
€h,x0,Y0y00 ;.
{On foeg in:

Q;,h,xo,yo — (4]’1 _ IX:,XQ _ Y,f’yo'XOD . |Xr€l,x0 _ Y;’.VO,X()"
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where the coupled process Yy " is as in Definition 10.2. Then there exists a constant

C > 0depending only on D and 7, such that:
(i) Foreveryd € (0, h), conditions: | X,, — Y,| € (82,3h) and € < %84 imply:

4 5 .
E(Qnt1—0On | Fn) < Che(]l{dg(Xn)<1}+]l{d5(Y,,)<l})|Xn_Yn|_N+2€ P—a.s. in Q.

(ii)  In the setting of (i) there further holds:

4

E(Qn+1 | Fn) < Qn-exp (CE(]l{dg(Xn)<l}+]l{d€(Y,,)<1}))_me P—a.s. in Q.

(iii)  Fix § € (0, h), and assume the conditions: |xo — yo| < § and € < %84. Define the

. ~€,h,x0, ) .
sequence of random variables {Q),""*7°}°  in:

‘fl,h,XO-yo — Q;,hdco,yo - exp ( _ C(@Z’xo + @li,.\’o,xo)) + e_3cn62,
where, consistently with Eq. 8.3, we set:
n—1
@Z,yo,xo —c JX:(:) ]l{dé(Y;,yO.xo)<l},
Define also the stopping time:

o200 —minfn>0; |X;" —x0l=h or |, —yo|=h

€,X €,50, X 2 €,Xi €,Y0,X (10'1)
or | X, =Y, - 0|§8 or 0,740, o 022}~

~€,h,x0,Y0 0o . . . . . 00
Then, { QnAgethoon }n=0 is a supermartingale with respect to the filtration {F,}7°,.

Proof 1. Fix xo, yo, h, € as in the statement and let § be as in (i). Assume that | X, — Y, | €
(82, 3h), where as usual we suppress the parameter superscripts in order to alleviate the
notation. The first observation is that on the event {d.(X,) = dc(Y,,) = 1}, there holds
Y,+1 = refly, X, 1 and hence the vectors X, 1 — Y,4+1 and X,, — Y, are parallel. A direct
calculation now gives:

Xn - Yn >
|Xn - Ynl ’

X, -7,
Xpi1 — Yor1l2 = | Xy — Y2 = —4lew! |, =21
[Xnt1 n+1l [ Xn nl < n+1 X, — Yy

X1 = Yor1| = 1 Xn — Yol = 2{ew) |,

P +4lew) . X, — 1,).

Thus, we conclude (i) in this case:

X, Y
E(Qut1 — On | Fu) =4E((ewp . 20— — (X, — Yp)) | Far)
|Xn - Yn|
X,—-Y, 2
+H4E(lew! , ,, =—LV | F,
(< ntl |Xn - Yn|> n) (102)
4 2
=—4€2][ ylzdy=— ¢ P —as.in Q.
B{V N +2

2. On the other hand, on the event {d. (X,,) < 1} U {d¢(Y;,)) < 1}, we write:

Qn+1 -0y = ¢(Xn+l - Yn+l) —¢(Xn — Yy),
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where the function ¢ : RN — Ris given by: ¢ (v) = (4h —|v])|v]. We will apply the Taylor
expansion below tov = X, — Y, and w = (X1 — Y41) — (X, — V)2

P+ w) — p(v) = (4h— — 2p, w)+(9( + 1) |wl*.

[v] [v|
This expansion is valid, with the uniform bound in O, for all v # 0 and |w| < %lvl.
Therefore:
4h
E((—v
| Xn — Yl

0% =7,

E(QnJrl = On | ]:n) = - 2)<Xn = Yn, Xnt1 — Yug1) — (X — Yn)) | ]:n)

+ l)e2 P —as.in Q.
(10.3)

Also, the same calculation as in Eq. 3.1, combined with the estimate (7.1) yield:

E(Xpt1 — Yut1 | Fn) =/ X, +ewn"++1‘ le’l(wn+1)+/ reﬂH”(X,,+ewn'3jl‘) dPy (wp1)
Q)
= ‘ ][ ydy— ][ y dy)
Be(X,)ND Be(Y))ND
<|X,— Yl + C(se(X,,) +5¢(¥))(1Xn — Yal +€) P—as.in Q.

In conclusion and using the facts that | ‘X Y I —-2| < |X7 and 2¢ < h|X, — Y|,
following from the assumed relative magmtudes of €,8, h and | X, — Y,|, the expansion
(10.3) gives:

h
IE:(Qn+l — On | fn) <8h- C(Ss(Xn) + Se(Yn))(|Xn Yl + '5) + O(ﬁ + 1)62
n— In
he?
< Che| Xy — Yul + O(T)
8
4
< ChiX, = Y| < Che| Xy = Yol = +262 P —as.in .
(10.4)

The estimates (10.2) and (10.4) conclude the proof of (i). Finally, since Q,, > h|X,, — Y|,
the bound (i) directly implies (ii), because:
4
2
N+2

3. To show (iii), fix n < o. Then the assumptions listed in (ii) hold, so we have:

P —a.s.in Q.

E(Qnt1 | Fu) < On + Ce(Lig (x,)<1} + Lid. (v)<1}) On

E(Qni1 | Fu) =E(Quy1-exp(—CO), +O)51") | Fp) +eCDe
< On - exp (Ce(ig, (x,)<1) + Lig.v)<1)) - exp (= C(O)7 | +©,%1"))

2
E —
v exp (— C(O, +©2°1") + e (n + )e?
4e—2€ _
< Qn-exp(—C(O;° + ©;"")) — N 262 —eCm+ 1e?

< Qu-exp(—COF +0"") —e(n+ e =0, P—as.in Q.

This ends the proof of the Lemma. (]
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Corollary 10.4 Let D be as in (BH) and let ¥ < r with r as in Eq. 8.1. Then there exists a
constant C > 0, depending on D and r, such that for every set of parameters as below:

O0<d<h< min{g, 1}, €< min{g, %84}, for every xo, Yo € D such that |xo — yo| < 8,
the following hold:

(i) €*E[o“mdx00] < Chs,

(1) P(X g 50l 2 W)+ B(YERE, — ol 2 ) = 7,
(iii)  E[IXS00 50050 — %ol ] FE[IYS000 0 — vol] < €8 - (log é),

(iv)  If additionally: dist(xg, 3D), dist(yp, D) < % — (h + €), then:

E[S¢ + 80 ] < €8 (log 1),

Ue,h,&,xo._vo 0_5,11454,\'0,)10 (S
where consistently with Eq. 8.3 we have defined: Sy”°" = Z;’;(l) sE(Y;’yO’xo).

Proof 1. By the supermartingale property in Lemma 10.3 (iii), Doob’s Optional Stopping
applied to the stopping time o = ¢ €/%%0:30 yields:
e C€E[o] < E[Q5" 0] < E[Qo] = (4h — |x0 — yol)|x0 — yol < 4hs,

as claimed in (i). For (ii), we apply Corollary 9.2 and Doob’s Optional Stopping again, in:

o—1
E[1X0 — 0 exp (€ Z(:)se(xj))] < CE[o],
]:

where the constant C is as in Eq. 9.1. Since Z(;:_ol se(Xj) < O™ < 2 + ¢, the assertion
in (i) gives:

E[|X, — x0l*] < Chs.
Consequently, by Chebyshev’s inequality we conclude the following inequality in (ii):

1 Cé
P(1Xo = xol = h) = P(1X5 = xol” 2 1) = 5 E[1Xs = x0l’] = —=.
The parallel bound for the coupled process } is deduced by observing that the cou-
pling in Definition 10.2 is symmetric in distribution. Namely, for every n > 0 and every

Borel set F' C D, the same calculation as in Eq. 3.1 yields:
Py, e F)=P(X, € F), P, eF)=P(X;"€F). (105

{er,yo,xo

2. To prove (iii), we integrate the distribution function (effectively, the integration takes
place on the interval (0, & + €)), and apply the bound (ii):

oo
E[|X¢7 —xo|]:/ P(IX7 —xo| > 1) dr
0

o€:h.8.x0.50 o €:h:8.x0.50

a

oo
=< /0 P(IX5 500 — X0l = 1) +P(IYS250 0 = yol = 1) dr
h
<2+ )+ [ PUXED 0l 1) F BV, 0l 2 1)
§

o

hcs 1 1
545+/ Tdt=48+C8~(log5+logh) §C8~(logg).
8
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Y »Y0,X0

The estimate on K| R0

yol] follows in the same fashion, in view of Eq. 10.5.
3. As in the proof of Lemma 8.3, we deduce that {M_ch.s.x0.50 1} oo 1S @ Submartingale

with respect to the filtration {F},}7° ,, where we define:

€,Xi €,r,xg|—N €, X1
M, = |X5¥0 — Z&Tv0|=N _ ¢ g6%0,

with the constant C; > 0 is as in Lemma 7.3. In the proof of this fact, we use that
dist(X,, dD) < 5 forn < o©M3X030 in view of the assumed bound on dist(xo, D).
Applying now Doob’s Optional Stopping to the stopping time o = ¢¢/»3-%0.30, and applying
the mean value theorem to the function v > |v|~" while noting | X5 — 25| > 7, we
get:

CIE[SS™] = E[|IXS™ — 257%01-N] — E[M,]
< E[IX5™ — ZET017N — |xg — Z7 (x0)| V]
<E[(1X5™ = 257N — xo — Z7 (x0)| V)., ]

< NGOV ~E[(Jxo — Z" (x0)| — |XE™ — ZF(XZ’XO)DJF]

< CE[lxo — X5*|] < C3 - log (é).

In the last two inequalities above we also used the fact that Z” is a projection, and
the already established bound in (iii). The parallel estimate on E[S°."27 ] follows by
recalling (10.5).

Proof of Theorem 10.1 1. Let7 < r with the radius r as in Eq. 8.1. Take 8o > 0 so small
that for every § € (0, &o) the following threshold quantity satisfies § < h(§) < min{%, 1}:

1

h(i) = ——————.
9C, -log(1/8)
We set € = %84, let € € (0, €) and take xg, yo € D with the properties indicated in the
statement of the Theorem. To alleviate the notation, we will be writing & = h(§).

Applying (9.4) with an integer k € [21og % 3log %], we obtain:

1

PO, = 1) < P(O5R,, = k(e +2Cuh) <

.L—,e,h,xo .L—,e.h,,\o

1
< W <39, (10.6)

since k < 1/(3C, log 1) < 1/(€ +2C,h).
2. Recall that by Eq. (RMV),, the sequence of random variables {M,}>2 , defined in
Eqg. 8.5:

€2

M, =ue<X;’*°>A;”‘0+2(N ) Zf( 70 AT

is a martingale with respect to the filtration {;,}7° ;. Applying Doob’s Optional Stopping
with the stopping time o = o©/3-¥0:0_ the same calculation as in the proof of Theorem 8.1
in Section 8, leads to the estimate:

Juex0) — E[ue (X)) = C(E[y 53] + @E[o]) = €5 -log (5).
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in virtue of Corollary 10.4 (i) and (iv). Similarly, the coupling symmetry (10.5) result is:

1
|e (y0) — E[ue(X570)] = |ue(yo) — Elue(Y5*00)] < C§ - log (5)

and we see that:
' 1
e (o) = ue (o)l < Efue(X5™) —ue (v )]+ €5 -log (5) - (10.7)

We now estimate the expectation in the right hand side above, separately on the four
events indicated in the definition (10.1). Firstly, by Corollary 10.4 we get:

. Cés 1
E[|ue(X5™) — ue (YEY )| - Lyix, —xol=h OF |Yo—yolzh} ] < 5 = Cé -log (3) (10.8)

Secondly, by Eq. 10.6 and since o < 76130 e have:

Ef[ue(Xg™) —ue(Ys ™) - 1y gero gevonny ]

< c(IP(@f;"O > 1)+ P(©5;7" > 1)) (10.9)

= (PO, = 1)+ PO = 1)) = C8.

z€:h.x z€:h.yo
Finally, the weak bound in Corollary 8.4 gives:
E[[ue (X5™) —ue (Vg™ )| - Ly e _yeono, _goy] < CO. (10.10)

Combining (10.7), (10.8), (10.9) and (10.10), concludes the proof. O

This ends the proof of Theorem 1.2, in view of Eq. 6.1. Recall that the family {u¢}c—0
is equibounded. The asymptotic equi-Holder estimate in Theorem 1.2 implies also the
asymptotic equicontinuity, in the sense that for every n > 0 there exist §, €9 > 0 satisfying:

le (x0) — ue(yo)| < n forall e <€y and xqg, yp € D suchthat |xg — yo| <.

Thus, a version of the Ascoli-Arzela theorem yields uniform convergence of {u¢}c—0 in D,
up to a subsequence. Combining this observation with Theorem 5.2 we conclude the result
of Theorem 1.1. We also recover the Holder continuity of the limiting function: u € C®%(D)
for any o € (0, 1), because # log(1/t) <t“ ast — 0, when o < 1.

Acknowledgments The authors are grateful to Dorin Bucur for bringing to their attention questions related
to the Robin boundary condition. M.L. acknowledges partial support from the NSF grant DMS-1613153 and
support through visits to Microsoft Research in Redmond.

Funding M.L. acknowledges partial support from the NSF grant DMS-1613153 and support through visits
to MSR (Microsoft Research) in Redmond.

Availability of data and material Not applicable

Code Availability Not applicable

Declarations

Conflict of interest/Competing interests None.

@ Springer



The Robin Mean Value Equation II: Asymptotic Holder Regularity

References

12.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

. Antunovic, T., Peres, Y., Sheffield, S., Somersille, S.: Tug-of-war and infinity Laplace equation with

vanishing Neumann boundary condition. Comm. Partial Diff. Equa. 37(10), 1839-1869 (2012)

. Arroyo, A., Parviainen, M.: Asymptotic Holder regularity for the ellipsoid process. arXiv:1905.02037
. Bass, R., Burdzy, K., Chen, Z.-Q.: On the Robin problem in fractal domains. Proc. Lond. Math. Soc.

96(2), 273-311 (2008)

. Bass, R., Hsu, P.: Some potential theory for reflecting Brownian motion in Holder and Lipschitz domains.

Ann. Probab. 19(2), 486-508 (1991)

. Benchérif-Madani, A., Pardoux, E: A probabilistic formula for a Poisson equation with Neumann

boundary condition. Stoch. Anal. Appl. 27(4), 739-746 (2009)

. Bucur, D., Giacomini, A., Trebeschi, P.: The Robin-Laplacian problem on varying domains. Calc. Var.

Part. Diff. Equ. 55(6), 55-133 (2016)

. Brosamler, G.A.: A probabilistic solution of the Neumann problem. Mathematica Scandinavica 38(1),

137-147 (1976)

. Charro, F., Garcia, J., Rossi, J.: A mixed problem for the infinity Laplacian via tug-of-war games. Calc.

Var. Part. Diff. Equ. 34(3), 307-320 (2009)

. Cranston, M.: Gradient estimates on manifolds using coupling. J. Funct. Anal. 99(1), 110-124 (1991)
10.
11.

Doob, J.L.: Classical Potential Theory and its Probabilistic Counterpart. Springer, New York (1984)
Gilbarg, D., Trudinger, N. Elliptic Partial Differential Equations of Second Order, Classics in Mathe-
matics, 2nd edn. Springer, Berlin (2001)

Lewicka, M., Manfredi, J., Ricciotti, D.: Random walks and random Tug of War in the Heisenberg group.
Mathematische Annalen 377, 797-846 (2020)

. Lewicka, M., Peres, Y.: Which domains have two-sided supporting unit spheres at every boundary point?

Expositiones Mathematicae 38(4), 548-558 (2020)

. Lewicka, M., Peres, Y.: The Robin mean value equation I: A random walk approach to the third boundary

value problem. Accepted in Potential Analysis (2022)

Lieberman, G.: Oblique Derivative Problems for Elliptic Equations. World Scientific Publishing (2013)
Lindvall, T., Rogers, L.C.G.: Coupling of multidimensional diffusions by reflection. Ann. Probab. 14(3),
860-872 (1986)

Lucas, K.: Submanifolds of dimension n — 1 in E” with normals satisfying a Lipschitz condition, Studies
in eigenvalue problems. Technical Report, vol. 18. University of Kansas, Dept of Mathematics (1957)
Luiro, H., Parviainen, M.: Regularity for nonlinear stochastic games. Ann. Inst. H. Poincare Anal. Non
Lineaire 35(6), 1435-1456 (2018)

Manfredi, J., Parviainen, M., Rossi, J.: On the definition and properties of p-harmonious functions. Ann.
Sc. Norm. Super. Pisa CI. Sci. 11(2), 215-241 (2012)

Nittka, R.: Quasilinear elliptic and parabolic Robin problems on Lipschitz domains. NoDEA Nonlin.
Diff. Equ. Appl. 20(3), 1125-1155 (2013)

Papanicolaou, V.: The probabilistic solution of the third boundary value problem for second order elliptic
equations. Probab. Theory Relat. Fields 87(1), 27-77 (1990)

Peres, Y., Schramm, O., Sheffield, S., Wilson, D.: Tug-of-war and the infinity Laplacian. J. Amer. Math.
Soc. 22, 167-210 (2009)

Peres, Y., Sheffield, S.: Tug-of-war with noise: A game theoretic view of the p-Laplacian. Duke Math.
J. 145(1), 91-120 (2008)

Prekopa, A.: On logarithmic concave measures and functions. Acta Sci. Math. 34, 335-343 (1973)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1905.02037

	The Robin Mean Value Equation II: Asymptotic Hölder Regularity
	Abstract
	Introduction
	The Structure of this Paper
	Notation

	The Robin Mean Value Equation: Basic Existence and Convergence Results in LP1
	The Robin Process and its Stationary Measure
	Two Probabilistic Representations of u
	The L1 Convergence
	A Proof of Asymptotic Equicontinuity - Lipschitz in the Interior
	Boundary Estimates I
	A Proof of Asymptotic Equicontinuity - Hölder 1/2 up to the Boundary
	Boundary Estimates II
	A Proof of Asymptotic Equicontinuity - Hölder  up to the Boundary, (0,1)
	References


