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Abstract

We study the family of integral equations, called the Robin mean value equations (RMV),
that are local averaged approximations to the Robin-Laplace boundary value problem (RL).
When posed on C'!-regular domains, we prove existence, uniqueness, equiboundedness
and the comparison principle for solutions to (RMV). For the continuous right hand side of
(RL), we show that solutions to (RMV) converge uniformly, in the limit of the vanishing
radius of averaging, to the unique W?” solution, which coincides with the unique viscosity
solution of (RL). We further prove the lower bound on solutions to (RMV), which is con-
sistent with the optimal lower bound for solutions to (RL). Our proofs employ martingale
techniques, where (RMV) is interpreted as the dynamic programming principle along a suit-
able discrete stochastic process, interpolating between the reflecting and the stopped-at-exit
Brownian walks.
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1 Introduction

The purpose of this paper is to study the family of integral equations, parametrised by € —
0+:
2

ue(x) = (1 - yse(x))][B (x)mpue(y)dy + mf(x) forall x € D, (RMV),
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posed on a bounded domain D R, with a bounded, Borel function £, a positive constant
y, and s, appropriately given in Eq. 2.1. We call (RMV), the Robin mean value equation and
view it as the approximation to the Robin-Laplace problem (known as the third boundary
value problem):

—Au=f inD, g—; +yu=0 onadD. (RL)
Our analysis of (RMV), relies on its probabilistic interpretation as the dynamic program-
ming principle along a discrete stochastic process { X" o2 o» Which starts at a given x € D,
samples uniformly on the truncated balls B, (X;;*)ND, and stops with probability y s (X5,™)
at each consecutive position X;,*. The process accumulates values of f until 7€, whereas
we define:

2 % —1 2 00
€ _ € ° €,X — € o €,X €,X
u (x)_72(N+2)E ; (foX5¥) 2(N+2)]E[r§(f X5 AS }

n
with A =TT (1 = y(se o X{)).
- (DPP),

The second representation above reflects the value of an infinite horison process, where
the accumulation procedure rather than terminating at the stopping time tau€”*, never
stops. The consecutive evaluations of f are instead weighted by the probabilities A5 of
not having stopped so far. The precise definitions of {Xfl’x}fl":o and t¢* will be given in
Section 5.

In this paper we relate the three individual problems (RMV),, (RL) and (DPP)., com-
bining the analytical and probabilistic techniques in their study. Our approach suggests how
to view more general, nonlinear operators (like A, Ay) subject to oblique-type boundary
conditions, through their local averaged approximations of the type (RMV),. This approach
has been previously successfully used in the Dirichlet and Neumann cases [1, 8, 14, 19, 23,
24].

We now summarize our main results. We work under the following basic hypotheses:

The nonempty set DC_]RN is open, bounded, connected and of regularity
C!! The function f : D—R is bounded and Borel. The coefficient y>01is  (BH)
a positive constant.

Recall that D being C!! regular signifies that 3D is locally a graph of a C!'! function,
which is equivalent to the uniform (two-sided) supporting sphere condition; see Lemma 2.2
for details.

Theorem 1.1 Assume (BH) and let € < 1.

(i)  Each problem (RMV), has a unique solution uc = u€, coinciding with the value of
(DPP)., that is Borel, bounded with a bound independent of €, and obeys the com-
parison principle. For f is continuous / Holder continuous / Lipschitz, u. inherits the
same regularity.

(ii)  When f € C(D), then {uc}e—o converges uniformly on D to u € C(D) that is the
unique viscosity solution to (RL). In fact, u coincides with the unique Wz*pg(D))
solution to (RL). Since the range of p covers (1, 00), it follows that u € cle(D) for
any a € (0, 1).
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In a companion paper [16] we show that {u }_.o converges uniformly on Diothe unique
W2P (D) solution to (RL), for any bounded, Borel right hand side function f. To this end,
in [16] we use probability techniques involving various couplings of random walks and
yielding approximate Holder regularity of u€ in (DPP). (Lipschitz in the interior and C%®
up to the boundary of D, for any @ € (0, 1)). In the present paper, it suffices to combine
the simpler martingale arguments close to the boundary of D, with estimates on the Taylor
remainder term for the Newtonian potential, via another probabilistic interpretation of u.,
parallel to that in (DPP).

By further martingale techniques we deduce the lower bound on u€ in the general case of
nonnegative bounded f, in function of y and the radius of the inner supporting balls at 3D:

Theorem 1.2 Assume (BH) with f > 0 and let r > 0 satisfy:
for every x € 0D exists B,(a) C D suchthat |x —al|=r.

Then the solution to (RMV), obeys the following bound, for any radius v < r provided that
e 1:

‘ Foo _
ut(xp) > N -inf f forall xg € D.
14 D

Clearly, uniform convergence of {u¢}c—¢ to u implies that u > yLN infz f. This bound
is optimal and equivalent to Theorem 1.2. For solutions to (RL), it may be obtained directly

via the maximum principle.

1.1 Prior Results in Related Contexts

To put (RMV), in a more familiar setting, rewrite:

muﬁ=m&%ﬁMﬂDMme+zw+ﬁfﬁ>

+(1 = pe(v) (f ue(y)dy + fm) pex) = yser) - oL
T Vawn o) ’ B\ DI

Note that the interpolation weight p. is of order €, for any y > 0. This rests in agree-
ment with the fact that the Neumann averaging, corresponding to a higher order operator,
must prevail. Indeed, we observe that the above formula interpolates between the dynamic
programming principles for:

(i) the Dirichlet problem: —Au = f in D, u = 0 on 3D, when p. = 1. This heuristi-
cally corresponds to the limiting case y = oo. The probabilistic interpretation for the
Dirichlet problem is classical and has been extensively studied in the literature both
in the present linear case of A and the random walk [10], as well as in the nonlinear
cases of A, p € (1, oo] and the tug-of-war games with noise [14, 19, 23, 24]. In the
continuous setting, the Perron solution to the homogeneous problem: —Au = 0in D,
u = F on 3D has the well known representation [10]:

u(x) =Ex[F o B;| ZE[F o (x + B;)].
where {B;},>0 denotes the standard N-dimensional Brownian motion, and where for
each x € D the stopping time 7, is defined by: 7, = min{t > 0; x + B, € 9D}.
(i) the Neumann problem: —Au = f in D, gz = 0 on 0D, when p, = 0. This corre-

sponds to the case y = 0 which is not covered in our paper. Indeed, the Neumann
problem is not well posed unless fD f = 0 and most of our proofs do not work in this
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limiting case. A related probabilistic approach [1] involves the reflected Brownian
motion and the local boundary time, first introduced in [7] for C* domains. More pre-
cisely, in the continuous setting one defines the following family (nondecreasing in
t > 0) of random variables, with the help of the reflected Brownian motion {13;},>¢ :

Lt
L= sh_rf})%/o Ligises,.om)<s) 98-

Then, the solution to the homogeneous problem: —Au = 0 in D, %’: = F on 0D
satisfying [, ap F =0, is given by the limiting expectation of the Lebesgue-Stieltjes

integral in:
t -
u(x) = lim Ex|:/ F oBdeS].
11— 00 0

This approach was extended to C%® domains [4] and to Lipschitz domains [3],
together with a probabilistic proof of Holder continuity in [3, Corollary 3.8].

We finally remark that the homogeneous Robin problem for the Laplace equation:
—Au = 0in D, g% + yu = F on 9D, was first studied probabilistically in [22] for
C3 domains. The corresponding representation via the boundary local time of reflected
Brownian motion was shown to be:

t _ (ee] _
u(x) = lim Ex[/ e 7bs(Fo Bs)dLS] = Ex[/ e Vs (F o By) dLS].
11— 00 0 0
Observe that the coefficient e~¥Ls above plays the same role as the factor Ai;in | in our
discrete representation (DPP). The same problem was studied in certain fractal domains in
[2]. The mixed Dirichlet-Neumann problem for A, in the context of the game from [23],

under the assumption of C! regular Neumann boundary and Lipschitz Dirichlet data, was
addressed in [8].

1.2 Relation Between (RMV), and (RL)

To motivate the role of the coefficient s¢(x) that will be precisely defined in (2.1), we
average on the truncated ball B, (x) N D the Taylor expansion:

1
u(y) = u(x) + (Vu(x),y — x) + E<v2u<x> S =0 +o(ly —x)

When d = dist(x, 3D) > e, this procedure leads to the familiar formula:
2
€
u(x) = ][ u(y)dy — ————Au(x) + o(€?),
Bo(x) 2(N +2)

whose leading order terms readily coincide with (RMV), after replacing —Au with f and
after setting sc(x) = 0. In case of d < € when x ~ X € 3D, the same reasoning requires
calculating the possibly nonzero average fBe wnD Y —xdy. For sufficiently regular domains
D, one can approximate this term by the average on the ball B, (x) truncated with the tangent
plane to dD at X, rather than by the surface 3D. This simpler average may be then directly
Nl
computed as: —s¢(x)i(x) ~ —e(l - (g)z) 2 ji(x). Assuming the boundary condition
ux) +vy g%(i) = 0, the first two terms of the discussed averaged Taylor expansion thus
become:
o u _
u(x) = (Vu(x), se ()i (x)) = u(x) — $e() 2= (%) + O(ese(x))

u(x) + yse(x)u(x) + O(€se(x)).
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Since (1 + yse)~! = (1 — ys¢) + O(s2), we conclude that:

2

ux) = (1 —yse(x)) u(y)dy — Au(x) + O(ese () +o(e?),  (1.1)

€
Be(x) 2(N +2)

which coincides with (RMV), at its leading order terms.

We remark that the Robin problem (RL), called also the third boundary value problem
/ impedance boundary problem / convective boundary problem, has received attention due
to its applications in many contexts in science and engineering. Using classical Schauder
estimates, it follows [11, Chapter 6.7] that on a bounded domain D of regularity c%e, the
general strictly elliptic problem Lu = f with C*(D)-regular coefficients and f € C*(D),
subject to the oblique boundary conditions: (3(x), Vu(x)) + y (x)u(x) = ¢ (x) posed with
v.B.¢ € C*(dD) where y (B, 7) > 0, has a unique solution u € C>%(D), that satisfies
the usual a-priori bounds.

Much of the modern theory for nonlinear boundary value problems modeled on (RL),
is contained in the recent extensive monograph [17]. It is shown in Theorem 1.26 there,
that solutions to linear oblique problems in Lipschitz domains are Holder continuous. Fur-
ther, in Theorem 4.40 and Corollary 4.41 it is shown that regularity C® of D suffices for
the solution regularity u € C>%(D), provided that f € C*(D) and B € C1¥(dD). We
observe that for (RL), the obliqueness vector B = 71 is only Lipschitz and thus one cannot,
in general, expect that u € C>“(D). For example, when N = 2 then in local coordinates
9D may be parametrised as the graph {(x{, ¢ (x1))} of some function ¢ € C'!'. Writing
o= (¢'(x1), =1)/y/1+ |¢'(x1)|2, it is not hard to check that if u € C%%(D), then the
boundary condition in (RL) implies that ¢’ is a solution to a quadratic equation with C!®
coefficients, and thus it must automatically be C Lo

In [17, Theorem 6.30] it is proved that if D has regularity C'* and f € LP(D) with
p e (1, ﬁ) then u € W2P(D) in (RL). Consequently, when f € L, we get that u €
cle (@) for any o € (0, 1). Analysis of (RL) in non-smooth domains, including sets with a
rectifiable topological boundary having finite (N — 1)-dimensional Hausdorff measure, can
be found in [6, 10, 21].

1.3 The Structure of this Paper

In Section 2 we prove Theorem 1.1 (i) together with some preliminary geometric lemmas
regarding s.. In Section 3 we derive the expansion (1.1) for C2(D) solutions u to (RL) and
show the uniform convergence of {uc}c—o to u in this restricted setting. In Section 4 we
recall the definition of viscosity solutions to (RL) when f € C(D) and prove in Theorem
4.2, that any uniform limit of {u,}._.o must automatically be a viscosity solution. In fact,
viscosity solutions to (RL) are unique under the uniform supporting spheres assumption. For
completeness, we reproduce the proof of this folklore statement in Lemma 9.2 in Appendix.

In Section 5 we develop the probability setup related to (RMV)., where u = u€. We
define the stochastic process {X;}°° ; in (DPP), by (5.2) and sketch two procedures achiev-
ing the uniform distribution of its positions on the truncated balls B.(X;) N D: via the
rejection sampling, and via the Knothe-Rosenblatt rearrangement. The first easy bound on
the expectation of the stopping time 7€, of the order C /€2, is then refined in Section 8 where
we prove Theorem 8.2 that serves to deduce Theorem 1.2. As a byproduct, we obtain the
lower bound on the limit # in Theorem 1.1 (ii), which is independently derived in Lemma
8.4 for u € C(D) satisfying (RL).
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The second probabilistic interpretation of . is proposed in Section 6: instead of stopping
the accumulation of values f along the process {X;}s‘;o at t¢ in (DPP),, the accumula-
tion proceeds indefinitely but each f(X,) is weighted by the product of Dirichlet factors
A, = ]_[;’:_(: (1 — ys<(X;)). The main convergence statement in Theorem 1.1 (ii) is then
proved in Section 7. We first estimate the remainder term in the Robin expansion (1.1) for u
that is a W27 solution of (RL). The estimate at the boundary of D follows from an estimate
on Zg‘;OAn in Lemma 6.2. The estimate away from 9D is given in Theorem 7.1: the said
remainder equals the difference of f from its convolution with a suitable probabilistic ker-
nel. This suffices to pass to the limit when f € C(D); for a bounded f that is only Borel,
the same argument is refined in the companion paper [16].

1.4 Notation

Forx € RN, r > 0, by B,(x) we mean the open ball centered at x and with radius r.
The integral sign f W S dx = IT}\ f 4 S (x) dx denotes the average value of the function

f,on the set A ¢ R" with positive Lebesgue measure |A| > 0. The scalar product of two
matrices X, Y € RV*VN jg (X :Y) = trace(X Ty), and the tensor product of two vectors
p.q € RVis p®g = pg" € RV*N_ Given a C' domain D c RY, we denote by 7i(x)
the outward unit normal vector at x € 3D, and by wypx the projection onto 3D along the
normal 7 (7ypx), defined for each x € D with sufficiently small distance from 9D. Unless
specified otherwise, C stands by any universal positive constant that may depend on D, y
and f, but not on ¢, x or other parameter quantities. The Landau symbols O and o likewise
have the same uniformity properties. By € < 1 and C > 1 we mean a “sufficiently small”
and a “sufficiently large” positive number.

2 The Robin Mean Value Equation and Some Geometrical Lemmas

In this section, we prove Theorem 1.1 (i). Recall that we work under the basic hypotheses
(BH) and that we are concerned with the family of equations, parametrised by € > 0, given
by:

2

Ue(x) = (1 — yse(x))]i . ue(y)dy + mf(x) forall x € D. (RMV),

To define the coefficient s. (x) above, we introduce the following notation (see Fig. 1):

1
de(x) = min {1, —dist(x, 9D)} € [0,1]  forallx € D, e > 0,
€

Bf =Bi(0)CR,  Bf,=B{n{yw<d} forallde]l0,1].
Then we set:
(x) i (1 —de( )2)% forall x € D 0 (2.1
Se(x) = ———— €l — X orall x e D,e > 0. .
‘ (N +DIBY, ] ‘

In order to prove existence and uniqueness of solutions to (RMV)., we need some
geometrical lemmas regarding the quantity s..
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2
@Be(y)

Fig.1 The referential truncated ball and the scaled distances from 0D

Lemma 2.1 Assume that B.(x) "D = x + GBlng )" Then:

7[ y —xdy = —se(x)en.
Be(x)ND

Proof The result follows by an explicit calculation:

BN de (x) 5 N
][ y—xdy = e(][N yNdy)eNzeBli(/ s(1—s )Tds)eN
Be(x)ND B

BN, NS
1,de (x) 1,dc (x)
BN Nl

N
= —e———(1—-4d ()c)2 2 ey = —sc(x)en,
(N+1)|Bf\fd€(x)|( ) ¢

where we applied change of variables and the fact that foVd yidy =0foralli # N. O

We now extend Lemma 2.1 to domains with curved boundaries. Recall that D is said to
be of class C! provided that 3D is locally a graph of a C'! function. Equivalently, such D
satisfies the uniform (two-sided) supporting sphere condition, stated below. This result has
been first shown in [18, Section 2]; we refer to [15] for a self-contained discussion and an
elementary proof.

Lemma 2.2 An open, bounded set D C RV is of class C"' if and only if there exists a
radius r > 0 such that for every x € 3D there exist a, b € RN satisfying:

B,(a) C D, B.(b) CRM\D and |x—al=|x—b|=r.

Moreover; the global Lipschitz constant of n can be taken as the inverse of the supporting
radius:

- - 1
[n(x) —n()| < —|lx —y|  forallx,y € dD.
r

Lemma 2.3 Let D be as in (BH). Then, for all ¢ < 1 and all x € D we have:

. |Be(x)\ D] Se(x)
(i) B.(O)] <C .

€
(ii)  We bound the volume of the following symmetric difference:
|(Be(x) ND)a(x + R By ()|
|Be (0)|

< Cse(x) forall x € D, 2.2)
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where for dist(x, 3D) < € we set Ry € SO(N) to be a rotation satisfying Ryey =
fi(nap(x)), whereas for dist(x, D) > € both sides of (2.2) are null for any R, €
SO(N).

(iii)  There holds:

][ y —xdy = —se(0)ii(mypx) + Ofese(x))  forallx € D.  (2.3)
Be(x)ND

Proof 1.Letr > 0 be the radius of the supporting spheres as in Lemma 2.2 (see Fig. 2). It
suffices to treat the case in which dist(x, dD) < € <« r and 71 (7rgpx) = eyn. We first prove
(i1). Since 8D is contained in the region between the two supporting spheres, the quantity
in (2.2) is bounded by:

Be(¥)\ (B, (x + (ede (x) — r)en) U By (x + (ede (x) + r)eN))’
| Be(0)]

- 2. ‘EBIA,]df(x) \ Br((ede(x) — r)eN)‘

B | Be (0)|

= C’Bf\’ldg(x) \ Br/e((de(x) - g)eN)‘

Writing d = d.(x) and 7 = Z, the measure above is further bounded by the following
quantity:

d N-1
2\ &=
qai = (1—s%"7 ds. 24
’ 27d—1-d?
2(r—d)
- . 2°d—1-d> _ 1-d* 1 1 _ e
Observe that for 7 > 2 we have: d — 5—5= = 5775 < 2501y =< 7 = 7 50

automatically:

1
qa;; < Ce < Cse(x) foralld € |:O, §i| .

On the other hand, for d € (%, 1] and v > 2, the lower integration limit in (2.4) is

nonnegative, and thus we may use the fact that the function s — (1 —s?)" 2 is decreasing

Fig.2 The region estimated in the proof of Lemma 2.3 (ii)
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on [0, 1], to obtain:

N1
2%d — 1 — d? 2d —1—d?\°\ °
qai < Cld— ———— - ————7
: 2 —d) 27 —d)

1 —d?

r

N-1
2

<C 1 —d?

1
— CE(I - dz)% < Cse(x) foralld e (5’ 1],
;

in virtue of the simple estimate:

2%d — 1 —d?\’ 1—d*\’ ) 2
(i) = 5) sea ),

This concludes the proof of (2.2), for all € « 1 that guarantee r > 2.
2. The bound (2.3) in (iii) is implied directly by (2.2) and Lemma 2.1. To show (i), we
estimate:

B\ DI _ 1B\ Bl
|BeO)  — BN

! 2 N1
+ga; <C|[ (1—=s5%)"72 ds+gqaur
d

Nl
c(l—d®)'F 4 qu7 < 05

IA

+ Cse(x),
€

which ends the proof. O

The next result provides the second order counterpart of the first order bound (2.3):

Lemma 2.4 Let D be as in (BH). Then:

€2

7[ (y —x)®%dy = ldy + (9(6s6 (x)) forall x € D. 2.5)
J B (x)ND N+2

Proof We first assume that B.(x) N D = x + eBlNde @) By a change of variables:

][ (y —x)®%dy = ezf y®2 dy = 62][ &% dy + 620(|BIN \ vadé(x)D
Be(x)ND BN BN ’

Lde (x) 1
2
= N3 S1dv + O(ese(x)),

. 2 1 )

where we have used that: fov y®2 dy = (fov yi dy)ldy = 55 1dy, and:
_ ! N-1 N+L Se(x)
IBY\ BYy ol = 1B (1-sH7 ds<C(1 —de(x)?) 7 =C—.

de(x)

In the general case, we apply the bound (2.2) which introduces an additional error term of
order O(e%s.(x)) < O(ese(x)). This ends the proof. O

We are now ready for the main statement of this section:

Theorem 2.5 Assume (BH). For every € < 1, the problem (RMV), has a unique solution
Ue = uz that is bounded and Borel. These solutions obey comparison principle, in the
sense that f < g implies uZ <ufin D. The family {ug}gﬁo is equibounded, with a bound
independent of €.
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Proof 1. For every bounded, Borel u : D— R, define Tgf u:D—->R by:
2
6 -
T u(x) = (1 — yse(x) ][ u(y)dy + —— f(x)  forall x € D.
‘ ( ) B (x)ND 2N +2)
Clearly, the operator Tef is monotone, in the sense that u < v implies Tef (n) < TEf (v) in
D. Assume first that f > 0 and recursively define the sequence of Borel functions {u, }7°

ug =0, U, = (Tef)”uo.

Since u; > 0, it follows that {u,,}f;o: | 18 pointwise increasing. Below, we will show that it
is uniformly bounded. This property will automatically result in the pointwise convergence
to some bounded, nonnegative, Borel limit function u, : D — R. Applying the monotone
convergence theorem, we get that u,4+; = Tef u, converges to Tef u. and therefore u, =
Tsfu6 solves (RMV),. For a sign changing right hand side f, we decompose: f = f+— f~
with £, £~ > 0 and observe that uef = uef . uz ~ solves (RMV), in this general case as
well.

2. To achieve the claimed boundedness, we will now prove that there exist constants
C1, C2 > 1 such that defining a quadratic function v(x) = C; — C2|x|2, there holds:

u <v implies Tefu <wv 1in 2_7, (2.6)

for every bounded, Borel u : D — R and every ¢ < 1. We start by noting that the
monotonicity of TEf yields, when C7 is much larger than C»:

(Tefu—v) ) < (Tgfv — v)(x)

2

€
= v(y) —v(x) dy — yse(x) v(y)dy + ——f(x)

ﬁe(x)ﬂD Y Yo J B.(x)nD et 2(N+2)f
C
< —C2][ Iy[* = |x|* dy — — Vst + O(e?)
Be(x)ND
C
< —2c2<7[ y—x dy,x>—71yse<x)—czf y—x dy+O(e?),
Be(x)ND Be(x)ND

Recalling (2.3) and (2.5) implies that the above quantity is nonpositive, provided that we
choose C1 > C, > 1. This proves (2.6).

3. We thus conclude existence of solutions to (RMV), and the stated comparison princi-
ple, which follows by construction. It remains to show uniqueness; to this end, consider the
difference u = u¢,1 — ue 2 of some two solutions u 1 and u¢ 2, to (RMV),. Since:

u(x) = (I —yse(x)) u(y)dy forallx € D,
Be(x)ND

it follows that u € C (Z_?). Assume, by contradiction, that u attains a positive maximum at
some xg € D. Then, there must be: u(xg) < (1 — yse(x0))u(xg), implying that: s¢ (xo) = 0.
Consequently:

u(xo) = ]L u(y) dy < u(xop)
Be(x0)

so u = u(xp) is constant in B (xp). Repeating this argument, we obtain that u attains its
maximum at some X9 € 9D + B¢(0). This contradicts s.(X9) = 0 and ends the proof of
Theorem 2.5. O
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Corollary 2.6 In the context of Theorem 2.5, continuity, Hélder continuity or Lipschitz con-
tinuity of f on D implies, respectively: continuity, Holder continuity, or Lipschitz continuity
of the unique solution uz to (RMV),.

Proof Observe that the map s, is Lipschitz continuous on D as the smooth function of the
scaled distance de, and D > x > || B.(xynp 4(y) dy is Lipschitz as well in view of the

boundedness of u. Similarly, the map D> x> |Be(x)ND]is Lipschitz. Thus, the first
term in the right hand side of (RMV), is Lipschitz continuous, which proves the claim. [

3 The Taylor Expansion and Convergence to Classical Solutions

In this section, we show the expansion (1.1) and prove convergence statement in Theorem
1.1 (i) under higher regularity assumptions, pertaining to classical solutions of (RL).

Theorem 3.1 Assume (BH). Let u € C3(D), f € C(D) satisfy (RL). Then we have, as
€ — 0:
2

u(x) = (1 — yse(x)) 7{3 - u(y) dy + mf(x) + O(Ese(x)) + 0(62) forall x € D,

where the Landau symbols O and o are uniform in x, but may depend on u, f, D and y.

Proof Without loss of generality, we may take u € C2(R"), so that the Taylor expansion of
u results in the following expansion of the average, uniformly in x € D:

= — l 2 . o \®2 2
u(y) dy = u(x) + (Vu(x), y—xdy)+ =(Viu(x) : (v — 0% dy) + o(e).
B (x)ND Be(x)ND 2 B (x)ND

Recalling (2.3) and using boundary condition in (RL), the linear term above becomes:

<Vu(x), y—x dy> = —se(x)<Vu(x), ﬁ(napx)> + O(ese(x))
Be(x)ND

d
= —se(0) 5= (Tap¥) + Ofese (1))
= yse@)u(mypx) + O(€se(x))

= yse(@)u(x) + (9(65E (x)).
By (2.5) and (RL), the quadratic term becomes:
. 2
(V2u(x) : (= 0B dy) = ———(V2u(x) : Idy) + Ofese (x))
Be(x)ND N+2
62 62
=7 2Au()c) + O(ese(x)) ="N7 2f()c) + O(esé(x)).
In conclusion, it follows that:
2

][ u(y)dy = (1 + )/Se(x))u(x) - fx)+ O(ESe(x)) +o(e?). (3.1)
Be(x)ND

€
2(N +2)
Observing that:
1
1+ yse(x)
and dividing (3.1) by 1 4 ysc(x), yields the claim. O

=1—yse(x) + O(Se (x)z) =1—yse(x) + O(ng(x))
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The statement below is shown using arguments similar to the proof of Theorem 2.5.

Theorem 3.2 Under the assumptions of Theorem 3.1, the sequence of (unique) solutions
{uele—o to (RMV), converges to u, uniformly on D.

Proof 1. Define the sequence of positive numbers {a¢}c—0, converging to 0 and such that
the second error term in Taylor’s expansion in Theorem 3.1 satisfies: 0(€?) < ace?, uni-
formly in x € D. For two parameters: a sufficiently small § > 0 and a large C > ’\ﬁf,
define the quadratic functions:

ve(x) = C(ac(l = 8|x[%) +¢€).
Clearly, ve > 0 on Difs « 1. Then we also have:

ve(x) — (1 — yse (x))][ ve(y) dy

Bc(x)N

= Cac (1= 8lx2 = (1 = ysc() +8(1 = ysecx»][ [y dy) + Cese(x)
Be(x)ND

—Ca(sc(i=0f  pPay)+sf iyl - i dy) + Cesccr.
B (x)ND Be(x)ND

Writing fBé(me Iy|2 — |x|* dy = fBE(me ly — x> dy + 2( fBg(x)mD y —x dy, x> and
applying (2.3) and (2.5), the above quantity is bounded from below, again when § < 1, by:
2 2

C *2 (x)+34 NZ O(se(x)) Cese(x) > Cacé N Cese(x) > 2+C (x)
+ + O + Ce + Ce: € € s
de Se(x N Se (X Se(x de N Se (X de Se (x

so that:

ve(x) — (1 — VSE(X))]i - ve(y) dy > ace® + Cese(x). (3.2)
c(xX)N

2. Consider the difference:
We = U — Ue — Ve.
By (3.2), the expansion in Lemma 3.1, and by the assumed identities (RMV),, we get:
wel) = (1= yse) £ () dy = Ofese() + ace® — (ace? + Cese() <0,
Be(x)ND
if only C > 1. Similarly, defining: we = u — u¢ + v, it follows that:
We (x) — (1 — yse(x)) f We(y) dy = O(ese (x)) — ace* + (aee2 + Cese(x)) = 0.
Be(x)ND
The claimed result follows now by an application of Lemma 3.3 below, since:
llu — “s”c(z')) = ||vs||c(1')) —>0 ase—~0,

in view of we < 0 and w, > 0. O
Lemma3.3 [fu € C(@) satisfies: u(x)— (1 — Y Se (x)) JfBg(x)nD u(y)dy <Oforallx € D,
then there must be: u <0 in D.

Proof Let xo € D be such that u(xp) = maxp u and that, by contradiction: u(xg) > 0.
Then:

u(xo) < (1- yss(XO))]i ( )nDu(y) dy < (1 — yse(x0))u(xo) < u(xo),
e (X0
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implying that s¢ (xg) = 0 and that u = u(xg) is constant on B (xg). Iterating this argument,
we produce another maximizer Xo € D such that u(Xp) = maxp u and dist(xp, 9D) < e,
contradicting s¢ (xg) = 0. O

4 Convergence to Viscosity Solutions

The purpose of this section is to show that any uniform limit of a sequence in {u¢ }¢— 0, must
be a viscosity solution to the Robin problem (RL), provided that f € C(D). According to
[9, Definition 7.4], we have the following definition:

Definition 4.1 Let D C RY be a C!-regular domain and assume that y > 0 and f € C(D).
We say that u € C(D) is a viscosity solution to (RL), provided that:

(i)  (viscosity sub-solution property)

if x e Dand (p, X) € J%’Jru(x) then: — traceX < f(x),

if x € 9D and (p, X) € J%’"Lu(x) then: — traceX < f(x) or (p,n(x)) + yu(x) <0.

(i)  (viscosity super-solution property)

ifx e Dand (p, X) € J%_u(x) then: — traceX > f(x),

if x € 3D and (p, X) € J%‘u(x) then: — traceX > f(x) or {p,7i(x)) + yu(x) > 0.

The set of second order super-jets J%’Jru(x) consists of couples (p, X) € RN x Rf;:fv ,
satisfying:

u(y) <u(x)+(p,y —x) + %<X C( =0 oy —x) asDsy—x. @)

Analogously, the set of second order sub-jets is defined by: J %_u(x) =—J %’“L (—u)(x).

Recall that the expression (X : (y — x)®2) in (4.1) equals: (X(y — x),y — x) =
>oi j=1..nXij(yi — xi)(yj — x). The following is the main statement of this section:

Theorem 4.2 Assume (BH) and let f € C (15). If some sequence of solutions {ue}e—o to
(RMV), converges uniformly on D, then the limit u € C(D) is a viscosity solution to (RL).

Proof 1. Fix x € D and (p,X) € Jé’ﬂt(x). For each ¢ > 0 consider the quadratic test
function:

1
9e(y) = () + (p.y = x) + (X : (v =0 + %w —xP2.

Then: u(x) = ¢.(x), and u < ¢, in some neighbourhood of x in D of the form: (Bsf x)\
{x}) N D. Define the following sequence of positive numbers, decreasing to 0, as j — oo:

aj= min _(¢c—u), forall j =1,2...
(Bee ()\B1/;(0))D
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Let {€;}j— oo be another sequence decreasing to 0, such that: lluwe; —u ”C(T)) < %aj. Further,
let:
xj € Bo,(x)ND  satisfy: (¢ —ue,)(x;) = min (e — uc;).
Be, ()ND

We immediately obtain that x; € B 7i(x) N D, so that x i — x as j — oo, because:

1 1
(Pe —ue;)(y) > (P —u)(y) — 3% Z 54,
> u(x) —ue; (x) = (pc —ue;)(x) forall y € (Eec(x) \ Bl/j(x)) NnD
We now write (RMV), as:

2(N +2)
Feg) = 6/2' <u€f ) = (1 A (xj)) _7{;5 (x))ND te; () dy)
2(N +2
= ( + )((Ms (xj) = ¢elxj)) — (1 — VS (xj))][ ue; —pc dy (42
E BE/. xj)ND

i

) = (=vsg ) f g @)
:2(N+2)(1 1)) |
€2

J

By the definition of x; as a local minimizer of ¢, — Ue;, it follows that:

I; = (ue; (x) = de(x)))yse, (x). 43)

The bound on 1/; will be achieved separately in the interior and the boundary cases.
2.Ifx € D, then Se;(xj) = Oforall j > 1, implying that /; > 0 by (4.3). Consequently:

2 2

€ €
Ij = ¢c(xj) —]ie. . ¢e(y) dy = —m Agc(x) = —m(traceX—i-cN)

Thus (4.2) becomes: f(x;) > —traceX — cN. Passing to the limit with j — oo and ¢ — 0,
we obtain the condition requested in Definition 4.1 (i):

—traceX < f(x).

The same reasoning shows that —traceX > f(x) for all (p, X) € J%’_u(x).
3. Assume that x € 9D. If for some subsequence we have: €; < dist(x;, 0D), then:
—traceX < f(x) by the same reasoning as in step 2 above. Therefore, it suffices to assume:

dist(x;, 0D) = €;d; whered; = de;(x;) €[0,1) forallj=1,2...
Call s; = s, ; (x;) and rewrite (4.2) as follows:

2(N;i—2) <(

fap = e, () — de(x)))ys; + bex))ys; 4.4)

J
—(1—ys)) 9e(y) = pe(x)) dy).
Be, (x)ND

We will assume the following condition:

(p,n(x)) +yu(x) >0, 4.5)
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which, in particular, implies that the same quantity remains bounded away from 0, if 7 (x)
is replaced by 7 (wypx ) and u(x) by ¢.(x;). Consequently, for some a > 0 there holds:

1,
¢e(xj) = 2a — —(p, i(mypx;)) forall j=1,2...
‘ Y

and (4.4) becomes, in view of Ve (x;) = p + (X + cldy)(x; — x) and V2¢C(xj) =
X +cldy:

2(N +2) =
flx)) = 72(aysj~ —sj(p, AGrapx))) — (P,][ y = x; dy)
2 Be; (x))ND
—((X + cldy)(xj — x), y —x; dy)
Be; (x))ND

1
_§<X +cldy : 7[

(v —x)% dY>)-
Be, (x))ND

We now use (2.3) and (2.5) to get, for all j > 1:

2
2(N +2) €j
fx) > j (ays, - 2(N71+2)<X +cldy : Idy)+ O(|x; — xls;) + O(e,s,)>
> —traceX — cN.

Passing to the limit with j — oo and with ¢ — 0, we obtain: —traceX < f(x), which is
precisely the condition requested in Definition 4.1 (i), now pertaining to the case x € 9D,
in presence of (4.5). A similar reasoning yields that « is also a viscosity super-solution. [

In fact, viscosity solutions to (RL) are unique under the uniform outer supporting sphere
assumption. This statement follows from analysis in [9, Theorem 7.5] but since the linear
operator —A does not satisfy the u-coercivity assumption (7.14) in there, we will sketch
the related proof of comparison principle in Lemma 9.2 in the Appendix A. In Section 7
we will show that the entire sequence {u.}_.0 converges to the unique WZP solution to
(RL). Thus, we independently obtain that viscosity solutions exist, are unique and coincide
with the weak solutions. We remark that another proof of existence of viscosity solutions
can be obtained by Perron’s method in view of the comparison principle [9, 12]. Finally, we
anticipate that in [16] we show the asymptotic Holder equicontinuity of {u.}_.o generated
by any Borel f € L%°(D). Combined with a refinement of the present arguments, this
yields the assertion of Theorem 1.1 (ii) and thus another independent proof of existence and
uniqueness of solutions to (RL), in the more general case.

5 The First Probabilistic Interpretation of u,

We now develop the basic probability setting related to the eq. (RMV).. As anticipated in the
introduction, we will show that the unique bounded, Borel solution to (RMV), is given by
the first probabilistic formula in (DPP).. The second formula will be discussed in Section 6.

1. Consider the probability space (BlN , B, ﬁ/ﬁ ~) equipped with the standard Borel o -
1
algebra and the normalised Lebesgue measure, and define (21, F1, P1) as the countable

product of B]N augmented by the unit interval (likewise equipped with Borel o -algebra
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and Lebesgue measure):
Q=B x0,1) = {(w,b); w = {w/}52,, w’ € B\forallj € Nand b € (0, D}.
Further, the countable product of (21, F1, Py) is denoted by (€2, F, P), where:

Q=@ ={o={(w, b} wi = {w])52,, w! € BY, b; € (0, Dforall i, j € N}.
For each n € N, the probability space (£2,, F;,, P,) is the product of n copies of
(21, F1, P1) and the o-algebra F, is identified with the sub-o -algebra of F, consist-
ing of sets A x H?in+] Qq forall A € F,. Then {F,}32, where Fo = {#, 2}, is a
filtration of F. B

Given € « 1, define the sequence of measurable functions {kle Q@ xD —- NU

(+oo}}Z, by:
kf(a),x) = min {k >1;x —i—ew,’-< € Bc(x) ﬂD} forallw e Q,x € D.

Since each i is P-a.s. finite, we further construct the sequence of vector-valued random

variables {w!™ : Q@ — BlN}l‘.’il, corresponding to € < 1 and x € D, by:

kf (w,x)
w.

; for P-a.e. w € Q.

wf’x (w) =
. kS . Lo .
The procedure of generating w;* is well known under the name of rejection sampling
and it has the following measure preservation property: for every €, x as above, for
every Borel set F C B.(x) N D:

P(x +ew™ € F) = Y "Pi({x +ew} € F} N {k =kf}) (5.1)
k=1
_ _IF] i‘(l - |Be<me|>"“ _IF]
[Be()| = |Be (x)] |Be(x) N D’

For € <« 1, xo € D, we recursively define the sequence of random variables {xn* -

Q— @}zo:o (see Fig. 3):

€,X
X, (i, wy—1)

€,x0 __ €, _ vEX) I S
X, = xo, X0 (wr, .. wy) = X (i, want) + ew,

Clearly, the function X0 is F,-measurable and takes values in D, for n > 1. Given

y > 0, define further the F-measurable 7¢*0 : Q@ — N U {400} by:

6% (@) = min{n >1;b, < ysE(X;’f‘f }

We observe that each X% (w) and 7€ are jointly measurable in w and xq, by the same
property of kf. When no ambiguity arises, we will simply write X 20 and T, to simplify the
notation.

3.

The following elementary argument proves that ¥ is finite IP-a.e., making it a stopping
time. It is easy to notice that there exists 7 >> 1 and § > 0 such that for every xo € D
there is some n < , satisfying:

Poct (@1 wam)s X3 (i, wam1) € 0D+ Bepp(0)) 2 0,

Indeed, given xp € D, one may choose x € 9D such that dist(xg, 3D) = |x¢o — X|
and keep advancing the position X f“ in the direction of X, by random increments w'!
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within a small sector of positive measure, located in %BIN close to its boundary, until
Xf” € 0D + B¢/2(0). Further, since 1 > ysc(x) > Ce forall x € (3D + B¢/2(0)) N D
and € < 1, we get: P(z%0 < n) > (Ce)ﬁ(S =45>0. By induction, if follows that:
P(t™ > kii) < (1 — §)F for all k > 0, and so P(t™ = co) = 0, completing the
argument. It also follows that:

= Ce. (5.3)

[SETT]

00 00
]E[-L-XO] = Z]P’(txo > i) <n- Z]P’(tm > kﬁ) =<
i=0

k=0

In fact, the above constant C is of the order e%, as noted in Corollary 5.2.

X0 _
4. Foreache < 1, xo € D we define the random variable F*0(w) = TZI (foX)(w)
that is P-integrable in view of Eq. 5.3, and set: =
2 ool 2
u€(xp) = m]E[FE”‘O] = /Q Z(; m(f 0 X;*)(w) dP(w).  (5.4)

Since the function 2 x D > (w, x0) — F*(w) is measurable, in view of the same joint
measurability of X 70 and 0, it follows that u€ is a Borel function of xg. The following
is the main observation:

Lemma 5.1 Assume (BH). For each € < 1, the function u€ in Eq. 5.4 coincides with the
unique bounded, Borel solution to (RMV),:

u = ue.

Proof Boundedness of u€ results from Eq. 5.3, because: |u€(xo)| < ||f||Loc('D)€2C€ for
every xo € D. To check that u€ satisfies (RMV),, observe that:

X0
er (w1)71

70 w1
FO(wi,b1). . b2)....) = F0) + Toyyseiy - 9 LG (o b), (ws, by, ...

i=0

Fig. 3 Positions of the process defined in Eq. 5.2
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Consequently:
&2

2(N +2) Br]

= m /Ql / F((wy, br), (w2, b2), ....) d(l_[]P’l(wi, bi)) dPy (w1, by)
2

u(xo) =

[172, < i=2

X1—-1

2
Xl
2(N+2)f(x0)+/ (1= yse (o)) / ~ o, ; 2(N+2)f( )

d([ [®1) dPi(wi, b1)

i=2
2
- mf(x()) + (1 = yse(x0)) /91 u€ (X170 (wp)) dPy (wy).

Changing the variable in the last integral and recalling the measure-preserving property
S.1)in:
2

€ k (wy,x0)
u(xg) = ———— f(xo0) + (1 — yse(x / u(xg +ew dP; (w
(x0) 2(N+2)f( 0) + (1 — yse(x0)) o) “(xo ) dPy(w)
€2 B
= ——— f(x0) + (1 — yse(x0) ][ ut(y) dy,
2(N +2) ( ‘ )Bmmo
yields u€ = u, by the uniqueness of solutions to (RMV),. O

We finally deduce the following refinement of Eq. 5.3. In Section 8 we then prove a
precise lower bound on E[TE'XO] in terms of e% and the parameters y and r in (BH).

Corollary 5.2 There exists a constant C, depending on D and y but not on €, such that:

E[re’xo] < forallxo € D andall e < 1.
€
Proof We have:
2(N +2 C
E[r"] -1 = S} 2+ )u{(xo) <
€
where we used Lemma 5.1 and Theorem 2.5 applied to the constant function f = 1. O

Remark 5.3 Another way of defining the process in Eq. 5.2 is based on the quantile regres-
sion procedure, as we now describe. We first redefine the probability spaces, by setting
Q=8B fv x (0, 1) and taking J to be the Borel o-algebra and IP; the normalised Lebesgue
measure on 2j. The probability space (€2, F,P) is given as the countable product of
(1, Fi1, Py), where:

= Q@)Y = {o = {(wi, b)}2 s wi € BY b € (0,1) forall i € N}.

For each n € N, we have the corresponding (2,,, F;, P,,) as before For x¢ € D €K1, we
now inductively define the sequence of random variables: { X0 Q- D}

X" =x0,  XyO(wi, ..o wa) = X (win o wemt) F T (X ew,,), (5.5)

n—1 n—1°
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where the transformation T¢ is given by the classical Knothe-Rosenblatt rearrangement [13,
25], whose construction we sketch below. Each X5 in Eq. 5.5 is J;,,-measurable and it
takes values in D. Given y > 0, let:

769 (@) = min {n > 1;b, < ysg(XZf(;)} forall w € €,
and observe, as in Eq. 5.3 that it is a stopping time. With the same definition of u€ as in Eq.
5.4, the statement in Lemma 5.1 is valid as before.

Lemma 5.4 Let D C RN be an open, bounded, C Lregular domain. For all € < 1 there
exists a continuous transformation T, : D x B¢(0) — RY such that for every x € D,
the map Tc(x,-) : B<(0) — Be(x) N'D is a homeomorphism that is normalised-volume
preserving, i.e.:
T.(x, ) |F]
[Be(x) ND] | Be(0)]

for every Borel set F C B (0).

Proof Fix xg € D. For dist(xq, 3D) > e, we set T.(xo, -) = idy. When dist(xg, D) <
€ <« 1then 3D N B¢ (xo) is a C' graph over the hyperplane perpendicular to 72, and by
rescaling and rotating, we reduce to the case:
x0=0 e=1, n=ey, BO)ND=BO0)N{xy <alx),...,xny_1)}
The Knothe-Rosenblatt rearrangement map is best described by denoting:
1 1 BY

1B

BNN{xy <a(xp,.xy-1)}

B=

&= — ,
By N{xy <alx,...,xy-1)}

and seeking the measure-preserving diffeomorphism R = T (xo, -):
R:(BY,Bdx) - (BY N{xy <o}, adx),

of the form: R(x1, ..., xy) = (R'(x1), R*(x1,x2), ..., RN (x1,..., xn)) (see Fig. 4). The

continuous and strictly increasing components Ri(x1,...,xi_1,-) are recursively defined
by implicit formulas:

Rl X1 _
/ / a(yi, y2. .-, yn) (32, ..., yn) dyi =/ / B(y1 y2, - yn)d02, - .., yN)dYL
— RN-1 00 JRN-1

and, for all x; € R:

R%(x1,x2) o
/ /N ARG, y2, - yN) Oy, s ) dy
v

—00

_ Jevr @R ), y2, - yn) A2, YD

.KZ —
= _ . X1y V2, e nns d(ys, ..., dy»,
o B2 o) d0m ) /700/]1@—2 Bx1, y2, .., yn) d(y3, ... yn) dy2

eventually followed by the identity:

RN (x1,.00XN) ' 5 N
/ / a(R'(xp), R®(x1,x2), ..., RV 1(xr, .. xwv—1, yv) dyw
—00 RN—Z
a(R'(x1), R*(x1,x2), ..., RV xp, o xven) yw) dyw 5
= Jeé( = ) / B(x1,....xn—1, yn) dyn,
JoB(x1, ... xn—1, yn) dyn —c0
whose validity is requested for all (x1,...,xy—1) € RN-!. The fact that R is measure

preserving is then classical and may be checked directly. Continuity of R and of its inverse
R~ is implied by the property that sections of both BIN and BIN N {xy < «}, obtained by
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fixing (x1, ..., x;), are connected sets, for any i < N — 1. Finally, R = idy when o« = 1
and the construction is continuous with respect to 7, justifying continuity of T, in xo. O

6 The Second Probabilistic Interpretation of u,

The second probabilistic interpretation of solutions to of (RMV), as anticipated in (DPP),,
will be given below. For each € < 1, xg € D, we define the random variables {A;™ :

Q— R} o along the process (X0 o2 o in Eq. 5.2, by taking the following products:
n
A @) = [T (1 =y (e 0 X5 (). (6.1)
j=1
For n = 0 we adopt the convention that Ag = 1. When no ambiguity arises we write A};’
or A,, and note that each A;° () is jointly measurable in w and x. We now set:

2

™ - _ < S o X0y A0
o) = 2(N+2)E|:Z:(f XA } 62)
N / Z2(N+2) foX)@: 1_[ (1= 7Ge 0 X{2D (@) dP().

Lemma 6.1 Assume (BH). For each € < 1, the function i€ is well defined a.e. in D. After
a possible adjustment on a negligible set, it coincides with unique bounded Borel solution
to (RMV),:

u = u..

Proof 1. Denote by v the solution to (RMV), with f = 1. We first argue that the following
sequence of random variables {M,,}° , is a martingale with respect to the filtration {5, }°2 ;:

My = (veo Xp)Apy + ———

2(N+2) Z

Fig. 4 The Knothe-Rosenblatt rearrangement in Lemma 5.4
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where we adopt the convention that My = v (xp). Indeed, (RMV), yields:

B(My1 M1 F) = (f

B (X,)ND

2

€
ve(y) dY) “Apr —ve(Xp) - Ay + ml\n

2
= 1- € Xn € dy — € Xn POETE—— An
(( yse(Xn)) ]ie(Xn)mDv () dy — ve(Xp) + 2(N+2)>

=0 P —a.s.in Q.

Using equiboundedness of {vc}e—.o in Theorem 2.5 we get:

€2 1
NIt [; Az} < E[M,11] = E[Mo] = ve(x0) < C. (6.3)

The above uniform (independent of xg, € and n) bound suffices to conclude that the function
Qx D> (w,x0) 2(1\6,712)2?20( f o X;*)(@)A;° () is jointly integrable. Consequently,

u€ is well defined for a.e. xg € 7._7, Borel regular and bounded, and moreover:

E [i(f 0 X;‘O)A;‘O] = iE[(f 0 XA} 6.4)

i=0 i=0

2. Similarly as in Lemma 5.1, Fubini’s theorem and change of variable in view of Eq. 5.1
yield:

e €2 00 i
u(xp) = 2N+ f(x0)+(1_ys€(x0))/glE ;(.foxfl).j[[l(l—yse()(f_‘l)) dP,
62 e .
= mf(m) +(1- )/se(xo))/Ql i€ (X7 (wy)) dPy (wy)
2
= —_—m——— ]_ e —-€ ’
2(N+2)f(xo) +( ys (xo)) ]ie(xo)m;u (y) dy

for a.e. xg € D. By possibly redefining #¢ on a Borel set of measure zero in D, we obtain
the validity of (RMV), for all xo9 € D, as claimed. O

We conclude this section by estimating the expectation of the accumulated Dirichlet
factors A, in the boundary layer where d. < 1. This property will be used in Section 7,
towards bounding the error of i€ from the first order Taylor expansion of the weak solution
u to (RL).

Lemma 6.2 Assume (BH). Then for each ¢ <« 1 and xo € D, the function
> oL id. (xp) <11 AL is an integrable random variable and we have:

00 w c
1D Lo ahi’ | <7

i=0

where C is a constant that is independent of € and xo, but may depend on f, D and y.
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Proof Fixe < 1, x9 € D. Given a constant A > 0, we consider the sequence of random

variables:
n—1

M= ()\e]l{dé(x;ro)d} Se 0 Xl+l)A
i=0
where we adopt the convention that Mo = 0. We claim that {M,}2 , is a supermartingale

with respect to the filtration {F,}°2,, provided that A = A(D) is chosen appropriately.
Indeed:

IE([MnJrl - M, | ]:n) = ]E(()f]l{de(Xn)<l} - Ss(Xn+l))An | ]:n>

1 ,
(f\ﬂ{de(xnkl) = ZE(se(Xnt1) | fn))EAn <0 P-asing,

where the last inequality follows by observing that on the event {dist(X,,, D) > €} the
quantity in parentheses is clearly nonpositive, whereas on the event {dist(X,, 0D) < €} it
is nonpositive, upon choosing A small so that:

1 1
LX) 1 7)) = 1 ][ 5 (v) dy
€ B (X,)ND

N+1

205 ~
> c (l—dg(y) ) dy > A P —a.s.in Q.
Be(X,)ND

The supermartingale property implies: E[MnH] < IE[MO] = 0 and thus we get:

n n
1 2
E [E G]l{de(X,-)<1}Af0:| XE [E se(Xi+l)Ai:| < 5 |:E SE(XI+1)Al+lj|
i=0

=
i=0 =0

2 n
= —E [Z (1-- yse<xi+1)>)A,-+1}

24 i=0

é 2 2
= [Z Ajt1 — ZAi+2:| = EE[AI — Apg2] < s
i=0 i=0
The Lemma follows by passing to the limit with n — oo. O

7 Convergence to W2P Solutions: Case f € C(D)

In this section we complete the proof of Theorem 1.1 (ii). The key point is an estimate of
the remainder in the Taylor expansion (1.1), for u that is a W>? solution of (RL). In the
boundary layer where dist(xg, D) < e, this quantity is treated by means of Lemma 6.2,
whereas in the interior of D we find a representation of the Newtonian potential component
of u via a convolution with suitable probabilistic kernels.

Theorem 7.1 Assume (BH) and letu € C! (@) be the unique W2P solution to (RL). Define
the following uniformly bounded sequence of Borel “remainder” functions {R¢}e—0-

2
€
Rc(x) =u(x) — 1—s(x)][ u(y)dy — ——— f(x).
c(x) =u(x) — (1 — yse )Be(x)ﬁ’D (y) dy 2(NJrz)f(
Then, for every € < 1 and x¢ € D we have:

(i)  |Re(x0)| < €ae, where lime_,g ac = 0, uniformly in xg € D.
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n
(ii) u(xo) —i(x0) = lim E D (Reo Xf’xo)ﬂ{de(x;%zl}Af’xo]-
i=0
(iii)  There exists a family of positive Borel functions {he : Bc(0) — R}e_o that are
probability densities: IBE ©) he(y) dy = 1, and such that whenever dist(xg, D) > ¢,
there holds:

2
€
Retxo) = 5 ([ hetro =000 dy = s6w)).
‘ 2N +2)\ Jp )
Proof 1. Clearly, the Taylor expansion: u(y) = u(xo) + (Vu(xo),y — x) + o(€) holds
uniformly in y € B¢ (x0) ND and x¢ € D. Arguing as in the proof of Theorem 3.1 it follows
that:

][ u(y) dy = u(xo) + (Vu(xo), y — x0 dy) + o(€)
Be (x0)ND Be(x)ND
= u(xp) + yse(x)u(xo) + O(ese(xo)) + o(€).
Consequently, we obtain the bound in (i):
Re(x0) = u(x) — (1 — y2s5e(x0)?)u(x0) + O(ese(x0)) + o(€) = o(e).

2. To show (ii), observe that the following sequence of random variables {M,,}°  is a
martingale with respect to the filtration {J,}22
2 n—1 n—1
My = (w0 Xo) Ao+ 5 Z(f Xi)Ai +202(Re o Xi)Ai,

where we adopt the convention that My = 0. Indeed:

2
€
E(Mn-H - M, |-7'—n) = ]E(”oxn-H |]:n>An+l — (o Xp)An + m(foxn)/\n + (Re o Xp) Ay
62
= ((I - A‘(X)7[ u(y)dy —uoX, + ——=—
(( Ve ").dema y) dy "t INTD

=0 P —a.s.in Q.

(f 0 Xn) + Re) A

The above yields u(xg) = IE[MO] = ]E[Mn+1], resulting in:

2 n n
€,X0 exo | _ €,X0 €,X0 . .
u(xo)— m |:12(;(f o XA, i| - E[(uoXnH)An_,’_l]-l—E |:i2(;(R€ ° X‘)A’i| ’

Passing to the limit with n — oo and using (6.3) and (6.4) implies:

u(xo) — ii€(xg) = limE [Z (Re o Xf’XO)A,-:|

n—0 £
i=0

n n
l}f})E |:Z O(EGG)H{de(X,v)<1)Ai:| + llli>noloE |:Z (Re o Xi)l{dE(X,-)ZI]Ai:|

i=0 i=0

and we conclude (ii) by Lemma 6.2.
3. Recall that the Newtonian potential I" * f € C LRM), namely (I" * f)(x) = fD 'x—
v) f(y) dy, is given in terms of the fundamental solution:

N(N=2)|BY]

I‘(x) ﬁL}C'ZﬁN When N > 2
— - log x| when N = 2,
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and it satisfies: —A(I'* f) = f in D, in the sense of distributions [11, section 4.1]. Writing:
u=Tx*f)p+w,

where w € C!(D) is harmonic in D, we derive the below formula, valid for xo € D with
dist(xg, D) > €, in virtue of the mean value property of w and by changing the integration
order in convolution:

u(x0) —7[ u(y) dy = (T % f)(x0) —f (T () dy
Be (x0)ND Be(x0)
= [ (rw-n-f  row)rmae
D Be(x()*y)

62
_ m/phg(xo—y)f(y) dy.

For the final convolution kernel, we have denoted:
2(N +2)
he(oy = 2 E2 <F(x> -} ro dy) .
€ Be (x)

The assertion (iii) follows provided we show the claimed properties of the sequence
{he}e—0. When |x| > €, then I' is harmonic on B¢ (x), so that k. (x) = 0 by the mean value
property. On the other hand, for |x| < €, we get:

€

/ C'(y)dy = / 'x—z)dz+ / I'(x —z)do(z) dr (7.1)
Be(x) By (0) [x| /3B, (0)

€
= |B{V|-|x|Nr(x)+/ IBBfVI-rN_l][ I'(y) do(y) dr.
9B, (0)

x|
The first term in Eq. 7.1 results by the mean value property of the harmonic function I" on
Bix|(x). The second term follows by noting that g(x) = fa B,(0) I'(x — y) do(y) is constant
on B, (0). This fact is the Newton shell theorem, that can be proved as follows. The function
g is clearly harmonic on B, (0) and it is also radially symmetric: g(x) = g(|x|) by the radial
symmetry of I'. Hence, the spherical mean value property yields: g(0) = fBS 08 dy =
g(yo) forall |yg| =5 < r.
In conclusion, we obtain:

lx?

1 2 € _ 2
/ I dy = m(lxl +fm Nr dr>_2(;,772)—w when N > 2
Y = 2 |2
Be(x) —%(|x|210g x| + fli\ 2r log |r| dr) = %(% —eZlogle| — %) when N =2,

and further:

2N+ (PN N (N—Z)IX\Z)
he(x) = N(N72)|BIN|< 252 3N T 5N when N >2
1 1
3(—‘3‘6‘ +hL L —"ff") when N = 2.
It follows by a calculation that A (x) > 0 for all x € B.(0) and f B, he = 1. O

We are now ready to prove the remaining part of Theorem 1.1.

Corollary 7.2 Assume (BH) and let f € C (@). Then {u€}c_.o converge uniformly on D to
u that is the unique WP solution of (RL).

Proof By Theorem 7.1 (iii) we get, for all xo € D with dist(xg, D) > €:
|Re (x0)| = 0(€?),
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where the Landau symbol o is uniform in xo but may depend on f and N. Further:

n
lu(x0) = e (xo)| < lim [Z |Re o X701y x0)0 AT } =o(1),
i=0

in view of Theorem 7.1 (ii) and of Eq. 6.3. The proof is done. O

8 The Lower Bound

In this section, we prove Theorem 1.2 and the optimality of the inverse quadratic estimate in
Corollary 5.2, through a precise lower bound on the stopping time 7¢*0. As a consequence,
we obtain a uniform bound for solutions u. to (RMV), with f > 0, yielding the lower
bound for solutions u of the Robin problem (RL). The same optimal bound will be deduced
directly for u via analytical arguments in Lemma 8.4.

Definition 8.1 Let D be as in (BH) and fix a radius p > 0 that is strictly smaller than some
uniform inner supporting sphere radius r of D, given by the property:

for every x € 9D exists B,(a) C D suchthat |x —a|l=r. 8.1)
We define a continuous function Z# : D — D satisfying:
X € Bp(Zp(x)) cD for all x € D,

as follows. For every x € D such that dist(x, D) < p, there exists exactly one Z”(x) € D
that is the center of the inner p-supporting sphere at 73px. For x € D with dist(x, 0D) > p,
we set ZP(x) = x. It is straightforward that for every € < 1, xg € D and n > 0 there holds:

2P (XD = X0 = |20 () = X 8.2)
Theorem 8.2 Assume (BH) and let v < r with r as in Eq. 8.1. Then for every € < 1 there
holds:

]E[rg’xo] >

2N+D) F a
2NED T foralixg e D. (8.3)
€

yN

Proof 1. Fix an intermediate radius r, € (r,r) and consider the auxiliary sequence of
random variables {Z;"*™ = Z™ o X, xo} o given in Definition 8.1 (see also Fig. 5). As

Fig.5 The auxiliary balls B,, (Z,) and the process {X,};°, in Theorem 8.2
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usual, we will drop the superscripts €, r, and xg to alleviate the notation. We now define the
following sequence:

n

2 -
2 Ne 2r
M, = |Zn — Xn| —nN 2 + ? : 2 ]lbj<yse(X,;1)-
j=1

and aim to prove that {M,}°2 ; is a supermartingale with respect to the filtration {JF,}°° .
Firstly, because of Eq. 8.2 it follows that:

]E(Mn+l - M, | ]:n) = E(|Zn+l — Xn+1 |2 | ]:n) - !Zn - Xn|2

Nez 27
_N T2 + ? . E(:ﬂ-hn+1<ysé(xn) | ]:n) (84)
2 2 Ne2 _
= E(|Zn _Xn+l| | ]:n) - |Zn _Xn| Y ) + 25 - se(Xp)-
Then, with the help of Egs. 2.3, 2.5 and 5.1 we get:
2 2
E(}Zn - Xn+1} | fn) - }Zn - Xn|
X1\ |2 12
= ][ ‘Zn—<Xn+ewn” )‘ dw,,+]—|Zn—Xn°|
B:(0)
2
S A B E AR A
B (X,)nD
=7L Iy—anzdy+2<7[ y— Xu dy, X, — Z,)
J B(X,)ND J Be(X,)ND
Ne? -
= N+t2 - 256(Xn)(n(773DXn)v Xn — Zn) + O(ese(Xy)).
Indeed, from Eq. 2.5 we directly obtain:
2 ®2 Ne?
|y — Xul|~ dy = trace y—X)o dy = + O(ese (X)),
B (X,)ND Be(X,)ND N +2

while (2.3) yields:
(][ y—Xn dy, Xn_Zn> = _Se(Xn)<ﬁ(7TBDXn)a Xn_Zn)+O(ESe(Xn))|Xn —Znl.
Be(Xn)ND

Since X, — 2, = |Xn—Zn|-71(rraan), and since | X,, — Z,| > r.—e€ whens.(X,,) # 0,
it follows that for all € < r, — r we get:

Ne2
E(’Zn - Xn—t—l’z | JT'.n) - ’Zn - Xn‘zNij_z — 25¢(Xp) - ‘Xn - Zn’

2 2

+0(ese (X)) < Ni2 2r45¢(Xn) + O(€se (Xn)) < N2

Recalling (8.4), we get the desired supermartingale property: E(M,,H -M, | ]-",1) <0.
2. For each fixed k > 1, apply now Doob’s Optional Stopping to {Z,}7° , and the finite
stopping time 7€' A k, to the effect that:

r} = 120 — xo0|> = E[Mo] > E[Mqexo ]

— 2rse(Xp).

Ne2  2F o

E[| Zretons — Xeeronk|’] = E[t9 AK]

@ Springer



The Robin Mean Value Equation I: A Random Walk Approach...

Passing to the limit with k — oo, we obtain:

Ner  2F Ne2  2F

7t 2 El| 2o = Koo [ ] B 4 oz - o B 5

Writing |r, — e|2 > rf — 2rye€, it follows that:

Ner 2
E[z¢*] - € > & 21 L€,
N+2 7y
which implies (8.3) for 7 replaced by any smaller radius, provided that ¢ <« 1. This
completes the proof of the claim, for any 7 < r. O

Corollary 8.3 Assume (BH), let f > 0 and let r > 0 satisfy (8.1). Then:
(i)  The solution to (RMV), satisfies:

Ue(xo) = —— -inff  forallxo € D,
YN D

for any radius v < r, provided that € < 1. ~
(ii)  If some sequence of solutions {u¢}e—0 to (RMV), converges pointwise on D, then the
limit u : D — R satisfies:

u(x0) > —— -inf f  forall xg € D. (8.5)
YyN »p

Proof From Eq. 8.3 and the definition 5.4 it directly follows that:
2

= 2
€ r €
u¢(xg) > —E|[t" — 1| inf f > — — ————— ] -inf f,
o) = 55 Bl ] @f_(yN 2(N—|—2)> s
resulting in (i) for 7 replaced by any smaller radius, for € < 1. Recalling Lemma 5.1, this
completes the proof of the claim for any 7 < r. The limiting statement (ii) is self-evident
from (i). O

Automatically, the limiting solution u of {u€}._.¢ obeys the bound in Eq. 8.5. We now
present an analytical proof of the same result, under stronger regularity assumptions. It is
based on the maximum principle (see, for example, [11, Corollary 3.2]).

Lemma 8.4 Let D C RY be an open, bounded and connected set, satisfying the uniform
inner supporting sphere condition with radius r > 0 as in Eq. 8.1. Given two constants:
y > 0and m > 0, assume that u € C' (D) satisfies (in the sense of distributions in D):
. ou
—Au>m inD, f—l—yu:O on dD.
n

. rm
Then: minu > —.
D YN

Proof By the maximum principle, there holds: minp # = minyp u = u(xp) for some xo €
dD. Consider the inner supporting ball B = B(x¢ — r7(xo)) and the function v, € C2(B)
given by:

Moy

vr(x0 — rit(xo) + y) = v(|lyl) where: v(s) = N N
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Since:
—Av, =m in B, %—i—yv, =0 onadB,
it follows that: —A(u — v,) > 0. Applying again the maximum principle, we get:
) ) } rm rm
mf;n(u —v) = rggn(u — V) = rgl}?nu - y—N = u(xg) — V—N

In particular, the difference u—v, is minimized at xg, so: L”a_ni) (x0) < 0, and consequently:
1 o(u—vy)
(= v)(x0) = == - ——=——(x0) = 0.
y on
In conclusion: u(xp) > v(xg) = ;—’1’\’,, proving the claim. O

Remark 8.5 The bound in Lemma 8.4 is optimal. Take D = B, (0) and u(x) = a — lx|2.

Then: )
—Au=2N inD, a—bj+yu:—2r+y(a—r2) on 3D,
n
so (RL) holds with f =2N and y = E’I > 0 by taking @ > r2. Then, clearly:

a

minu =a —r> = L(a —r2)2N = Lminf.
D 2rN yN D

We also remark that using the arguments in [5, Lemma 3.2], [20], one can prove the lower
bound on u involving the integral [, f(y) dy, rather than the pointwise quantity ming f.

Appendix : A Proof of Uniqueness of Viscosity Solutions to (RL)
We first make an observation that relies on the assumed regularity of 3D.

Lemma A.1 When D C RV satisfies the uniform outer supporting sphere condition:
for every x € 9D exists B,(b) C R" \15 such that |x — b| =, ©.1)

with some radius r > 0, then the boundary requirements in Definition 4.1 (i) and (ii) can
be reduced to: (p, n(x)) + yu(x) < 0and (p, n(x)) + yu(x) > 0, respectively.

Proof Letx € 9D and (p, X) € Jé’+u(x). For each large j, consider the jet:
1. -
(pj, Xj) = (p - ;n(X), X+rldy —(r +J)n(X)®2> .
We claim that (p;, X ;) € J%‘Jru(x). In this case, we have:
—traceX ; = —(traceX + (N — D)r — j) > f(x),

- - 1 .
so by (i) there must be:0 > (p;, n(x)) + yu(x) = (p,n(x)) + yu(x) — ~. Passing to the

limit with j — oo we get the claimed boundary condition. To show that (p;, X ;) is indeed
a super-jet, let:

1. 1 N
q;i(y—x) = (- ;n(xx y—x)+ E<r1arN —(r + D) (v — )%

1 »
() Y = X) + o = Vranl? — L@,y — )2
J 2 2
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- - - 1
For y € D satistying (n(x),y — x) < 0, we get: ¢;(y —x) > [(n(x),y — x)|(f -

%|(ﬁ(x), y— x)|) > 0, if |y — x| is small enough. On the other other hand, for y € D such
that (i1(x), y — x) > 0, we get:

2
40 =) 2~y =) + %I(y — X)ranl?

2 r
> —;(r =y =10 = Owanl?) + 510 = Oranl? = 0,
1
as for small |y — x| and j >> 1 there holds: r — /72 — |(y — X)san?> < —1(y — X)san|® <
r

%I(y — x),,mlz. Thus, in both cases, the validity of Eq. 4.1 for (p, X), implies the same
asymptotic bound for each (p;, X ;) with sufficiently large j. O

Lemma A.2 Assume the uniform outer supporting sphere condition (9.1) with radius r > 0.
Then the Robin problem (RL) with f € C(D) has at most one viscosity solution.

Proof 1. Let u, v be two viscosity solutions to (RL). We will prove that u < v. In fact, the
same analysis works when u is a viscosity sub-solution and v is a viscosity super-solution, in
the sense of Definition 4.1 (i) and (ii), where u is assumed only to be upper-semicontinuous
and v lower-semicontinuous, and where the jets sets J%’+ and J 12-)’_ are replaced by their

closures J %’Jr and J. 12-)’_, respectively (see [9] for the details). Also, we recall that the require-
ments at boundary points in Definition 4.1 can be reduced as in Lemma 9.1, because of Eq.
9.1. The stated comparison principle is proved in three steps: by replacing # and v with strict
sub- and super-solutions us and v, and by doubling the variables technique with an appro-
priate nonlinear corrector, separately in the cases when us and vs achieves its maximum in
D or on 3D. We now sketch these arguments.

For a sufficiently large C > 1 and each § < 1, define:

8 8
us(x) = u(x) — E(|x|2 -0), vs(x) = v(x) + 5(|x|2 - Q).

Assume that (p, X) € 112-)’+u5(x), which is equivalent to: (p —dx, X —8ldn) € 112-)‘+u(x).
Then:
—trace X < f(x) — NS when x € D

(p,n(x)) + yus(x) < -4 when x € 9D.

Thus, each u; is a strict sub-solution of (RL). Similarly, each v is a strict super-solution,
2,— e
namely (p, X) € J@ vs(x) implies:

9.2)

—trace X > f(x) + N§ when x € D

(p,n(x)) + yvs(x) > 8 when x € aD. ©.3)

2. We will show that us < vs in Z_), for all § <« 1. By contradiction, fix § > 0 and assume
that:

— 0.
mgx (us vs) >

We first treat the case of maxp (s — vs) > max,g (us — vs). We apply [9, Proposition 3.7]
to: (x, y) = us(x)—vs(y) and ¥(x, y) = %|x—y|2 and obtain a sequence {(Xy, Yo )}o—o0o
of maximizers to ® — aW on D x D that converges to some diagonal element (zg, zo)
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such that zg is a maximizer of us — vs and thus zg € D. Applying [9, Theorem 3.2] to:
w(x,y) =us(x)—vs(y)and ¢ (x, y) = %|x - y|2, we further obtain sequences of matrices

X, Yy € RNXN satisfying:

sym
(@(xe = Ya)s Xa) € I5Tus(x0),  (0(xa — Vo), Ya) € I3 05 (o)

Xo 0 ] _ 3 Idy —Idy 94

0 —Ya - —IdN ]dN ’

The first two assertions above, together with (9.2), (9.3) yield:
—trace (Xy — Yy) < f(xo) — f(Yo) —2N§ - —26 aso — o0,

which contradicts the last assertion in Eq. 9.4 that implies: trace (X, — Yy) < 0.
3. We now treat the remaining case, namely that of:

max (ug - v5) = (u(g — vg)(z()) > (0 for some zog € 9D. 9.5)
D
Applying [9, Proposition 3.7] to:

R 1
O(x,y) = us(x) — vs(y) — yus(zo)(y — x,7(z0)) — Ix — z01*,  W(x,y) = b= vl

we obtain a sequence {(Xy, Yo)}e—o0o Of maximizers to & — oW that converges to some
(z, z), where z is a maximizer of ®(z, z) = us(z) — vs(z) — |z — zO|4. Hence there must be
z = z0. Also:

o|xy — y,l|2 — 0 asa — 0. 9.6)
We now apply [9, Theorem 3.2] to:
o -
wx, ) = us() = (), $0y) = Sl =y + yuszo)(y — x, 7o),
which yields existence of sequences of matrices X, Y, € RNV satisfying:

sym

(e — Yo) = Y5(20)7i(20) + 4% — 201 (¥ — 20), Xa) € 13 us (xa),
(o Cre — ya) = y23(20)7(20), Yar) € I V5 (3), ©.7)

X 0
| = V2O Ya) + 2V (e, Ya)
0 —Y,

Since V2 (Xq, Vo) = @ ldy  —Idy + O(|xq — z0/?), the last assertion above implies:
—Idy Idy
1
trace (Xot - Yot) < O(|xa - ZO|2 + *|xa — Z0|4) — 0 asa — oo. (98)
o

Note that for large o > 1 there must be x4, yo € D. Indeed, if x, € 3D then Eq. 9.2 and
the first assertion in Eq. 9.7 yield the contradiction in:

8 > alxy — Yo, 1(xq)) — yus(z0)(7i(z0), i (xe))
N o
+4|xg — 201> (Xg — 20, 11(Xg)) + Y5 (xe) > — o e = val?

+yus(20)((20), i (xa)) + O(1xa — 20I°) + yuts (xa)
— 0 asa — oo,

@ Springer



The Robin Mean Value Equation I: A Random Walk Approach...

9.8. Similarly, if y, € 0D then Eq. 9.3 and the second assertion in Eq. 9.7 brings the
contradiction with Eq. 9.5, as:

where we used (9.1) for the bound (y, — x4, 71(xg)) < %Ixa — yul?, followed by Eq.

8 < a{Xq — Yo, 1(Ya)) — yus(20){i(zo), 1(¥a)) + v s (Vo)
|2

< v — yal? — yus(zo) (o). i(ya)) + 105 (V)

2r
— y(vs(z0) — us(z0)) asa — oo.

The fact of xy, yo € D established, we use Eq. 9.7 together with Egs. 9.2, 9.3, to obtain:
—trace (Xo — Yo) < f(%a) — f(Ya) —2N8 - —2N§ asa — 00,
contradicting (9.8). This ends the proof of the Lemma. O
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