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Discrete-Time vs. Continuous-Time Filtering Problem

Continuous-time Filtering Problem:{
dXt = f(Xt)dt+ σ(Xt)dVt

dYt = h(Xt)dt+ dWt

t ∈ [0, T ]. (1)

Time-discretization: 0 = t0 < t1 < · · · < tn = T{
X̄tk = X̄tk−1

+ f(X̄tk−1
)∆t+ σ(X̄tk−1

)∆Vtk

∆Ytk = h(X̄tk)∆t+∆Wtk

, k = 1, · · · , n.

(2)
Theoretical solution of discrete-time filtering problem:

Prediction Step:

pk+1|k(x|δy1:k) =
∫

pk|k(z|δy1:k)qk+1|k(x|z)dz (3)

Update Step:

pk+1|k+1(x|δy1:k+1) ∝ l(x, δyk+1)pk+1|k(x|δy1:k). (4)
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Discrete-Time vs. Continuous-Time (Informal)

For the simplicity of notations, let us consider one-dimensional
problems:

For the discrete-time case, the likelihood function

l(x, δyk) := P
(
∆Ytk

= δyk|X̄tk
∈ dx

)
=

1
√

2π∆t
exp

(
−

1

2∆t
(δyk − h(x)∆t)

2
)

=
1

√
2π∆t

exp

(
−

1

2∆t
(δyk)

2
)

× exp

(
h(x)δyk −

1

2
(h(x))

2
∆t

) (5)

For a given test function φ,

E
[
φ(X̄tk

)|∆Yt1:k

]
=

1

c
Ẽ
[
φ(X̄tk

)Z̃k|∆Yt1:k
= δy1:k

]
(6)

where
Z̃k = exp

(
h(X̄tk

)∆Yk −
1

2
h(X̄tk

)
2
∆t

)

≈ exp

(∫ tk+1

tk

h(Xt)dYt −
1

2

∫ tk+1

tk

h(Xt)
2
dt

) (7)
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Discrete-Time v.s. Continuous-Time (Informal)

Ẽ means that the expectation is taken under the probability
measure P̃ such that Xtk |∆Yt1:(k−1)

and ∆Ytk are mutually
independent, and ∆Ytk ∼ N (0,∆t).

Z̃k is the Radon-Nikodym derivative between the probability
measures P and P̃ .

The denominator in the Bayesian formula∫
l(x, δyk)pk|k−1(x|δy1:(k−1))dx = Ẽ[Z̃k|∆Yt1:k = δy1:k]

(8)
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Girsanov’s Theorem

Let M be a continuous martingale, and let Z be the associ-
ated exponential martingale:

Zt = exp

(
Mt −

1

2
⟨M⟩t

)
. (9)

If Z is a uniformly integrable martingale, then a new measure
Q, equivalent to P , may be defined by

dQ

dP
= Z∞. (10)

Furthermore, if X is a continuous P local martingale, then
Xt − ⟨X,M⟩t is a Q-local martingale.
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Girsanov’s Theorem

Let Wt be a P -Brownian motion and define Q as in Gir-
sanov’s Theorem, the n

W̃t = Wt − ⟨W,M⟩t (11)

is a Q-Brownian motion.

Let {Bi}t≥0 be continuous local martingales starting from
zero for i = 1, · · · , n. Then Bt = (B1

t , · · · , Bn
t ) is a Brownian

motion with respect to (Ω,F , P ) adapted to the filtration Ft,
if and only if

⟨Bi, Bj⟩t = δijt, ∀ i, j ∈ {1, 2, · · · , n}. (12)
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Change-of-Probability-Measure Method

Consider the filtering problem{
dXt = f(Xt)dt+ σ(Xt)dVt

dYt = h(Xt)dt+ dWt
t ∈ [0, T ]. (13)

Let Z = {Zt, t > 0} be the process defined by

Zt = exp

(
−

m∑
i=1

∫ t

0
hi(Xs)dW

i
s −

1

2

m∑
i=1

∫ t

0
hi(Xs)

2ds

)
(14)

Additional properties are required such that Z is a martin-
gale.
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Change-of-Probability-Measure Method

For fixed t ≥ 0, Zt introduce a probability measure P̃ t on Ft

by specifying its Radon-Nikodym derivative

dP̃ t

dP

∣∣∣∣∣
Ft

= Zt (15)

Assume that we can generate {P̃ t : t ≥ 0} to a measure
P̃ = P̃∞ on F∞ = σ (∪0≤t<∞Ft).

Theorem (Proposition 3.13)

If Z is a martingale, then under P̃ , the observation process Y is
a Brownian motion independent of X; additionally, the law of
X under P̃ is the same as its law under P .

Zeju Sun Fundamentals of Stochastic Filtering



The Change-of-Probability-Measure Method
The Kushner-Stratonovich Equation

The Innovation Process Approach

Change-of-Probability-Measure Method

Let Z̃ = {Z̃t, t ≥ 0} be the process defined as Z̃t = Z−1
t for

t ≥ 0.

Z̃t = exp

(
m∑
i=1

∫ t

0
hi(Xs)dY

i
s − 1

2

m∑
i=1

∫ t

0
hi(Xs)

2ds

)
(16)

According to Itô’s formula,

dZ̃t =

m∑
i=1

Z̃th
i(Xt)dY

i
t (17)

which is a stochastic differential equation under P̃ .
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Unnormalized Conditional Distribution

Theorem (Kallianpur-Striebel, Proposition 3.16)

For every bounded measurable test function φ ∈ B(Rd), for fixed
t ≥ 0,

E[φ(Xt)|Yt] := πt(φ) =
Ẽ[Z̃tφ(Xt)|Yt]

Ẽ[Z̃t|Yt]
, a.s. (18)

With the Kallianpur-Striebel formula, let us define the un-
normalized conditional distribution of X to be the measure-
valued process ρ = {ρt : t ≥ 0}, which is determined by the
values ρt(φ) for φ ∈ B(Rd), which are given for t ≥ 0 by

ρt(φ) = Ẽ
[
Z̃tφ(Xt)|Yt

]
(19)
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The Zakai Equation

Theorem (Theorem 3.24)

If mild conditions are satisfied, then the process ρt satisfies the
following evolution equation, called the Zakai equation,

ρt(φ) = π0(φ) +

∫ t

0
ρs(Aφ)ds+

∫ t

0
ρs(φh

⊤)dYs, a.s., ∀ t ≥ 0;

(20)
for any φ ∈ D(A).

In this lecture, we will first provide an informal proof of the
Zakai equation in order to illustrate the basic ideas, and then
we will make the proof rigorous.
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The Zakai Equation—An Informal Derivation

Notice that ρt(φ) = Ẽ[Z̃tφ(Xt)|Yt]. In this informal deriva-
tion of the Zakai equation, the key insight is to apply the
Itô’s formula to the stochastic process Z̃tφ(Xt).

d
(
Z̃tφ(Xt)

)
= Z̃tdφ(Xt) + φ(Xt)dZ̃t + d⟨Z̃, φ(X)⟩t

= Z̃t

Aφ(Xt)dt+

d∑
i=1

∂φ

∂xi
(Xt)

p∑
j=1

σij(Xt)dV
j
t


+ φ(Xt)Z̃t

m∑
i=1

hi(Xt)dY
i
t .

(21)
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The Zakai Equation–An Informal Derivation

Here we use the fact that Vt and Yt are independent, and
thus d⟨Z̃, φ(X)⟩t = 0.

Take conditional expectation on Yt with respect to P̃ , we
obtain the desired result:

dρt(φ) = ρt(Aφ)dt+ ρt(φh
⊤)dYt. (22)
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The Zakai Equation–A Formal Derivation

c.f. Fundamentals of Stochastic Filtering, Section 3.5, Page
62-65.

Theorem (Theorem 3.24)

If the following conditions are satisfied:

E

[∫ t

0

∥h(Xs)∥2ds
]
< ∞, E

[∫ t

0

Zs∥h(Xs)∥2ds
]
< ∞, ∀ t > 0, (23)

P̃

[∫ t

0

[ρs(∥h∥)]2ds < ∞
]
= 1. (24)

then the process ρt satisfies the following evolution equation,
called the Zakai equation,

ρt(φ) = π0(φ) +

∫ t

0

ρs(Aφ)ds+

∫ t

0

ρs(φh
⊤)dYs, a.s., ∀ t ≥ 0; (25)

for any φ ∈ D(A).
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The Zakai Equation – A Formal Derivation

The approximation of Z̃t by

Z̃ϵ
t =

Z̃t

1 + ϵZ̃t

(26)

Apply the Itô’s rule, because Z̃ϵ
t is bounded.

Dominated Convergence Theorem: convergence of Z̃ϵ
t to Z̃t,

as ϵ → 0.
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The Kushner-Stratonovich Equation

Theorem

If the above conditions are satisfied then the conditional
distribution of the signal πt, satisfies the following evolution
equation called the Kushner-Stratonovich equation:

πt(φ) = π0(φ) +

∫ t

0

πs(Aφ)ds

+

∫ t

0

(πs(φh
⊤)− πs(h

⊤)πs(φ))(dYs − πs(h)ds)

(27)

for any φ ∈ D(A).

Zeju Sun Fundamentals of Stochastic Filtering



The Change-of-Probability-Measure Method
The Kushner-Stratonovich Equation

The Innovation Process Approach

The Kushner-Stratonovich Equation

Kallianpur-Striebel formula:

πt(φ) = ρt(φ) ·
1

ρt(1)
. (28)

Itô’s formula:

d

(
1

ρt(1)

)
=

1

ρt(1)
[−πt(h

⊤)dYt + πt(h
⊤)πt(h)dt]. (29)

Combining the Zakai equation.
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The Innovation Process Approach

Let I = {It : t ≥ 0} be the following process, called the
innovation process:

It = Yt −
∫ t

0
πs(h)ds (30)

Lemma (Proposition 2.30)

Under mild conditions, It is a Yt-adapted Brownian motion
under the measure P .
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The Innovation Process Approach

Lemma (Corollary 3.3, Martingale Representation Theorem)

Under mild conditions, every right continuous square integrable
martingale η = {ηt : t ≥ 0}, which is Yt-adapted has a
representation

ηt = η0 +

∫ t

0
ν⊤s dIs. (31)

Lemma

Define

Nt = πt(φ)−
∫ t

0
πs(Aφ)ds, (32)

then N is a Yt-adapted square integrable martingale under the
probability measure P .
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The Innovation Process Approach

According to the Martingale Representation Theorem:

πt(φ) = π0(φ) +

∫ t

0
πs(Aφ)ds+

∫ t

0
ν⊤s dIs (33)

Prove that
νs = πt(φh)− πs(φ)πs(h). (34)

Total set ϵt:
dϵt = iϵtr

⊤
t dYt. (35)
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In fact,

πt(φ) = π0(φ)+

∫ t

0
πs(Aφ)ds+

∫ t

0
ν⊤s (dYs−πs(h)ds) (36)

φ(Xt) = φ(X0) +

∫ t

0
Aφ(Xs)ds+Mφ

t (37)

Compare the difference between πt(φ)ϵt and φ(Xt)ϵt.
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Comparison between Two Methods

Conditions for the change-of-probability-measure method:

E

[∫ t

0

∥h(Xs)∥2ds
]
< ∞, E

[∫ t

0

Zs∥h(Xs)∥2ds
]
< ∞, ∀ t > 0, (38)

P̃

[∫ t

0

[ρs(∥h∥)]2ds < ∞
]
= 1. (39)

Conditions for the innovation process approach:

E

[∫ t

0

∥h(Xs)∥2ds
]
< ∞, P

(∫ t

0

∥πs(h)∥2ds < ∞
)

= 1. (40)
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The Correlated Noise Framework

If the state process is governed by

dXt = b(Xt)dt+ σ(Xt)dVt + σ̄(Xt)dWt, (41)

then,

dπt(φ) =πt(Aφ)dt+ (πt((h
⊤ +B⊤)φ)− πt(h

⊤)πt(φ))

× (dYt − πt(h)dt)
(42)

ρt(φ) = ρ0(φ)+

∫ t

0
ρs(Aφ)ds+

∫ t

0
ρs((h

⊤+B⊤)φ)dYs (43)

where

Bk =
d∑

i=1

σ̄ik
∂

∂xi
, k = 1, · · · ,m. (44)
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