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The Change-of-Probability-Measure Method

Discrete-Time vs. Continuous-Time Filtering Problem

e Continuous-time Filtering Problem:

{dXt = f(Xy)dt + o(X,)dV;

teo,7). 1
dY; = h(Xy)dt + dW, 0,7 (1)
o Time-discretization: O =tyg <t;1 < ---<tp, =T

{th = th71 + f(thq)At + U(th—l)AWk

& . k=1, ,n.

@ Theoretical solution of discrete-time filtering problem:
o Prediction Step:

Prtk(2]0y1) = /Pk|k(Z|5y1:k)qk+1|k($|Z)dZ (3)
e Update Step:
Pht1)k+1(2[0Y1:k1) O U, OYry1) D1 e (2]0y1:k).  (4)
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The Change-of-Probability-Measure Me

Discrete-Time vs. Continuous-Time (Informal)

e For the simplicity of notations, let us consider one-dimensional
problems:

o For the discrete-time case, the likelihood function

- 1
Uz, dyg) := P (AYtk =0yl X¢, € dz) = exp <_E(6yk - h(z)At)2)

2mAt

= e (=5 Gu?) x e (M@oue — 2 (h()Par) )
o For a given test function ¢,
B [o(X0)18Y, ] = 2B [o(R) 218V, = bu1.4] ®)
where
Z) = exp (h(f(tk)AYk - %h(}?tk)2At>
(7)

tr. 1 tr.
~ exp (/ kL (Xp)dY: — 5 / ket h(Xt)2dt>
p t

ty Jty,
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The Change-of-Probability-Measure Method

Discrete-Time v.s. Continuous-Time (Informal)

o E means that the expectation is taken under the probability
measure P such that th|AYtl:(k_1) and AY;, are mutually
independent, and AY;, ~ N(0, At).

o 7y is the Radon-Nikodym derivative between the probability
measures P and P.

@ The denominator in the Bayesian formula

/l(% Yk )Pilie—1(x|0Y1:(h—1) ) dz = E[Zk| Az, = 6y1.4]
(8)
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The Change-of-Probability-Measure Method

Girsanov’s Theorem

o Let M be a continuous martingale, and let Z be the associ-
ated exponential martingale:

Z, = exp <Mt - 1<M>t> . ()

2
o If Z is a uniformly integrable martingale, then a new measure
Q, equivalent to P, may be defined by

dQ

— = Zeeo. 10

7 (10)

e Furthermore, if X is a continuous P local martingale, then
X — (X, M), is a Q-local martingale.
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The Change-of-Probability-Measure Method

Girsanov’s Theorem

o Let W; be a P-Brownian motion and define @ as in Gir-
sanov’s Theorem, the n

Wy =W, — (W, M), (11)

is a )-Brownian motion.

o Let {B'};>0 be continuous local martingales starting from
zerofori=1,--- n. Then B; = (B},--- , B) is a Brownian
motion with respect to (€2, F, P) adapted to the filtration F,
if and only if

(B", B?); = &it, Yi,j€{1,2,-- ,n}. (12)

Zeju Sun Fundamentals of Stochastic Filtering



The Change-of-Probability-Measure Method

Change-of-Probability-Measure Method

o Consider the filtering problem

{dXt = JX)dttoX)dVe o g

dY; = h(X,)dt + dW,

o Let Z = {Z;,t > 0} be the process defined by

o - m t . i_l m t . ) .
7, = p< ;le/o W (XS) AW — ;:1:/0 hi(X,)%d )
(14)

o Additional properties are required such that Z is a martin-
gale.
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The Change-of-Probability-Measure Method

Change-of-Probability-Measure Method

e For fixed t > 0, Z; introduce a probability measure P! on F;
by specifying its Radon-Nikodym derivative

dpt

Fi

° %ssunge that we can generate {Pt : t > 0} to a measure
P = P® on Foo = 0 (Up<tcooFt)-

Theorem (Proposition 3.13)

If 7 is a martingale, then under ]5, the observation process Y is
a Brownian motion independent of X ; additionally, the law of
X under P is the same as its law under P.
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Method

Change-of-Probability-Measure Method

o Let Z = {Z;,t > 0} be the process defined as Z; = Z; ' for
t>0.

2 = exp (z; /0 B (X,)dYi — ;z; /0 hf(xsﬁds) (16)

o According to It0’s formula,

dZy = Zih' (X)dY; (17)
=1

which is a stochastic differential equation under P.
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Probability- Method

Unnormalized Conditional Distribution

Theorem (Kallianpur-Striebel, Proposition 3.16)

For every bounded measurable test function ¢ € B(RY), for fized
t>0,

N T

e With the Kallianpur-Striebel formula, let us define the un-
normalized conditional distribution of X to be the measure-
valued process p = {p; : t > 0}, which is determined by the
values p;(¢) for ¢ € B(R?), which are given for ¢ > 0 by

pu() = B | Zuo (X)) (19)
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The Zakai Equation

Theorem (Theorem 3.24)

If mild conditions are satisfied, then the process p; satisfies the
following evolution equation, called the Zakai equation,

¢ ¢
pe(p) = mo(p) +/ ps(Ap)ds ~|—/ ps(oh)dYs, a.s., ¥ t>0;
0 0

(20)
for any o € D(A).

o In this lecture, we will first provide an informal proof of the
Zakai equation in order to illustrate the basic ideas, and then
we will make the proof rigorous.
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The Change-of-Probability-Measure Method

The Zakai Equation—An Informal Derivation

e Notice that p:(p) = E[Z;p(X3)[)s]. In this informal deriva-
tion of the Zakai equation, the key insight is to apply the
It6’s formula to the stochastic process Zyp(Xy).

d (Zﬂp(X,)) = thcp(Xt) + @(Xt)dZt + d<Z’ (X))t

d p
- O y .
=7, | Ap(Xy)dt X 9(X,)dV}
t | Ap(Xe) +;8$i( t)j;a (X¢)dV;
+o(X1)Z Y W (Xy)dY7.
i=1

(21)
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The Change-of-Probability-Measure Method

The Zakai Equation—An Informal Derivation

o Here we use the fact that V; and Y; are independent, and
thus d(Z, o(X)): = 0.

e Take conditional expectation on )} with respect to ]5, we
obtain the desired result:

dpi() = pi(A@)dt + pi(ohT)dYs. (22)
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The Change-of-Probability-Measure Method

The Zakai Equation—A Formal Derivation

o c.f. Fundamentals of Stochastic Filtering, Section 3.5, Page
62-65.

Theorem (Theorem 3.24)

If the following conditions are satisfied:

B [/Ot ||h(X5)||2ds] <o, E Uot ZS||h(X5)||2ds] <oo, ¥i>0, (23)

P [ lo-tibibPas < o] =1 (21)

then the process p; satisfies the following evolution equation,
called the Zakai equation,

t t
pe() = molip) + / ps(Ap)ds + / pa(phT)dYs, a.s, VE>0;  (25)
0 (0]

for any ¢ € D(A).
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The Change-of-Probability-Measure Method

The Zakai Equation — A Formal Derivation

e The approximation of Z; by
. Z
Zf=—" (26)
1+ EZt
o Apply the It0’s rule, because Zf is bounded.

o Dominated Convergence Theorem: convergence of Zf to Zs,
as € = 0.
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The Kushner-Stratonovich Equation

The Kushner-Stratonovich Equation

Theorem

If the above conditions are satisfied then the conditional
distribution of the signal my, satisfies the following evolution
equation called the Kushner-Stratonovich equation:

() = o) + / ro(Aip)ds
© . (27)
+ / (1o (phT) = 1y (KT )ma(0))(dYs — ma(R)ds)

for any p € D(A).
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The Kushner-Stratonovich Equation

The Kushner-Stratonovich Equation

o Kallianpur-Striebel formula:

() = pi(p) -

o Itd’s formula:

L = ! —Tr T Tt T7Tt
d<pt<1>>—pt<1>[ (WT)AY: + m(h D ym (bt (29)

e Combining the Zakai equation.
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The Innovation Process Approach

The Innovation Process Approach

o Let I = {I; : t > 0} be the following process, called the
innovation process:

L=Yi- / o (h)ds (30)
0

Lemma (Proposition 2.30)

Under mild conditions, Iy is a Y;-adapted Brownian motion
under the measure P.
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The Innovation Process Approach

The Innovation Process Approach

Lemma (Corollary 3.3, Martingale Representation Theorem)

Under mild conditions, every right continuous square integrable
martingale n = {n; : t > 0}, which is V;-adapted has a
representation

t
e =Mo —1—/ vldl,. (31)
0

Lemma

Define

Ny = m(p) — /0 ms(Ap)ds, (32)

then N is a Yi-adapted square integrable martingale under the
probability measure P.
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The Innovation Process Approach

The Innovation Process Approach

o According to the Martingale Representation Theorem:

t t
Tt =T Ts S VT s
() = mo(p) + /0 (Ap)ds + /0 T, (33)
@ Prove that
Ve = m(ph) — ma()ma(h). (34)

o Total set ¢:
de; = ietr:dYt. (35)
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The Innovation Process Approach

The Innovation Process Approach

o In fact,

(o) = ﬂo(go)—i-/o WS(Acp)ds+/O v (dY, —ms(h)ds) (36)

t
o(X)) = p(Xo) + /0 Ap(X)ds +Mf (37)

e Compare the difference between m;(¢)e; and (X )e;.
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The Innovation Process Approach

Comparison between Two Methods

o Conditions for the change-of-probability-measure method:

o[ ] <.

P [ to.imas < o] <1 (39)

o Conditions for the innovation process approach:

V 1B(X)| ds] < 00, </Ot s (h)|[%ds < oo> 1 (40)

t
/ Zs||h(X5)||2ds} <0, V>0, (38)
0
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The Innovation Process Approach

The Correlated Noise Framework

o If the state process is governed by
dX; = b(Xy)dt + o(Xy)dVy + a(X¢)dWy, (41)
then,

dmi(p) =mi(Ap)dt + (mi((hT + BT)e) — m(h T )mi())
% (dY; — my(h)dt)

) ) (42)

pr(9) = po() + /0 pa(Ag)ds+ /0 ps(hT+BT)g)dY, (43)
where . )

B’“_;&i’“&ci’ k=1,---,m. (44)
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