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§1. Movable cones and mirror symmetry

Definitions

- smooth projective
e X : Calabi-Yau 3-fold & - Kx ~Ox
- HY(X,0x)=0 (0<i<3)
e X, X': Birational < 3¢ : X --» X’ (cf. bi-holomorphic)

If X -=» X’ we can glue the Kihler cone
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If we have further X ——» X’ -—» X (p2 # 901_1)7
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e Our interest today: the cases where we have
BirAut(X)/Aut(X)| = oo

e Mirror symmery

X, X': Birational CY mfds <= 1)
M 0
Observations (Results):
1. Xy, Xs,---: Birational CYs <= 01,09, --- € M

2. wi;+ Xj --» X; < ¢;;: connection matrix (from o; to o;)

3. Kéahler cone IC; <*=% Monodromy nilpotent cone N




32. Examples

Fx.1 4 2,52
X X, = (qunn)

4
PLl11111 o) = 5 sia
4, 4 P; x P, A A
U U
P23 P31 P21 P32
«—- «-—- X7 --» X9 --»

| H ||
(e (Saa) =0} (oo =0} {ae(Sna) -0}

41,49, Z3 are determinantal
quintics with 50 nodes

We naturally have X5 and X3,
which are birational to X;.



We arrange the three CY manifolds with their generators of Kahler cones, bi-
rational maps ¢;; between them as

{H1»H2}

o/ \o

{HivH/} Xo X3 HilvHé/}

P32

9031(H/) = Hy

, we obtain movable cone of Xj;
51 (Hy) =4Hs — Hy

Having relations e.g. {

H?(X,R) = R?
~2-V3 4H, — H, |

—2+/3
Movable cone of X = {z° + 4oy + y* > 0} C R?




Eix.2 (studied by Knapp, and McGovern (2025) in term of GLSM)

X = IP’%U|111 > /= {det(ajmnwmun) — O} C [P)w % [P)u
P2|111 7T p

X1

97 P41

P31 I
X2 P42 X4 O

¥32 AL

X3

Movable cone of X4

Birational models of X — {2y +yz+ 2z >0} C R3

3 -1 1 1
Ex.3 Coxeter Group (Z : (_11 j —11) )
IP’1|11\ 0,45
P11 Called as Hulek-Verrill Calabi-Yau manifold, and studied in
X = Pi\ll detail by Candelas, de la Ossa, Kuusela, and McGovern (2021).
P11

\Pl\ll ) Lukas and Ruehle (2023) also study other examples of CICYs.



/ T2
Ex.1 X <« X RSN X
/ g‘b;/ N#il \
w _ (P21 LT 71 4
— \P3|2111 Wy = Wy fm o\ Wi = W
P3 P3

Proposition 1. W, and W5 are smooth Calabi-Yau threefold, given

as double covers of P? branched along octics.

Proposition 2. (Oguiso (2014) )
(1) 7; : X --» X are birational, but not bi-holomorphic.

(2) ¢; : X — W; contract 80 lines and 4 conics.
(3) 77 = id and 7172 has infinite order. _3_9V3

Movable cone of X = {z? + 6xy + y* > 0} C R?



§3. Mirror families

For all of our examples, we have mirror families

Y

!
M

over projective spaces

5!
P2  for N(1,1) in P* x P*
and (2,2)N(1,1) N (1,1)in P3 x P3
3
P5  for N(1,1,1) in P? x P? x P2

2
P> for (1,1,1,1,1) in P! x .- x P!

We will focus on Ex.1 (and Ex.1").



5
e Example: mirror family of N(1,1) in P* x P4
We start with a special family of X C P? x P4 ;

[ z1w1 + aziwy + bzowy = 0)
Xgp =14 - s C P2 x P2

| z5ws + azswy + bzswy =0

Proposition (HT 2014). For general a,b € C, it holds

(1) Xspis singular along 20 lines of A; singularity,

(2) there exists a crepant resolution ¥ — X, giving a Calabi-Yau manifold
with A1 (Y) = 52 and h*1(Y) = 2.

(3) the parameter space is natually compactified by [a®, b°, 1] € P2.

(4) the main component of the discriminants is given by

disg = (1 —x — y)5 — 54a:y(1 — 4 = y)2 + 55wy(wy )
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5
e moduli space M = P? (of the mirror family of N(1,1) in P* x P*)

- 01, 09,03 are all LCSLs!

((x — 1), =—=5) for Eq

Y (:U—l)5
discriminant T!o¢ := the local monodromy around x = 0
T éoc := the local monodromy around y = 0

-‘The blow-up coordinate is

Definition. (monodromy nilpotent cone at oy, k =1, 2,3)

1 1
Nalcoc . log Téoc _ _(1 . Técm) . 5(1 . TZéOC)Q . g(Tal:OC . 1)3

loc . loc
Nl¢ .= log Tt
Then

Nlloc = R>0Nioc + R>0Néoc

Similarly for oy and ogz, we define N4°¢ and Nio¢ 10




Due to mirror symmetry, we have the following correspondence:

semi-ample divisors Hq, H, < nilpot. matrices V¢, Néoc

With this correspondence, for each k£, we naturally have
H(X;,R) End(H* (Y, R))
ICXk N]ioc

Remark

Not only a correspondence, we also have an isomorphism of the products;
H;H;Hy, = kijp Vol < NN °°N{°° = k5, Vo

(Candelas, de la Ossa, Font, Katz, and Morrison (1993))
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e A- and B-structures of Calabi-Yau manifolds

A-structure of X
NE(X)

R = E ;R

HO,O /D

= RN

I

Lefschetz

Hl,l
action

B-structure of Y

N

44—

T1 = TR1

/
0 D,
R2 \ﬂ
(0}

D

If 77, -- ,T,: unipotent

@

H?*(Y,R)

Nx:=) AlogT;

Wolcw?cwt*cw®=H",



Definition (Gluing monodromy nilpotent cones):

E
P
O 7 o Take a path connecting 07 and o5.
Y : :
Ty QY (Vo1 : connection matrix of the
Ty local system
Then we can glue the nilpotent cones by log T/
1 Tloc log Ty/ = log Ty
ogT;
l T No
ocC ~
Ny P31 Noe .= M
log T'o¢ >
Yy
log T,

Ny = @1 (N3%6) = $o7 Na%Cpar 13




By analytic continuation 91, we define (global) monodromy matrices by

and Tp = Pe1 TE Pel

{Taz’ = @021 Tl?69021 {Tw = Téoc loc

T, — 9021 Tlocgp

T, := T}°°

(1) «

(2) «

(

\

Proposition.

We have the following monodromy relations and a property:

Ty =Ty T, 'T;
Ly =1,

flogT » =4logT, —logT, + Ag of ps1H{ = 4Hy — Hy
klogTy/ = log T, '

9051H§ = H,

(3) Over E, we identify the local system of the mirror quintic.

(this is mirror to the contraction X; — Zs.)
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Remarks:

1. If it were not T " in Ty = TElTw_lTﬁ, we have
N :4Ny—Nx —|—%

But in this case, the mirror symmetry relation (K;;x = Ki;k)

NZNJNk — ’%ijkVO (&) HiHij — IiijkVOD
does not hold ( for Ny =N, N, = Ny ).

~

| (However, we have k111 + 501 n_ (K111 + 50) + 501 Q1~ with (¢1 = 1/q1) for the ﬂop>
— a1 — a1

|
[Aspinwall, Greene,Morrison 94; Morrison 94]

2. Picard-Lefschetz monodromy:;

/AOQ:1+...
{ AO?A19A27B29B17B0} . Symplectic basis /AlQZIOgCL‘Jr---
A ~ TS’B = S?’ Q=logy+ -
Then, we have (4o 0 ) /.

Ty : Ai = A Picard-Lefschetz monodromy
By — By — 504, showing the flopping curves!! 15




34. Conclusions:

1. Birational geometry is encoded nicely in the moduli spaces
of mirror Calabi-Yau manifolds!

2. I still do not have a complete picture of the global properties
of moduli spaces of Calabi-Yau manifolds.
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Congratulations on the 50th anniversary of
Professor Yau’s breakthrough proof of
the Calabi conjecture!
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