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Lecture Notes — A Modern Introduction to Probability

1 Coupon collector’s problem

The coupon collector problem deals with a game where, during each turn, the contestant is
given one of n types of coupons, uniformly at random. When the contestant collects one of
each type of coupon, they win the game. The question we are interested in is: “How many
turns does it take us to collect all n types of coupon?”

More formally, let {U;};>; be i.i.d. random variables, each of which is uniformly dis-
tributed on {1,2,...,n}. Define:

T:=min{t:{1,2,...,n} C{U,Us,...,U}}.

We are interested in the distribution of 7. To this end, notice that we can write 7 as the
sum of n independent random variables. Namely, let

T, c=min{t : |{Uy, Uy, ..., U}| = k}.

Then, we can write:
T=n+(—7)+ 4+ (T — Tno1)

Observe that the differences {7 — 7,_1} are independent geometric random variables with

success probability "‘S“. Thus, by linearity of expectation:
n n n
E[r] =1+ ZE[Tk — Tg_1] = Z ——— =nH,
—~ —~n— kE+1

n
where H, = > 1 is the n-th harmonic number. Comparing H, to the integral [ 1dz, we
k=1
have the estimate:

log(n+1) =logn+O(n~ ') < H, <logn + 1.
The following proposition provides a right tail bound for 7:

Proposition 1.1.

[

Pt > nlogn +cn] < e “

Proof. Let A; be the event that U; # ¢ for all j such that 1 < j < nlogn + cn. Using a
union bound, we obtain:

n

U

=1

Plr > nlogn+cn| =P
n

n nlogn+cn
< ZP[AZ-] =n (1 — —) < pemlosnTc < e,
=1

Here we are using the fact that {(1 — %)"}nzl is an increasing sequence of real numbers that
converges to e~ as n — oo. O



2 Lazy random walk

In this section, we use our analysis of the coupon collector problem from Section 1 to analyze
the mixing time of lazy random walk on the hypercube {0,1}" and the n-cycle.

2.1 Lazy random walk on the n-dimensional hypercube: mixing
time upper bound

A lazy random walk on the hypercube {0,1}" is a {0, 1}"-valued stochastic process, whose
dynamics are as follows:

1. We start from some point Xy = (Xo(1), Xo(2), ..., Xo(n)) € {0,1}™.

2. At each time t > 1, if X;_; was the position of our random walk at time t—1, we sample
an index [; uniformly at random from {1,2,3,...,n} as well as a Bernoulli random
variable J; ~ Bernoulli (%), where all of the I,’s and .J;’s are mutually independent.

3. To get X;, take X;_; and replace the I;-th entry of X, ; with J;.

Equivalently, lazy simple random walk on {0,1}" is just the Markov chain on {0, 1}" with
transition probabilities:

3 ifx=y,
P(z,y) = 9 5=, if z and y differ at exactly one coordinate, (1)
0, otherwise.

Given an irreducible, aperiodic Markov chain with finite state space X', and unique stationary
distribution 7, the mixing time of this Markov chain is given by:

tmiz(e) =inf{t > 0:d(t) < e}, (2)
where:
d(t) = max | P'(z,) — lrv- 3)
Additionally, we know that: B
d(t) < d(t) <2d(t), (4)
where: B
d(t) = max [|[P'(z,-) — P(y,")llrv. (5)
T,yeX

The total variation distance between two probability distributions is a measure of how
well they can be coupled. Thus, using the estimate in Equation 5, we can get an upper
bound for the mixing time of lazy simple random walks on the hypercube by construct-
ing a coupling (X;,Y;) of two lazy random walks with different starting points. Suppose
Xo = (Xo(1), Xo(2), ..., Xo(n)) and Yy = (Yo(1), Yo(2), ..., Yo(n). Let (Xi)n>0, (Yi)n>0 be two
lazy random walks on {0, 1}" started from X and Yj, and then evolved using the same [;’s
and J,’s.



Observe that once the i-th coordinates X;(i) and Y;(¢) match, they will remain equal
forever. Consequently, X; = Y, holds if the sequence {I,}!_; has visited all elements in
{1,2,...,n}. Therefore, we have:

d(t) < d(t) <P[X, # V)] <Pl > 1],

where 7 is the stopping time with the same name that we saw in Section 1 in the context of
the coupon collector’s problem. By Proposition 1.1, we have:

d(nlogn +cn) < P[r > nlogn+cn] < e™¢ (6)
which implies that:

tmix(€) < n(logn +log(1/e)). (7)

2.2 Lazy random walk on the n-dimensional hypercube: mixing
time lower bound

In Section 2.1, we saw that because the total variation distance between P*(z,-) and P*(y, )
can be written as the minimum of P(X; # Y;) over all couplings (X;,Y;) of P'(z,-) and
P'(y,-), any such coupling gives us an upper bound for the mixing time. However, we also
know that:
t

d(t) = maxmax | P'(z, 4) — m(A)] (8)
Because this formula expresses the mixing time as a maximum, evaluating |P'(z, A) — w(A)|
for any x € X and any A C X gives us a lower bound for the mixing time of our chain.
This is exactly what we will do now, to get a lower bound for the mixing time of lazy simple
random walk on the hypercube.

Choose the starting point Xy = (0,0,...,0), and define:

n

Zy =Yy (1)), (9)

j=1

It is easy to see that the stationary distribution 7 of our Markov chain is just the uniform
distribution on {0, 1}". Define:

Zy = Z(—l)wi, where (wy, wa, ..., wy,) ~ . (10)

It is easy to check that E[Z,] = 0 and Var(Z,) = n. In fact, Z, @ S,, where S,, is a simple
random walk on Z. On the other hand, observe that because the J;’s are independent of
the I;’s, if U; = 74, the probability that (—1)%:0) and (—1)%i-10) agree, is the same as the
probability that (—1)%/) and (—1)%-1() are different. Hence:

E[(—1)*W] = P[U; # j for all i < t] = (1 - l>t, (11)

n



and:

, 2\"
E[(—1)XWFX0] = P[U; # j or [ for all i < t] = (1 - —) (12)
n
provided that j # [. Therefore, for any j # [,
‘ ) t 1 2t
Cov((—=1)"0) (=1)X®) = (1 - —) - <1 - —) <0. (13)
n n
Summing over j in Equation (11), we get:
1 t
E|Z| = 1—— 14
z1=n(1-1) (14)
and so:
E(Z]]=n+2) Cov((-1)%0 (=1)¥0) <n40=n. (15)
J#l

Choose t = L%nlogn — an. Then:
1 n(lo%—c) 1 1—1 logn 14+0(n—1 logn
E[Z] > n (1 _ _) — pertos (-0 (52 0) — o100 (M52 e) > pee /i (16)
n
where B > 0 is an absolute constant. Define:
A:=<Sve{0,1}": —1)"0) > ZBe® 17
{re 0y S0 > Joevil a)

This is the set we will plug into Equation (8) to get a lower bound for the mixing time of
lazy simple random walk on the hypercube. By Chebyshev’s inequality:

1. WVar(Z,) _AE[ZZ] 4
P (|Zt - ]E[Zt” > §B€ \/ﬁ) S B2e2en, S B2e2en, = B2z (18)
By Equation (16), E[Z;] > Be®/n. Hence:
1
A° C {|Zt —EZ| > §Bec\/ﬁ}, (19)
and so:
4
P(X: ¢ A) < T (20)

Under the stationary distribution, Z is distributed like a simple random walk on Z run for
n steps. Thus, by Hoeffding’s inequality, we have that:

7(A) =P (ZW > %Béﬁ) < exp (—32620> . (21)
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Alternatively, by Chebyshev’s inequality:

— BQBZC (22)

1 4
T(A) =P (Z7r > §Bec\/ﬁ) <
While the estimate for m(A) in (21) is superior to the one in (22), we will use the latter
estimate going forward, since it will simplify our algebra.
Putting all this together, we have that:

d(t) > [P(X, € A) — w(A)] > (1 - B;;c) = 324@20 >1- B%%' (23)

It follows that for any € € (0, 1) sufficiently small, there is a constant ¢, > 0 such that:

tmix(€) > glogn — cen.

2.3 Lazy random walk on the n-cycle: mixing time upper bound

Lazy random walk on the n-cycle is the Markov chain with state space Z/nZ and transition
rule:

X, with probability %,
Xip1 =4 (X4 1) mod n, with probability 1, (24)
(X; — 1) mod n, with probability ;.

In other words, at each time ¢, we either move one step to the right (with probability %),
one step to the left (with probability i), or else we stay in place (with probability %) Just
like in Section 2.1, getting an upper bound for the mixing time of this chain corresponds to
finding a good coupling of our Markov chain started from x and our Markov chain started
from y for any pair of distinct points x and y.

Our coupling is as follows. Fix initial states Xy = = and Yy = y, and let (X;):>o and
(Y:)i>0 be independent lazy simple random walks on the n-cycle, started from z and y
respectively. Define:

T:=inf{t > 0: X; =Y}, (25)

and define the new process (Y;);0 as follows:

~ {Yt, ift <7, (26)

Y, = .
X, ift>rT.

Clearly (i)tzo is also a lazy simple random walk on the n-cycle, started at y. Informally, X,
and ﬁ evolve like independent lazy simple random walks on the n-cycle, up until the point
when these random walks collide. After the two random walks collide, they move in unison.
With this coupling, it is clear that:

d(t) < P,y (X, #Y,) = Ppy(T > t). 27
(1)< max Poy(Xi#Y)= max Po,(7>1) (27)



Furthermore, observe that the difference of the two random walks:
A; = (X, - Y,) mod n, (28)

is itself a simple random walk on Z/nZ, with transition rule:

(

(A; +2) mod n, with probability -
(A;+1) mod n, with probability
Apr1 = ¢ Ay mod n, with probability
(A; — 1) mod n, with probability
| (A —2) mod n,  with probability

=
=]

(29)

= 0010 =

&l

and 7 is exactly the hitting time of 0 mod n by this random walk. Consider the expectation
of this hitting time. That is, for any 0 < 2z < n — 1, let E,7 be the hitting time of 0 by
the random walk (A;);>0, started from z mod n. Then Ey7 = 0, and by the strong Markov
property, we have that:

1 1 1 1 3
EZT (E(Z+2)T + 1) + E (E(Z,Q)T + ].) + Z <E(Z+1)T + 1) + 4_1 <]E(Z,1)7' + 1) + g (EZT + 1)

T 16
(30)

for z # 0 mod n. Equivalently, if (§& = Ay — A¢_1)i>0 are the i.i.d. increments of our random

walk (A¢)i>0, then:
2
Z P(& = j mod n) (B — E.7) = —1 for all z # 0 mod n (31)
j=—2

Equation (31), along with the fact that Eq7 = 0, uniquely characterizes the function z — E_7.
Consider the function k — k(n — k) for k = 0,1,2,...,(n — 1). Because it evaluates to 0 at
0 and satisfies Equation (31), it follows that for any &k such that 0 < k <n —1,

2
E,r = k(n—k) < "Z. (32)

Therefore:

N

1
d(t) < max P_y[r > t] < 7 max E@_ylr] < (33)

T, YELn T,ye
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which gives:
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