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A triple product example

Let A be a rational elliptic curve of square-free conductor N. Write N = NT N~ so that A has
nonsplit and split multiplicative reduction at prime factors of N* and N—, respectively.
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A triple product example

Let A be a rational elliptic curve of square-free conductor N. Write N = NT N~ so that A has
nonsplit and split multiplicative reduction at prime factors of N* and N—, respectively.
Recall that we have the (incomplete) L-function:

1 1 1
L(s,A) =
(s,A) H 1+p— H 1_ps H 1— a,(A)p—> 1 p—2
ptN

pINT pIN=

1
B 1;[ (1 —=app=s)(1 - Bppfs).
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A triple product example

Let A be a rational elliptic curve of square-free conductor N. Write N = NT N~ so that A has
nonsplit and split multiplicative reduction at prime factors of N* and N—, respectively.
Recall that we have the (incomplete) L-function:

1 1 1
L(s,A) =
(s,A) H 1+p— H 1_ps H 1— a,(A)p—> 1 p—2
ptN

pINT pIN=

1
B 1;[ (1 —=app=s)(1 - Bppfs).

For k > 1, we have symmetric power L-functions:

1
L(s,SymK A) := .
o 1:[ (1—akp=)(1— o "Bpp~=) - (1 — B 'p=)(1 — Bkp—*)

It is known, by Newton—Thorne, that L(s, Sym* A) has a meromorphic continuation to C and
satisfies a functional equation with center % (not a pole).
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Let A be a rational elliptic curve of square-free conductor N. Write N = NT N~ so that A has
nonsplit and split multiplicative reduction at prime factors of N* and N—, respectively.
Recall that we have the (incomplete) L-function:
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L(s,A) =
(s,A) H 1+p— H 1_ps H 1— a,(A)p—> 1 p—2
ptN

pINT pIN=
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B 1;[ (1 —=app=s)(1 - Bppfs).

For k > 1, we have symmetric power L-functions:

1
L(s,SymK A) := .
o 1:[ (1—akp=)(1— o "Bpp~=) - (1 — B 'p=)(1 — Bkp—*)

It is known, by Newton—Thorne, that L(s, Sym* A) has a meromorphic continuation to C and

satisfies a functional equation with center % (not a pole).

It is not hard to see that if the number of prime factors of N~ is even, then L(s, Sym3 A)
vanishes at the center s = 2. How about nonvanishing?
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A triple product example

Let A be a rational elliptic curve of square-free conductor N. Write N = NT N~ so that A has
nonsplit and split multiplicative reduction at prime factors of N* and N—, respectively.
Recall that we have the (incomplete) L-function:

1 1 1
L(s,A) =
(s,A) H 1+p— H 1_ps H 1— a,(A)p—> 1 p—2
ptN

pINT pIN=

1
B 1;[ (1 —=app=s)(1 - Bppfs).

For k > 1, we have symmetric power L-functions:
1
L(s,Sym* A) := H
p

(1—akp=s)(1 — af 'Bpp=) - (1 — apBy 'p==)(1 — Bhp—*)

It is known, by Newton—Thorne, that L(s, Sym* A) has a meromorphic continuation to C and
satisfies a functional equation with center % (not a pole).

It is not hard to see that if the number of prime factors of N~ is even, then L(s, Sym3 A)
vanishes at the center s = 2. How about nonvanishing?

Suppose that the number of prime factors of N~ is odd. Let By be the definite quaternion
algebra ramified exactly at primes dividing N™. Let Sy— y+ be the (finite) set of cyclic isogenies
of oriented maximal orders of By— of order N, up to conjugation. Then there is a unique
nonzero Q-valued function f3 on Sy~ p+, unique up to a scalar, such that Tfy = ap(A)fa for
every pt N. '
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A triple product example (cont.)
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A triple product example (cont.)

fa(s)®
Z#Stab(s)

P(fa) =
seS

# 09
N— ,NT

then both L(1,A) and L(2,Sym3 A) are nonvanishing.
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A triple product example (cont.)

fa(s)®
Z#Stab(s)

P(fa) = # 0,

SGSN—,,W

then both L(1,A) and L(2,Sym3 A) are nonvanishing.

The above theorem is a very special case of the so-call the triple product L-function formula,
studied by Piatetski-Shapiro, Rallis, Gross, Harris, Kudla, et al, and finally settled by Ichino in full

generality.
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A triple product example (cont.)

fa(s)®
Z#Stab(s)

P(fa) =
seS

# 07
N— ,NT

then both L(1,A) and L(2,Sym3 A) are nonvanishing.

The above theorem is a very special case of the so-call the triple product L-function formula,
studied by Piatetski-Shapiro, Rallis, Gross, Harris, Kudla, et al, and finally settled by Ichino in full
generality.

Example

Consider A: y? 4+ y = x3 — x2 — 10x — 20, which has conductor 11 with split multiplicative
reduction at 11 (so that N*™ =1 and N~ = 11). The set S11,1 has two elements s, t with
#Stab(s) = 2 and #Stab(t) = 3. Then we may take

fA(S) =2, fA(t) = -3.
It follows that

3 _2)\3
P(fA):%Jr—( ;) = —5#£0,

which by the theorem implies that both L(1, A) and L(2,Sym? A) are nonvanishing.

4
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Bessel period

The triple product formula is a special case of a very general phenomenon predicted by Gross and
Prasad in 1980s (later complemented further with Gan), known as the Gan—Gross—Prasad

conjecture.
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Bessel period

The triple product formula is a special case of a very general phenomenon predicted by Gross and
Prasad in 1980s (later complemented further with Gan), known as the Gan—Gross—Prasad
conjecture.

e F: number field,

e c: automorphism of F of order either 1 or 2,

o Ft .= Fc=1

e V: an F-vector space of dimension n equipped with a nondegenerate c-symmetric pairing
(, )v: VXV — F that is F-linear in the first variable (known as c-hermitian space),
Vi =V @ Fe with (e,e)yy = 1,
e G :=TU(V) x U(V*#) with the subgroup H := AU(V), both reductive groups over F+.
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Bessel period

The triple product formula is a special case of a very general phenomenon predicted by Gross and
Prasad in 1980s (later complemented further with Gan), known as the Gan—Gross—Prasad
conjecture.

e F: number field,

e c: automorphism of F of order either 1 or 2,

o Ft .= Fc=1

e V: an F-vector space of dimension n equipped with a nondegenerate c-symmetric pairing
(, )v: VXV — F that is F-linear in the first variable (known as c-hermitian space),
Vi =V @ Fe with (e,e)yy = 1,

e G :=TU(V) x U(V*#) with the subgroup H := AU(V), both reductive groups over F+.
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+), with the
standard L-function L(s, ) with center s =1/2.
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Bessel period

The triple product formula is a special case of a very general phenomenon predicted by Gross and
Prasad in 1980s (later complemented further with Gan), known as the Gan—Gross—Prasad
conjecture.

e F: number field,

e c: automorphism of F of order either 1 or 2,

o FT = Fc=1,

e V: an F-vector space of dimension n equipped with a nondegenerate c-symmetric pairing
(, )v: VXV — F that is F-linear in the first variable (known as c-hermitian space),
Vi =V @ Fe with (e,e)yy = 1,

e G :=TU(V) x U(V*#) with the subgroup H := AU(V), both reductive groups over F+.
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+), with the

standard L-function L(s, ) with center s =1/2.
For every cusp form f € 7, we define its Bessel period:

P(F) = / f(h)dh
H(F)\H(Ap+)

with respect to the Tamagawa measure.
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Bessel period

The triple product formula is a special case of a very general phenomenon predicted by Gross and
Prasad in 1980s (later complemented further with Gan), known as the Gan—Gross—Prasad
conjecture.

e F: number field,

e c: automorphism of F of order either 1 or 2,

o Ft .= Fe=1,

e V: an F-vector space of dimension n equipped with a nondegenerate c-symmetric pairing

(, )v: VXV — F that is F-linear in the first variable (known as c-hermitian space),

o Vi:= V@ Fewith (e, )4 = 1,

o G :=TU(V) x U(V*) with the subgroup H := AU(V), both reductive groups over F+.
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+), with the
standard L-function L(s, ) with center s =1/2.

For every cusp form f € 7, we define its Bessel period:

P(F) = / f(h)dh
H(F)\H(Ap+)

with respect to the Tamagawa measure.

Take F =Q, c=1id, and V = Bt=0 for a quaternion algebra B over Q (so that n = 3). Then the
pair H C G is the triple diagonal subgroup APB* C PB* x PB* x PB*.
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Bessel period

The triple product formula is a special case of a very general phenomenon predicted by Gross and
Prasad in 1980s (later complemented further with Gan), known as the Gan—Gross—Prasad
conjecture.

e F: number field,

e c: automorphism of F of order either 1 or 2,

o Ft .= Fe=1,

e V: an F-vector space of dimension n equipped with a nondegenerate c-symmetric pairing

(, )v: VXV — F that is F-linear in the first variable (known as c-hermitian space),

o Vi:= V@ Fewith (e, )4 = 1,

o G :=TU(V) x U(V*) with the subgroup H := AU(V), both reductive groups over F+.
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+), with the
standard L-function L(s, ) with center s =1/2.

For every cusp form f € 7, we define its Bessel period:

P(F) = / f(h)dh
H(F)\H(Ap+)

with respect to the Tamagawa measure.

Take F =Q, c=1id, and V = Bt=0 for a quaternion algebra B over Q (so that n = 3). Then the
pair H C G is the triple diagonal subgroup APB* C PB* x PB* x PB*.
If discB | N and we take m = 74 R w4 X 74, then L(s,7) = L(s 4+ 1/2, A)? - L(s 4+ 3/2, Sym> A).
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Gan—Gross—Prasad conjecture
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)

The following two statements are equivalent:
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)

The following two statements are equivalent:

(1) L(1/2,7) #0;
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)

The following two statements are equivalent:
(1) L(1/2,m) #0;
(2) there exist another c-hermitian space V' of dimension n (with the corresponding H' C G’)

and an irreducible cuspidal automorphic representation 7' of G'(Ag+) that is nearly
equivalent to m, such that P is nontrivial on ’.
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)

The following two statements are equivalent:

(1) L(1/2,7) #0;

(2) there exist another c-hermitian space V' of dimension n (with the corresponding H' C G’)

and an irreducible cuspidal automorphic representation 7' of G'(Ag+) that is nearly
equivalent to m, such that P is nontrivial on ’.

Moreover, if (2) happens, then V' are w/ are unique up to isomorphisms.
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)

The following two statements are equivalent:

(1) L(1/2,7) #0;

(2) there exist another c-hermitian space V' of dimension n (with the corresponding H' C G’)

and an irreducible cuspidal automorphic representation 7' of G'(Ag+) that is nearly
equivalent to m, such that P is nontrivial on ’.

Moreover, if (2) happens, then V' are w/ are unique up to isomorphisms.

Note that L(s, ) depends only on the nearly equivalence class of .
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)
The following two statements are equivalent:

(1) L(1/2,m) #0;

(2) there exist another c-hermitian space V' of dimension n (with the corresponding H' C G’)
and an irreducible cuspidal automorphic representation 7' of G'(Ag+) that is nearly
equivalent to m, such that P is nontrivial on ’.

Moreover, if (2) happens, then V' are w/ are unique up to isomorphisms.

Note that L(s, ) depends only on the nearly equivalence class of .

Conjecture (Ichino-lkeda, refined GGP, 2010)

Suppose that 7 is everywhere tempered. For a decomposable vector f = ®,f, of 7, we have

PO = s 2T TT al(5)

28(m) L(1,m, Ad)

in which B(x) is a positive integer depending only on the nearly equivalence class of 7; and

ah,,( v) equals 1 for all but finitely many v.
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Gan—Gross—Prasad conjecture

Conjecture (Gan—Gross—Prasad, GGP, 1980s—2012)

The following two statements are equivalent:

(1) L(1/2,m) #0;

(2) there exist another c-hermitian space V' of dimension n (with the corresponding H' C G’)
and an irreducible cuspidal automorphic representation 7' of G'(Ag+) that is nearly
equivalent to m, such that P is nontrivial on ’.

Moreover, if (2) happens, then V' are w/ are unique up to isomorphisms.

Note that L(s, ) depends only on the nearly equivalence class of .

Conjecture (Ichino-lkeda, refined GGP, 2010)

Suppose that 7 is everywhere tempered. For a decomposable vector f = ®,f, of 7, we have

1 L(1/2,7)
IP(F)]? = T A Hai(fv)

28(m) L(1,m, Ad

in which B(x) is a positive integer depending only on the nearly equivalence class of 7; and

ah,,( v) equals 1 for all but finitely many v.

The generalized Ramanujan conjecture predicts that a generic irreducible cuspidal representation
is automatically everywhere tempered.
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The GGP conjecture and its refinement are known in the following cases:
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(O) c=id and n < 3;
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Progress

The GGP conjecture and its refinement are known in the following cases:
(O) c=id and n < 3;

(U) c is nontrivial and n arbitrary.
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Progress

The GGP conjecture and its refinement are known in the following cases:
(O) c=id and n < 3;

(U) c is nontrivial and n arbitrary.

In case (O), when n =1, the conjectures are trivial; when n = 2, they are Waldspurger’s formula;
when n = 3, they are the triple product formula.
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when n = 3, they are the triple product formula.
In case (U), we have the following major landmarks set in the past 20 years:
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(U) c is nontrivial and n arbitrary.

In case (O), when n =1, the conjectures are trivial; when n = 2, they are Waldspurger’s formula;

when n = 3, they are the triple product formula.
In case (U), we have the following major landmarks set in the past 20 years:
e Jacquet—Rallis (Clay Math. Proc. 2011) proposed a relative trace formula approach (which

doesn't fully exist yet when ¢ = id),

Yifeng Liu (Zhejiang University) A tour around the Gan-Gross—Prasad conjecture Oct 28, 2024 6 /16



Progress

The GGP conjecture and its refinement are known in the following cases:
(O) c=id and n < 3;

(U) c is nontrivial and n arbitrary.

In case (O), when n =1, the conjectures are trivial; when n = 2, they are Waldspurger’s formula;
when n = 3, they are the triple product formula.
In case (U), we have the following major landmarks set in the past 20 years:
e Jacquet—Rallis (Clay Math. Proc. 2011) proposed a relative trace formula approach (which
doesn't fully exist yet when ¢ = id),
e Zhiwei Yun (Duke 2011) proved the corresponding (relative) fundamental lemma, using the
similar idea from Ngé's proof of the Langlands—Shelstad fundamental lemma,
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The GGP conjecture and its refinement are known in the following cases:

(O) c=id and n < 3;

(U) c is nontrivial and n arbitrary.

In case (O), when n =1, the conjectures are trivial; when n = 2, they are Waldspurger’s formula;
when n = 3, they are the triple product formula.
In case (U), we have the following major landmarks set in the past 20 years:
e Jacquet—Rallis (Clay Math. Proc. 2011) proposed a relative trace formula approach (which
doesn't fully exist yet when ¢ = id),
e Zhiwei Yun (Duke 2011) proved the corresponding (relative) fundamental lemma, using the
similar idea from Ngé's proof of the Langlands—Shelstad fundamental lemma,
e Wei Zhang (Annals 2014, JAMS 2014) proved the corresponding (relative) smooth matching
and derived the first theorems for general n but with several local restrictions,
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doesn't fully exist yet when ¢ = id),

Zhiwei Yun (Duke 2011) proved the corresponding (relative) fundamental lemma, using the
similar idea from Ngé's proof of the Langlands—Shelstad fundamental lemma,

Wei Zhang (Annals 2014, JAMS 2014) proved the corresponding (relative) smooth matching
and derived the first theorems for general n but with several local restrictions,

Hang Xue (Duke 2019) and Beuzart-Plessis (JIMJ 2020, Invent 2021) removed several local
restrictions but one,
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restrictions but one,

Beuzart-Plessis—L.—Zhang—Zhu (Annals 2021) removed all local restrictions for 7 stable,
based on a new technique in trace formula,
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The GGP conjecture and its refinement are known in the following cases:
(O) c=id and n < 3;

(U) c is nontrivial and n arbitrary.

In case (O), when n =1, the conjectures are trivial; when n = 2, they are Waldspurger’s formula;
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Wei Zhang (Annals 2014, JAMS 2014) proved the corresponding (relative) smooth matching
and derived the first theorems for general n but with several local restrictions,

Hang Xue (Duke 2019) and Beuzart-Plessis (JIMJ 2020, Invent 2021) removed several local
restrictions but one,

Beuzart-Plessis—L.—Zhang—Zhu (Annals 2021) removed all local restrictions for 7 stable,
based on a new technique in trace formula,

Beuzart-Plessis—Chaudouard—Zydor (IHES 2022) accomplished the theorem for 7 endoscopic,
using the above mentioned technique.
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Progress

The GGP conjecture and its refinement are known in the following cases:

(0)
(V)

c=1id and n < 3;

c is nontrivial and n arbitrary.

In case (O), when n =1, the conjectures are trivial; when n = 2, they are Waldspurger’s formula;
when n = 3, they are the triple product formula.
In case (U), we have the following major landmarks set in the past 20 years:

Jacquet—Rallis (Clay Math. Proc. 2011) proposed a relative trace formula approach (which
doesn't fully exist yet when ¢ = id),

Zhiwei Yun (Duke 2011) proved the corresponding (relative) fundamental lemma, using the
similar idea from Ngé's proof of the Langlands—Shelstad fundamental lemma,

Wei Zhang (Annals 2014, JAMS 2014) proved the corresponding (relative) smooth matching
and derived the first theorems for general n but with several local restrictions,

Hang Xue (Duke 2019) and Beuzart-Plessis (JIMJ 2020, Invent 2021) removed several local
restrictions but one,

Beuzart-Plessis—L.—Zhang—Zhu (Annals 2021) removed all local restrictions for 7 stable,
based on a new technique in trace formula,

Beuzart-Plessis—Chaudouard—Zydor (IHES 2022) accomplished the theorem for 7 endoscopic,
using the above mentioned technique.

When ¢ = id, Ginzburg—Jiang—Rallis (JAMS 2004) and Jiang—(Lei) Zhang (Annals 2020) proved
one direction of the GGP conjecture, namely, (2)=(1).
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Generalized Bessel periods
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Generalized Bessel periods

® r: a nonnegative integer,

o VI =V @ Fe® PP with (e, e)ys = 1 and P the hyperbolic plane,

e F: a chosen complete filtration of a Lagrangian of P®",

e Uz: the stabilizer of F in U(V*#), which contains U(V) and admits a projection to U(V),

e Y: Ur(F)\Ux(AF) — C*: a chosen generic character trivial on U(V)(Af) and invariant by
the conjugation of U(V)(AF),
e G :=U(V) x U(V!) with the subgroup H := AU .
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Generalized Bessel periods

e r: a nonnegative integer,

o VI =V @ Fe® PP with (e, e)ys = 1 and P the hyperbolic plane,

e F: a chosen complete filtration of a Lagrangian of P®",

e Uz: the stabilizer of F in U(V*#), which contains U(V) and admits a projection to U(V),

Y: Ur(F)\Uz(Ar) — C*: a chosen generic character trivial on U(V)(Afg) and invariant by
the conjugation of U(V)(AF),
e G :=U(V) x U(V!) with the subgroup H := AU .

Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € 7, we define its (generalized) Bessel period:

P(f) = / f(h)p(h)dh
HFH)\H(Ag+)

with respect to the Tamagawa measure.
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with respect to the Tamagawa measure.

e Gan—Gross—Prasad formulated a similar conjecture (unrefined) in this case,
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e F: a chosen complete filtration of a Lagrangian of P®",

e Uz: the stabilizer of F in U(V*#), which contains U(V) and admits a projection to U(V),
Y: Ur(F)\Uz(Ar) — C*: a chosen generic character trivial on U(V)(Afg) and invariant by
the conjugation of U(V)(AF),

e G :=U(V) x U(V!) with the subgroup H := AU .

Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € 7, we define its (generalized) Bessel period:

P(f) = / f(h)p(h)dh
HFH)\H(Ag+)

with respect to the Tamagawa measure.

e Gan—Gross—Prasad formulated a similar conjecture (unrefined) in this case,
e L. (Crelle 2016) formulated the refined version, generalizing Ichino—lkeda,
e Beuzart-Plessis—Chaudouard (arXiv 2023) proved both conjectures.
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Fourier—Jacobi periods
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Fourier—Jacobi periods

For symplectic and unitary groups, there are also Fourier—Jacobi periods (r = 0) and the
generalized versions (r > 0). In the unitary case, there is also a twisted version only for r = 0.
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Fourier—Jacobi periods

For symplectic and unitary groups, there are also Fourier—Jacobi periods (r = 0) and the
generalized versions (r > 0). In the unitary case, there is also a twisted version only for r = 0.

e K/FT: an étale quadratic algebra (e.g. F* x FT, F, or other quadratic field extension),
e G=U(Vk)and H=U(V)C G,
o L F><\A,>:< — C* such that pf,x =np/F+.

F+
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Fourier—Jacobi periods

For symplectic and unitary groups, there are also Fourier—Jacobi periods (r = 0) and the
generalized versions (r > 0). In the unitary case, there is also a twisted version only for r = 0.

e K/FT: an étale quadratic algebra (e.g. F* x FT, F, or other quadratic field extension),
e G=U(Vk)and H=U(V)C G,
o u: F><\A,>:< — C* such that pf,x =np/F+.

F+

Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € w, we define its (twisted, when K # FT x FT) Fourier-Jacobi period:

P(f) = / £(h)0,.(h)dh
H(F+)\H(Ap+)

with respect to the Tamagawa measure.
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Fourier—Jacobi periods

For symplectic and unitary groups, there are also Fourier—Jacobi periods (r = 0) and the
generalized versions (r > 0). In the unitary case, there is also a twisted version only for r = 0.

e K/FT: an étale quadratic algebra (e.g. F* x FT, F, or other quadratic field extension),
e G=U(Vk)and H=TU(V) C G,
o p: FX\AZ — C* such that Blyx =mF/F+
F+
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € w, we define its (twisted, when K # FT x FT) Fourier-Jacobi period:

P(f) = / £(h)0,.(h)dh
H(F+)\H(Ap+)

with respect to the Tamagawa measure. We have the analogue of GGP and its refinement, which
is related to the L-value L(%, (As;F/F ™) Q p).
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e K/FT: an étale quadratic algebra (e.g. F* x FT, F, or other quadratic field extension),
e G=U(Vk)and H=TU(V) C G,
o p: FX\AZ — C* such that Blyx =mF/F+
F+
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € w, we define its (twisted, when K # FT x FT) Fourier-Jacobi period:

Puy:/, £(h)0,.(h)dh
H(F+)\H(Ap+)

with respect to the Tamagawa measure. We have the analogue of GGP and its refinement, which
is related to the L-value L(%, (As;F/F ™) Q p).

twisted FJ

generalized FJ
K#F"xFt,r=0

K=FtxFt,r>0
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H(F+)\H(Ap+)

with respect to the Tamagawa measure. We have the analogue of GGP and its refinement, which
is related to the L-value L(%, (As;F/F ™) Q p).

twisted FJ

generalized FJ
K#F"xFt,r=0

K=FtxFt,r>0

e L. (Manu. Math. 2014) established the RTF approach for Fourier—Jacobi periods,
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Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € w, we define its (twisted, when K # FT x FT) Fourier-Jacobi period:

Puy:/, £(h)0,.(h)dh
H(F+)\H(Ap+)

with respect to the Tamagawa measure. We have the analogue of GGP and its refinement, which
is related to the L-value L(%, (As;F/F ™) Q p).

twisted FJ

generalized FJ
K#F"xFt,r=0

K=FtxFt,r>0

e L. (Manu. Math. 2014) established the RTF approach for Fourier—Jacobi periods,
e Boisseau—Lu—Xue (arXiv 2024) proved GGP (and its refinement) via RTF for (generalized)
Fourier—Jacobi periods, based on techniques from [BPLZZ, BPCZ, BP(],

Yifeng Liu (Zhejiang University) A tour around the Gan-Gross—Prasad conjecture Oct 28, 2024 8 /16



Fourier—Jacobi periods

For symplectic and unitary groups, there are also Fourier—Jacobi periods (r = 0) and the
generalized versions (r > 0). In the unitary case, there is also a twisted version only for r = 0.

e K/FT: an étale quadratic algebra (e.g. F* x FT, F, or other quadratic field extension),
e G=U(Vk)and H=TU(V) C G,
o p: FX\AZ — C* such that Blyx =mF/F+
F+
Consider a generic irreducible cuspidal automorphic representation m of G(Ag+). For every cusp
form f € w, we define its (twisted, when K # FT x FT) Fourier-Jacobi period:

P(f) = / £(h)0,.(h)dh
H(F+)\H(Ap+)

with respect to the Tamagawa measure. We have the analogue of GGP and its refinement, which
is related to the L-value L(%, (As;F/F ™) Q p).

twisted FJ
K#FtTxFt r=0

generalized FJ
K=FtxFt r>0

e L. (Manu. Math. 2014) established the RTF approach for Fourier—Jacobi periods,

e Boisseau—Lu—Xue (arXiv 2024) proved GGP (and its refinement) via RTF for (generalized)
Fourier—Jacobi periods, based on techniques from [BPLZZ, BPCZ, BP(],

e Wang (arXiv 2023) proved GGP (and its refinement) for twisted Fourier—Jacobi periods with
K = F under certain restrictions.
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Application: Beilinson—Bloch—Kato conjecture
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Application: Beilinson—Bloch—Kato conjecture

Suppose that F is a CM field and c is the complex conjugation (so that FT is a totally real field).
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Application: Beilinson—Bloch—Kato conjecture

Suppose that F is a CM field and c is the complex conjugation (so that FT is a totally real field).
Consider two elliptic curves A and A’ over Ft with the L-function

n n—1

n— n al — 1
L(s,Sym" ™" Ap x Sym" AL) == HHH 1= (@) (Bo) 17l )" (BL)™ 7 q®

w i'=0 i=0 "

in which w runs over all (but finitely many) primes of F and g, denotes the residue cardinality of
[Feyo

Yifeng Liu (Zhejiang University) A tour around the Gan—-Gross—Prasad conjecture Oct 28, 2024 9/16



Application: Beilinson—Bloch—Kato conjecture

Suppose that F is a CM field and c is the complex conjugation (so that FT is a totally real field).
Consider two elliptic curves A and A’ over Ft with the L-function

n n—1

n— n al — 1
L(s,Sym" ™" AF x Sym" AL) = HHH 1= (@) (Bo) 17l )" (BL)™ 7 q®

w i'=0 i=0 "

in which w runs over all (but finitely many) primes of F and g, denotes the residue cardinality of
[Feyo

Suppose that both A and A’ are modular without CM. Then recent breakthrough of
Newton—Thorne implies that L(s,Sym"~! Ar x Sym” AL) has an analytic continuation to the
entire complex plane that satisfies a functional equation at s = n.
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Application: Beilinson—Bloch—Kato conjecture

Suppose that F is a CM field and c is the complex conjugation (so that FT is a totally real field).
Consider two elliptic curves A and A’ over Ft with the L-function

n n—1

n— n / — 1
tesmtaxsme ey = | L = mar o e

w i’=0 i=0

in which w runs over all (but finitely many) primes of F and g, denotes the residue cardinality of
[Feyo

Suppose that both A and A’ are modular without CM. Then recent breakthrough of
Newton—Thorne implies that L(s,Sym"~! Ar x Sym” AL) has an analytic continuation to the
entire complex plane that satisfies a functional equation at s = n.

On the other hand, for every prime number p, we have a Z,[Gal(F/F*)]-module

T(A, A, n)p = (Sym" ! Tp(A) @ Sym" Tp(A")) (1 — n),

equipped with a canonical polarization V(A, A’, n); = V(A, A’, n),(—1). Put
V(A, A", n)p = T(A, A", n)p ®z, Qp.
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Suppose that F is a CM field and c is the complex conjugation (so that FT is a totally real field).
Consider two elliptic curves A and A’ over Ft with the L-function

n n—1

n— n / — 1
tesmtaxsme ey = | L = mar o e

w i’=0 i=0

in which w runs over all (but finitely many) primes of F and g, denotes the residue cardinality of
[Feyo

Suppose that both A and A’ are modular without CM. Then recent breakthrough of
Newton—Thorne implies that L(s,Sym"~! Ar x Sym” AL) has an analytic continuation to the
entire complex plane that satisfies a functional equation at s = n.

On the other hand, for every prime number p, we have a Z,[Gal(F/F*)]-module

T(A, A, n)p = (Sym" ! Tp(A) @ Sym" Tp(A")) (1 — n),

VY = V(A, A", n)p(~1). Put

equipped with a canonical polarization V(A, A", n);

V(A, A", n)p = T(A, A", n)p ®z, Qp.
For every finite extension F/F* (contained in F), we have the Bloch-Kato Selmer group:

HL(F, V(A, A, n),) = ker [ HY(E, V(A A", n),) — H HY(Fj, V(A, A, n)p @ Beris)

wlp
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Application: Beilinson—Bloch—Kato conjecture (cont.)
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Application: Beilinson—Bloch—Kato conjecture (cont.)

Conjecture (Beilinson—Bloch—Kato conjecture, special case)

For every prime number p,

ords—p L(s,Sym" ' Ap x Sym" A}) = dimg, H{(F,V(A, A’, n),)
holds.
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Application: Beilinson—Bloch—Kato conjecture (cont.)

Conjecture (Beilinson—Bloch—Kato conjecture, special case)

For every prime number p,
ords—p L(s,Sym" ' Ap x Sym" A}) = dimg, H{(F,V(A, A’, n),)

holds.

The above conjecture generalizes the BSD conjecture, which is the case for n = 1, since

H}(F, V(A A’ 1)p) = (Lm Se'pm(A’/ff)) ®z, Qp-

m
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Application: Beilinson—Bloch—Kato conjecture (cont.)

Conjecture (Beilinson—Bloch—Kato conjecture, special case)

For every prime number p,
ords—p L(s,Sym" ' Ap x Sym" A}) = dimg, H{(F,V(A, A’, n),)

holds.

The above conjecture generalizes the BSD conjecture, which is the case for n = 1, since

H}(F, V(A A’ 1)p) = (Lm Se'pm(A’/ff)) ®z, Qp-

m

Theorem (L.—Tian—Xiao—Zhang-Zhu, Invent. 2022)

Suppose that F™ # Q when n > 3. Suppose that A and A’ are both modular,
End(Ag) = End(A’F) = Z, and Hom(Ag, A/F) = 0. If L(n,Sym"~! Ar x Sym" A.) # 0, then for

all but (effectively) finitely many prime numbers p,

HL(F, V(A A, n),) = 0.
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Application: Beilinson—Bloch—Kato conjecture (cont.)

Conjecture (Beilinson—Bloch—Kato conjecture, special case)

For every prime number p,
ords—p L(s,Sym" ' Ap x Sym" A}) = dimg, H{(F,V(A, A’, n),)

holds.

The above conjecture generalizes the BSD conjecture, which is the case for n = 1, since

H}(F, V(A A’ 1)p) = (Lm Se'pm(A’/ff)) ®z, Qp-

m

Theorem (L.—Tian—Xiao—Zhang-Zhu, Invent. 2022)

Suppose that F™ # Q when n > 3. Suppose that A and A’ are both modular,
End(Ag) = End(A’F) = Z, and Hom(Ag, A/F) = 0. If L(n,Sym"~! Af x Sym" AL) # 0, then for

all but (effectively) finitely many prime numbers p,

HL(F, V(A A, n),) = 0.

The first step of the proof is the implication (1)=>(2) in the GGP conjecture.
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Application: Iwasawa’s main conjecture
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Application: Iwasawa’s main conjecture

Let F, c, A and A’ be as in the previous application.
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Application: Iwasawa’s main conjecture

Let F, c, A and A’ be as in the previous application.

An anticyclotomic extension of F is an abelian extension F/F (contained in F) such that F/F+
is Galois for which ¢ acts on Gal(F/F) by —1. An anticyclotomic extension F/F is free if
Gal(F/F) is torsion free. For an anticyclotomic extension F/F, we denote by ¥ r the set of
primes of F ramified in F.
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Application: Iwasawa’s main conjecture

Let F, c, A and A’ be as in the previous application.

An anticyclotomic extension of F is an abelian extension F/F (contained in F) such that F/F+
is Galois for which ¢ acts on Gal(F/F) by —1. An anticyclotomic extension F/F is free if
Gal(F/F) is torsion free. For an anticyclotomic extension F/F, we denote by ¥ r the set of
primes of F ramified in F.

An anticyclotomic extension F/F is p-ordinary (with respect to A, A’) if for w € £z, both A,
and A, have good ordinary reduction (for example, the trivial extension F/F).
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Application: Iwasawa’s main conjecture

Let F, c, A and A’ be as in the previous application.

An anticyclotomic extension of F is an abelian extension F/F (contained in F) such that F/F+
is Galois for which ¢ acts on Gal(F/F) by —1. An anticyclotomic extension F/F is free if
Gal(F/F) is torsion free. For an anticyclotomic extension F/F, we denote by ¥ r the set of
primes of F ramified in F.

An anticyclotomic extension F/F is p-ordinary (with respect to A, A’) if for w € £z, both A,
and A, have good ordinary reduction (for example, the trivial extension F/F). Put

Ar = Zp[[Gal(F/F)]l, Arq, =Ar ®z, Qp,

known as lwasawa algebras.
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Application: Iwasawa’s main conjecture

Let F, c, A and A’ be as in the previous application.

An anticyclotomic extension of F is an abelian extension F/F (contained in F) such that F/F+
is Galois for which ¢ acts on Gal(F/F) by —1. An anticyclotomic extension F/F is free if
Gal(F/F) is torsion free. For an anticyclotomic extension F/F, we denote by ¥ r the set of
primes of F ramified in F.

An anticyclotomic extension F/F is p-ordinary (with respect to A, A’) if for w € £z, both A,
and A, have good ordinary reduction (for example, the trivial extension F/F). Put

/\]: = Zp[[GE:Il(.F/F)]]7 /\]:,@p = /\]: ®Zp @p,
known as lwasawa algebras.

Theorem (L., arXiv 2023)

Let F/F be a free p-ordinary anticyclotomic extension F/F. There exists an element
L7 (Sym" "t Af x Sym" Ar) € Ar q,, unique up to a scalar in Qp, satisfying the following

interpolation property: There exists a constant C € C* such that for every finite order character
x: Gal(F/F) — @: that is ramified at all places in ¥ and every embedding v: @P — C,

1 Zr(Sym" "1 Ap x Sym™ AF)(x)

n(n+1)(2n+1) cw(x)

_ . dw . n—1 n pl
=C.. H LIS L(n,Sym"~" Af x Sym” AL ® tx).

WEL r
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Application: lwasawa's main conjecture (cont.)
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Application: lwasawa's main conjecture (cont.)

In the theorem,

o (N) = N2+ (N—2)2+...412/02,

® g, denotes the residue cardinality of F,,

e oy and o), denote the unique root in Z;f of the polynomials T2 — aw(A)T + qw and
T2 — aw(A)T + qu, respectively,
cw(x) > 0 denotes the conductor of x at w.
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Application: lwasawa's main conjecture (cont.)

In the theorem,
o (N) = N2+ (N—2)2+...412/02,
® g, denotes the residue cardinality of F,,
e oy and o), denote the unique root in Z;f of the polynomials T2 — aw(A)T + qw and
T2 — aw(A)T + qu, respectively,
® ¢y (x) > 0 denotes the conductor of x at w.
The construction of Z7(Sym"~! Ar x Sym” AL) relies on the refined GGP conjecture.
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Application: lwasawa's main conjecture (cont.)

In the theorem,
o (N) = N2+ (N—2)2+...412/02,
® g, denotes the residue cardinality of F,,
e oy and o), denote the unique root in Z;f of the polynomials T2 — aw(A)T + qw and
T2 — aw(A)T + qu, respectively,
® ¢y (x) > 0 denotes the conductor of x at w.
The construction of Z7(Sym"~! Ar x Sym” AL) relies on the refined GGP conjecture.

We now define Selmer groups over the lwasawa algebra. For every finite extension I~—_/F+, there
are similarly defined Bloch—Kato Selmer groups

H}'(F_v T(Av A/v ”)P) c Hl(i—_z T(A7 Alv ”)P)7
H}(F, W(A, A, n),) C H'(F,W(A A’ n),),
where W(A, A’, n), := T(A, A, n)p @z, Qp/Zp.
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Application: lwasawa's main conjecture (cont.)

In the theorem,
o (N) = N2+ (N—2)2+...412/02,
® g, denotes the residue cardinality of F,,
e oy and o), denote the unique root in Z;f of the polynomials T2 — aw(A)T + qw and
T2 — aw(A)T + qu, respectively,
® ¢y (x) > 0 denotes the conductor of x at w.
The construction of Z7(Sym"~! Ar x Sym” AL) relies on the refined GGP conjecture.

We now define Selmer groups over the lwasawa algebra. For every finite extension I~—_/F+, there
are similarly defined Bloch—Kato Selmer groups

H}'(F_v T(Av A/v ”)P) c Hl(i—_z T(A7 Alv ”)P)7
H}(F, W(A, A, n),) C H'(F,W(A A’ n),),
where W(A, A’, n), := T(A, A, n)p @z, Qp/Zp.

Put
S (F V(A A, n)p) = | lim HY(F,T(A A, n)) | ®z, Qp,
F/E/F
Z(F, V(A A n)p) == | lim Hom (H{(F,W(A,A",n)p),Qp/Zp) | ®z, Qp,
F/E/F

both being finitely generated modules over Az g, .
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Application: lwasawa's main conjecture (cont.)
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.

Conjecture (lwasawa's main conjecture)

The characteristic ideal charz( % (F,V(A, A’,n),)) is generated by £Lr(Sym"~! Ag x Sym" A%.).
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.

Conjecture (lwasawa's main conjecture)

The characteristic ideal charz( % (F,V(A, A’,n),)) is generated by £Lr(Sym"~! Ag x Sym" A%.).

Theorem (L.—Tian—Xiao, arXiv 2024)

Suppose that Ft # Q when n > 3. Suppose that A and A’ are both modular,
End(Ag) = End(A’E) = Z, and Hom(Ag, AIF) = 0. The following holds for all but (effectively)
finitely many prime numbers p:
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.

Conjecture (lwasawa's main conjecture)

The characteristic ideal charz( % (F,V(A, A’,n),)) is generated by £Lr(Sym"~! Ag x Sym" A%.).

Theorem (L.—Tian—Xiao, arXiv 2024)

Suppose that Ft # Q when n > 3. Suppose that A and A’ are both modular,

End(Ag) = End(A’E) = Z, and Hom(Ag, AIF) = 0. The following holds for all but (effectively)
finitely many prime numbers p:

For every free p-ordinary anticyclotomic extension F/F, if Z7(Sym"~! Ar x Sym” AL) #0, then
(1) Z(F,V(A, A", n)p) is a torsion Ax g,-module;
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.

Conjecture (lwasawa's main conjecture)

The characteristic ideal charz( % (F,V(A, A’,n),)) is generated by £Lr(Sym"~! Ag x Sym" A%.).

Theorem (L.—Tian—Xiao, arXiv 2024)

Suppose that Ft # Q when n > 3. Suppose that A and A’ are both modular,

End(Ag) = End(A’E) = Z, and Hom(Ag, AIF) = 0. The following holds for all but (effectively)
finitely many prime numbers p:

For every free p-ordinary anticyclotomic extension F/F, if Z7(Sym"~! Ar x Sym” AL) #0, then
(1) Z(F,V(A, A", n)p) is a torsion Ax g,-module;

(2) S (F,V(A, A, n)p) vanishes;
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.

Conjecture (lwasawa's main conjecture)

The characteristic ideal charz( % (F,V(A, A’,n),)) is generated by £Lr(Sym"~! Ag x Sym" A%.).

Theorem (L.—Tian—Xiao, arXiv 2024)

Suppose that Ft # Q when n > 3. Suppose that A and A’ are both modular,

End(Ag) = End(A’E) = Z, and Hom(Ag, AIF) = 0. The following holds for all but (effectively)
finitely many prime numbers p:

For every free p-ordinary anticyclotomic extension F/F, if Z7(Sym"~! Ar x Sym” AL) #0, then
(1) Z(F,V(A, A", n)p) is a torsion Ax g,-module;

(2) S (F,V(A, A, n)p) vanishes;

(3) LF(Sym" ™! Ar x Sym" AL) € char£ (2 (F, V(A, A", n),)).
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Application: lwasawa's main conjecture (cont.)

Note that Ax g, is @ UFD of dimension rankz, Gal(F/F). Every finitely generated module M
over Af,Qp admits a pseudo-isomorphism

M =~ P Arq,/(F)

for finitely many elements f; € AF,q,, unique up to units and permutations. Define the
characteristic ideal charz(M) of M to be the ideal of Ax g, generated by HI. fi.

Conjecture (lwasawa's main conjecture)

The characteristic ideal charz( % (F,V(A, A’,n),)) is generated by £Lr(Sym"~! Ag x Sym" A%.).

Theorem (L.—Tian—Xiao, arXiv 2024)

Suppose that Ft # Q when n > 3. Suppose that A and A’ are both modular,

End(Ag) = End(A’E) = Z, and Hom(Ag, AIF) = 0. The following holds for all but (effectively)
finitely many prime numbers p:

For every free p-ordinary anticyclotomic extension F/F, if Z7(Sym"~! Ar x Sym” AL) #0, then
(1) Z(F,V(A, A", n)p) is a torsion Ax g,-module;

(2) S (F,V(A, A, n)p) vanishes;

(3) LF(Sym" ™! Ar x Sym" AL) € char£ (2 (F, V(A, A", n),)).

By taking F = F, it recovers the theorem of [LTXZZ].
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Application: subconvex bounds
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Application: subconvex bounds

Suppose that ¢ is nontrivial and r = 0. Fix a distinguished archimedean place vy of F* and
assume that V/ is anisotropic and is positive definite at archimedean places other than vy.
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Application: subconvex bounds

Suppose that ¢ is nontrivial and r = 0. Fix a distinguished archimedean place vy of F* and
assume that V/ is anisotropic and is positive definite at archimedean places other than vy.
Consider a family .7 of irreducible cuspidal automorphic representations 7 of G(Af+) satisfying:

e 7 is everywhere tempered,

e m, is distinguished (that is, HomH(F+)(7r\,,(C) # 0) for every place v of FT,

e 7, is unramified outside a prescribed finite set S of places of F' (including all archimedean
places),

e for v € S\ {w}, m is taken in a prescribed bounded subset of the tempered dual of G(F;"),

e my, stays away from a prescribed “conductor dropping locus”.
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Application: subconvex bounds

Suppose that ¢ is nontrivial and r = 0. Fix a distinguished archimedean place vy of F* and
assume that V/ is anisotropic and is positive definite at archimedean places other than vy.
Consider a family .Z of irreducible cuspidal automorphic representations m of G(Ag+) satisfying:

Theorem (Nelson, Invent. 2023)

For m € %, the subconvex bound

holds for each fixed

Here, C(7) denotes the global analytic conductor of .

7 is everywhere tempered,

my is distinguished (that is, HomH(F+)(7r\,,(C) # 0) for every place v of FT,

my is unramified outside a prescribed finite set S of places of FT (including all archimedean
places),

for v € S\ {w}, 7 is taken in a prescribed bounded subset of the tempered dual of G(F;"),

Ty, stays away from a prescribed “conductor dropping locus”.

L(1/2,7) < C(x)Y/49

1
< .
8n% + 28n* + 42n3 + 36n2 + 14n
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Application: nonvanishing of central L-values
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Application: nonvanishing of central L-values

Suppose that F* = Q and F is imaginary quadratic. For every integer k > 1, denote by

o Aj i the set of everywhere unramified cohomological hermitian automorphic representations
of GLo(AF) of weight (—k +1/2,k —1/2),

o As3 the set of everywhere unramified cohomological hermitian automorphic representations
of GL3(AF) of weight (—2k — 1, k, k + 1).
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Application: nonvanishing of central L-values

Suppose that F* = Q and F is imaginary quadratic. For every integer k > 1, denote by

o Aj i the set of everywhere unramified cohomological hermitian automorphic representations
of GLo(AF) of weight (—k +1/2,k —1/2),

® A3 the set of everywhere unramified cohomological hermitian automorphic representations
of GL3(AF) of weight (—2k — 1, k, k + 1).

Theorem (Michel-Ramakrishnan—Yang, arXiv 2023)

Suppose that k > 16. For every member Iy € Aj ., there exists a member N3 € A3 such that

L(3, My x M3) # 0.
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Thank you!
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