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Abstract

Progressively applying Gaussian noise transforms complex data distributions to
approximately Gaussian. Reversing this dynamic defines a generative model. When
the forward noising process is given by a Stochastic Differential Equation (SDE),
Song et al. (2021) demonstrate how the time inhomogeneous drift of the associ-
ated reverse-time SDE may be estimated using score-matching. A limitation of
this approach is that the forward-time SDE must be run for a sufficiently long
time for the final distribution to be approximately Gaussian while ensuring that
the corresponding time-discretization error is controlled. In contrast, solving the
Schrodinger Bridge (SB) problem, i.e. an entropy-regularized optimal transport
problem on path spaces, yields diffusions which generate samples from the data
distribution in finite time. We present Diffusion SB (DSB), an original approxima-
tion of the Iterative Proportional Fitting (IPF) procedure to solve the SB problem,
and provide theoretical analysis along with generative modeling experiments. The
first DSB iteration recovers the methodology proposed by Song et al. (2021), with
the flexibility of using shorter time intervals, as subsequent DSB iterations reduce
the discrepancy between the final-time marginal of the forward (resp. backward)
SDE with respect to the Gaussian prior (resp. data) distribution. Beyond generative
modeling, DSB offers a computational optimal transport tool as the continuous
state-space analogue of the popular Sinkhorn algorithm (Cuturi, 2013).

1 Introduction

Score-Based Generative Modeling (SGM) is a recently developed approach to probabilistic generative
modeling that exhibits state-of-the-art performance on several audio and image synthesis tasks; see e.g.
Song and Ermon (2019); Cai et al. (2020); Chen et al. (2021a); Kong et al. (2021); Gao et al. (2020);
Jolicoeur-Martineau et al. (2021b); Ho et al. (2020); Song and Ermon (2020); Song et al. (2020,
2021); Niu et al. (2020); Durkan and Song (2021); Hoogeboom et al. (2021); Saharia et al. (2021);
Luhman and Luhman (2021, 2020); Nichol and Dhariwal (2021); Popov et al. (2021); Dhariwal and
Nichol (2021).Existing SGMs generally consist of two parts: 1, noiseisincrementally added tothe data
inordertoobtain aperturbed data distribution approximating aneasy-to-sample prior distribution e. g.
Gaussian .2,aneural network isused to learn the reverse -time denoising dynamics ,which when
initialized atthis prior distribution, defines agenerative model (Sohl-Dicksteinetal.,2015; Hoetal.,2020;
Song and Ermon,2019;Songetal.,2021). Song etal. (2021 ) have shown that one could fruitfully view
thenoising process asa SDE that progressively perturbs the initial datadistribution into an approximately
Gaussianone.
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Figure 1: The reference forward diffusion initialized fromthe 2D data distribution fails to converge to
the Gaussian prior in 7= 0.2 diffusion -time (/N = 20 discrete time steps ), and the reverse diffusion
initialized from the Gaussian prior does not converge to the data distribution . However ,convergence
doesoccurafter5 DSBiterations.

The corresponding reverse-time SDE is an inhomogeneous diffusion whose drift depends on the
logarithmic gradients of the perturbed data distributions, i.e. the scores. In practice, these scores are
approximated using NNs and SM techniques (Hyvérinen and Dayan ,2005 ; Vincent ,2011 ) while
numerical SDEintegrators are used for the sampling procedure.

Although SGM provides sota results (Dhariwal and Nichol ,2021 ), sample generation is
computationally expensive .Inorder tolearn the reverse -time SDE from the prior , i.e. the generative
model, the forward noising SDE must be run for asufficiently long time to converge tothe prior and the
step size must be sufficiently small to obtain agood numerical approximation of this SDE .By
reformulating generative modeling as a Schrodinger bridge (SB)problem , we mitigate this issue and
proposeanovelalgorithmtosolve SB problems.

contributions:

Generative modeling as a Schrodinger bridge problem. The SB problem is a famous entropy-
regularized Optimal Transport (OT) problem introduced by Schrodinger (1932); see e.g. (Léonard,
2014b; Chen et al., 2021b) for reviews. Given a reference diffusion with finite time horizon 7', a data
distribution and a prior distribution, solving the SB amounts to finding the closest diffusion to the
reference (in terms of Kullback—Leibler divergence on path spaces) which admits the data distribution
as marginal at time ¢ = 0 and the prior at time ¢ = T'. The reverse-time diffusion solving this SB
problem provides a new SGM algorithm which enables approximate sample generation from the
data distribution using shorter time intervals compared to the original SGM methods. Our method
differs from the entropy-regularized OT formulation in (Genevay et al., 2018), which deals with
discrete distributions and relies on a static formulation of SB, as opposed to our dynamical approach
for continuous distributions which operates on path spaces. It also differs from (Finlay et al., 2020)
which approximates the SB solution by a diffusion whose drift is computed using potentials of the
dual formulation of SB. Finally, Wang et al. (2021) have recently proposed to perform generative
modeling by solving not one but two SB problems. Contrary to us, they do not formulate generative
modeling as computing the SB between the data and prior distributions. Solving the Schrodinger bridge
problem using score -based diffusions . The SB problem can be solved using Iterative Proportional
Fitting (IPF) (Fortet, 1940; Kullback, 1968; Chenetal.,2021b). We propose DiffiiSiciSB(IDSB), anovel
implementation of IPF using score-based diffusion techniques . DSB does notrequire discretizing the
state-space (Chenetal.,2016;Reich,2019),approximating potential functions using regression (Bernton
etal.,2019;Dessein etal.,2017 ;Pavon etal.,2021 ), nor performing KDE (Pavon etal.,2021). The first
DSB iteration recovers the method proposed by Song etal. (2021), with the flexibility of using shorter
time intervals, as additional DSB iterations reduce the discrepancy between the final-time marginal of
theforward (resp.backward) SDE w.r.t. the prior (resp. data) distribution; see Figure 1 foranillustration
.AnalgorithmakintoDSB hasbeenproposed concurrently andindependently by Vargasetal.(2021);the
main difference with our algorithm is that they estimate the drifts of the SDEs using Gaussian processes
while weuseneural networks and score matchingideas.
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Theoretical results. We provide the first quantitative convergence results for the methodology
of Song et al. (2021). In particular, we show that while we simulate Langevin-type diffusions in
potentially extremely high-dimensional spaces, the SGM approach does not suffer from poor mixing
times. Additionally, we derive novel quantitative convergence results for IPF in continuous state-space
which do not rely on classical compactness assumptions (Chen et al., 2016; Ruschendorf et al., 1995)
and improve on the recent results of Léger (2020). Finally, we show that DSB may be viewed as the
time discretization of a dynamic version of IPF on path spaces based on forward/backward diffusions.

Experiments. We validate our methodology by generating image datasets such as MNIST and
CelebA. In particular, we show that using multiple steps of DSB always improve the generative
model. We also show how DSB can be used to interpolate between two data distributions.

Notation. In the continuous-time setting, we set C = C([0, 7], R¢) the space of continuous functions
from [0, 7] to R and B(C) the Borel sets on C. For any measurable space (E, £), we denote by &(E)
the space of probability measureson (E, £).Forany £ €N, let Z,= 2 ((R%)").

2 Denoising Diffusion, Score-Matching and Reverse-Time SDEs

2.1 Discrete-Time: Markov Chains and Time Reversal

Consider a data distribution with positive density pgaa ', a positive prior density Pprior W.I.t. Lebesgue
measure both with support on R< and a Markov chain with initial density Py = Pdata ON R4 evolving
according to positive transition densities pyyq), for & € {0,..., N — 1}. Hence for any xo.n =

{2}V € X = (R)NT, the joint density:

p(xo:n) = po(xo) H}z:r:—ol Pht 1)k (Thg1|Tr)- (1

This joint density also admits the backward decomposition

N— . P ) )
p(zo.n) = pn(an) [Th g Prfk+1(Tr|Try1), With prgpq (2r|Tr1) = mﬁ,;ﬂwﬁf;ﬂmfv 2

where py(zx) = fpk|k,1(xk|mk,1)pk,1(:ck;1)dxk,1 is the marginal deysity at step & > 1. For
the purpose of generative modeling, we will choose transition densitigs such that py(zN) =
f P(xo:n)dTo:N—1 R Dprior(2 ) for large N,|where pprior is an easy-to-sample prior density. One
may sample approximately from pg,, using arjcestral sampling with the r¢verse-time decomposition

(2),i.e.firstsample X N ~ pprior followed by Xx~ pplk+1(-|Xk+1)forke {N—1,...,0}. Thereverse-
time transitions in(2)cannot be simulated exadtly but may be approximated if we consider aforward

transitiondensity:

Prrap(@htt|on) ~ N (ahr1s ok 1 f (), Fyp+11), 3)

with drift f : R? — R and stepsize v > (i (2) #=> \/
Prlk+1(Tk|Th+1) = ppy1lk(Tht1|TE) exp[logplj(xk) — log pk+1(zk+1)]

~ N (ks 2pr— Y1 f (Trg1) + 271 V10g prgr (T4 )5 296 111), | (4)

using that py, = pi.1, a Taylor expansion of log py11 at 41 and f(x) =~ f(zk+1). In practice,
the approximation holds if ||z;1+1 — || is small which is ensured by choosing i1 small enough.

Although V log py +1is not available ,one may obtain an approximation using DSM methods (
Hyvérinenand Dayan,2005; Vincent,2011;Songetal.,2021).

Assume the conditional density py 110 (zk+1|x0)isavailable analytically asin(Hoetal.,2020; Song et

al.,2021). pkﬂ(askH):fpo(xo)pk+1|0(ask+1|x0)dx0 and

Viogpk+1(xk+1) =Epop i1 Va1 logpr+1jo(zk+1]| Xo). ==>

'In this presentation, we assume that all distributions admit a density w.r.t. the Lebesgue measure for
simplicity. However, the algorithms presented here only require having access to samples from paaw and Pprior-
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formulate score estimation as a regression problem and use a flexible class of functions, e.g. neural
networks, to parametrize an approximation sg«(k, xr) ~ V log pr (1) such that

6* = arg min, Zivzl Ep, . |56 (k, Xi) = Vi, logpk‘o(X;,c|X0)||27

where po (%0, Zx) = Po(Zo)Prio(xk|x0) is the joint density at steps 0 and k. If py | is not available,

: N
we use 0* = argming "By ||so(k, Xi) — Vg, 10g prjr—1(Xk|Xk—1)|[>. In summary,
SGM involves first estimating the score function sg« from noisy data, and then sampling X using
XN ~ Dprior and the approximation (4), i.e.

iid.

X = X1 — Yot S (Xi1) + 29k4180« (k + 1, Xp1) + V2041 Zk41, Zis1 ~ N(0,1). (5)

The rv X isapproximately po=pqaadistributedif px(z n) = Pprior (T N)-
let {Vi }V, o = {Xn—k},_, satisfies a forward recursion.

2.2 Continuous-Time: SDEs, Reverse-Time SDEs and Theoretical results

For appropriate transition densities, Song et al. (2021) showed that the forward and reverse-time
Markov chains may be viewed as discretized diffusions. We derive the continuous-time limit of the
procedure presented in Section 2.1 and establish convergence results. The Markov chain with kernel

(3) corresponds to an of (X¢)teqo.17, solving the following SDE
dX; = f(X¢)dt + v2dBy,  Xo ~ po = Paatas (6)

where (Bt)te[o 7] is a Brownian motion and f : R¢ — R is regular enough so that (strong) solutions
exist. Under conditions on f, it is well-known (see Haussmann and Pardoux (1986); Follmer (1985);
Cattiaux et al. (2021) for instance) that the reverse-time process (Y¢)¢cjo, 7] = (X7—t)se[o, 1) satisfies

dY, = {—f(Y:) + 2V logpr_:(Yy)} dt + v2dBy, @)

with initialization Yo ~ pr, where p; denotes the marginal density of X.

The reverse-time Markov chain {Y} }1'_, associated with (5) corresponds to an Euler—Maruyama
discretization of (7), where the score functions V log p(x) are approximated by sg- (¢, ).

we consider f(xz)=—auxfora>0.This framework includes the one of Song and Ermon (2019) (a=0,
Pprior () =N (;0,27T))forwhich (X¢),e[o,77is simply aBrownian motion

and Ho et al. (2020) (& > 0, pprior(x) = N (2;0,I/c)) for which it is an Ornstein—-Uhlenbeck process,
see Section S3.3.Contrary to Song etal.(2021)we consider time homogeneous diffusions . Both

approaches approximate (5)using distinct discretizations but our setting leverages the ergodic
properties of the Ornstein—Uhlenbeck processtoestablishTheorem 1.

Theorem 1. Assume that there exists M > 0 such that for any t € [0,T] and x € R?
[se« (t, ) — Viogpi(z)|| <M, (8)

with sg. € C([0,T] x R4 RY). Assume that pga, € C3(R%, (0, +00)) is bounded & that there
exist dy, Ay, Ay, A3 > 0, B1, B2, B3 € Nand my > 0 such that for any x € R% and i € {1,2,3}

1V 1og paaa(@) | < Ai(L + [|2]|%),  (V1og pasa(), @) < —my [|z]* + do [l

with$1=1.==> foranya >0, thereexist B,,C,Do>0suchthatforany N€Nand{v; }
with vy, > 0 forany k € {1,..., N}, the following bounds on the tv distance hold:

(a) if > 0, we have ||L(X0) — paaallTv < Co(M+3Y/2) exp[DoT) + By exp[—al/?T);
(b) if a =0, we have ||£(X0) — paallTv < Co(M+7'/2) exp[DoT] + Bo(T~' + T~/2);

where T = Z]kvzl Vs ¥ = SUPkeq1,..., N} Yk and L(Xo) is the distribution of Xo given in (5).

Proof.inSection S3.2. Denote P € & (C) the path measure associated with (6) and PRits time-reversal.
Denote Q ythe Markov kernel from Yoto Yninduced by (5). Wehave
||ppriorQN — Pdata || TV = ‘ |ppriorQN - pdata]P)T\O (PR)T|O || TV
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< prriorQN - pprior(PR)T\OHTV + prrior(PR)TW _pdataIPT|O(]P)R)T\OHTV
S prriorQN - pprior(PR)T\OHTV + prrior - pTHTV-

We control the first term by bounding the discretization error of Qv when compared to (]P’R)Tm via
the Girsanov theorem. The second term is controlled using the mixing properties of the forward
diffusion process. U

Condition (8) ensures that the neural network approximates the score with a given precision M > 0.
Under (8) and conditions on Pgat,, Theorem 1 states how the Markov chain defined by (5) approximates
Pdata in the total variation norm || - ||7v. The bounds of Theorem 1 show that there is a trade-off
between the mixing properties of the forward diffusion which increases with «, and the quality of the
discrete-time approximation which deteriorates as « and T increase, since B, Co, Do —4— 400 +00.
Indeed increasing o makes the drift steeper and the continuous-time process converges faster but
smaller step sizes are required in order to control the error between the discrete and the continuous-
time processes. Theorem 1 is the first theoretical result assessing the convergence of SGM methods.
Indeed while Block et al. (2020) establish convergence results for a time-homogeneous Langevin
diffusion targeting a density whose score is approximated by a neural network, all SGM methods
used in practice rely on time-inhomogeneous processes. Contrary to the time-homogeneous case,
this approach does not suffer from poor mixing times as the mixing time dependency in the bounds
of Theorem 1 is entirely determined by the mixing time of the forward process, given by a simple
Brownian motion or an Ornstein—Ulhenbeck process, and is independent of the dimension. Finally,
note that (8) is a strong assumption. In practice we expect to obtain such bounds in expectation over
X with high probability w.r.t. the data distribution as in (Block et al., 2020, Proposition 9). Our results
are also related to (Tzen and Raginsky, 2019, Theorem 3.1) which establishes the expressiveness of
related generative models using tools from stochastic control.

3 Diffusion Schrodinger Bridge and Generative Modeling

3.1 Schrodinger Bridges

The SBEPTObIETi is a classical problem appearing in applied mathematics, optimal control and
probability; see e.g. Follmer (1988); Léonard (2014b); Chen et al. (2021b). In the discrete-time
setting, it takes the following (dynamic) form. Consider as reference density p(zg.n) given by (1),
describing the|process adding noise to the data. We aim to find 7* € &1 such that

7 = argmin {KL(7|p) : m € PN41, T0 = Ddaa, TN = Pprior} - 9)

Assuming 7* is available, a generative model can be obtained by sampling X n ~ Dprior, followed by
thereverse-timedynamics Xx~7,*,  (-| Xk+1)fork€ {N—1,...,0}.

Static Schrodinger bridge problem. First, we recall that the dynamic formulation (9) admits a
staticanalogue.

forany € ZN+1,KL(7|p) =KL(70,N|po,N) +Ero x[KL(70,N|plo, )], whereforany 1 € ZN+1

we have ;1 = po N Hjo,N with )0 v the conditional distribution of X;.nx_1 given Xg, X ~2. Hence
we have 7 (zo.n) = 75 (20, TN )pjo,n (T1:N—1|T0, ) Where m°* € 75 with marginals w5 and
my is the solution of the §tatic SB problem

T = arg min {KL(’”S“)O,N) S <@27 778 = Pdata, 77\[ = pprior} . (10)

Link with optimal transport. Under mild assumptions, the static SB problem can be seen as an

entropy-regularized optimal transport problem since (10) <==>

5% = arg min {fE,Ts log pnjo(Xn|Xo)] — H(7®) : 7° € Pa, 7§ = Paawas Ty = pprior} .
If prg1p(Trgil|ze) = N(:ckH;xk,oiH) as in Song and Ermon (2019), then pyjo(zn|70) =
N (xx; 0, 0%) with 02 = 31, o which induces a quadratic cost and

7o = argmin {Eq[|| Xo — X[ — 202H(r*) : 7° € Py, 7 = paaa, Ty = Py}

2See Section S4.1 for a rigorous presentation using the disintegration theorem for probability measures.

Fact.
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Mikami (2004) showed that 75* — 73, weakly and 202 KL(7%*|po,n) — W3 (Pdata; Pprior) @S
o — 0, where 7}, is the optimal transport plan between pya, and pyrior and Ws is the 2-Wasserstein
distance. Note that the transport cost ¢(x, 2’) = —log pyo(2’|z) is not necessarily symmetric.

3.2 Iterative Proportional Fitting and Time Reversal

rAerence
In all but trivial cases, the SB problem does not admit a closed-form solution. However, it can be

solved using IfefativelPtopottionallFittifigi(IPF) (Fortet, 1940; Kullback, 1968; Ruschendorf et al., p

1995) which is defined by the following recursion for n € N with initialization 7° = p given in (I):
IPF-SB 72 = argmin {KL(7|7®") : @ € PN41, TN = Dprior | » (11)7T*<

722 = argmin {KL(x |7 1) : 7 € Pni1, M0 = Daata ) - qN
This sequence is well-defined if there exists 7 £ &’y such that 79 = Paaw, TN = Pprior and
KL(7|p) < 4+00. A standard representation of | is obtained by updating the joint density p using
potential functions, see Section S4.2 for details. However, this representation of the IPF iterates is
difficult to approximate as it requires approximating the potentials. Our methodology builds upon an

alternative representation that is better suited to numerical approximations for generative modeling
where one has access to samples of Pyara and ppriof;

Proposition 2. Assume that KL(pgaa @ Pprior|po,n) < +00. Then for any n € N, 72" and w?"+!1
admit positive densities w.r.t. the Lebesgue measure denoted as p" resp. q" and for any xo.ny € X,
we have p°(zo.x) = p(zo.n) and

n+1(

q"(z0:N) = Dprior(TN) HQZOI pf!k+1($k|$k+1 b p Z0:N) = Pdata(Z0) HkN;()l q;g+1‘k(:1’.k+1 |k )- !

1 V23 T T n
In practice we have access to Dls1k and Tk g+ - Hence, to compute Phlk+1 and Qjey1) WE USE

Pregr e (@rtt 2Dy (2k) D1 (ThlTrt1) G 1 (Tht1)

Prs1(Trt1) ai (wy)

To the best of our knowledge, this representation of the IPF iterates has surprisingly neither been
presentednorexploredintheliterature.

interpret: At iteration2n, 72" =p"withp’=pgivenby(1).This forward process initalized with

DG = Pdata defines reverse-time transitions pzlk 1 which, when combined with an initialization pprior
2n+1

n

) qk+1|k($k+1\xk) =

pZ|k+1(Ik|xk+1) =

at step [V defines the reverse-time process m = q". The forward transitions q;’ 1k associated to

g™ are then used to obtain 727+2 = pnt1,

3.3 Diffusion Schrodinger Bridge as Iterative Mean-Matching Proportional Fitting

To approximate the IPF recursion defined in Proposition 2, we use similar approximations to Sec-
tion 2.1. If at step n € N we have pz%_uk(x;ﬁﬂxk) = N(zpy1; 2k + Y1 L (2k), 27%4+11) where

p’ =pand f) = f,then we can approximate the reverse-time transitions in Proposition 2 by
i (k] Trt1)
~ N (@i 2k + Vee1bipr (Tr41), 29%4+11),
with b7 (Tp41) = —fi(xry1) + 2V 1ogpy,  (zr41). We can also approximate the forward
transitions in Proposition 2 by pi ), (zk+1lzk) & N(@ei1;ze + Year fi T (Tn), 27k411) with
P () = —b, (2£)+2V log qf (). Hence we have f' ! (zy,) = fi(z),)—2V log plt ; (24) +

2V log 7 (z). It follows that one could estimate f;**, b7 " by using score-matching to approximate

{Viogpj. ()}, . {Viogqj(x)}i,. This approach is prohibitively costly in terms of memory
and compute, see Section S5. We follow an alternative approach which avoids these difficulties.
Proposition 3. Assume that foranyn € N, k € {0,...,N — 1},

G (Wrlwn i) = N(@r; Biyy (1), 29001 D), PR (@rgalen) = N(@ers F (2n), 29k41D),

with Bk”H(a@):?;v+7k+1b"k+1(a}}?E{L(I):=x+%+1fk"(x) forany x€RL._==> forany
ne€Nandk €{0,...,N — 1} N

2

IB(Xki1) — (s + F(Xk) — B (Xena D2 (12)
F(Xk) - (Xk + Bk"+1(Xk+l) - Bkn+1(Xk‘))||2 (13)

X{K} + y{k+13kn(x{K}) =~ x{k+1} + 2y{k+1}v In p{k+1,n} (x{k+1})
6

n — 3 4
By 1 = argmingey2(pa ga) EP;’J,;CH

n+1 _ .
F" = argminpey2papay Eqp | I
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Proposition 3 shows how one can recursively approximate By, ; and F,?H. In practice, we use
neural networks Bgn (k, z) =~ Bj}!(z) and Fy» (k, x) = F*(z). Note that the networks could also be
learned jointly. In this case, at equilibrium, we would obtain a bridge between pgai and ppior but not
necessarily the SB.

Network parameters o™, 8" are learnt through gradient descent to minimize empirical versions of the
sum over k of the loss functions given by (12) and (13) computed using M samples and denoted as

2 (B) and ¢ +1(c). The resulting algorithm approximating L € N IPF iterations is called Diffusion

Schrédinger Bridge (DSB) and is summarized in Algorithm 1 with Z,z, Z,JC N (0,1), see Figure 1
for an illustration.

Algorithm 1 Diffusion Schrodinger Bridge The DSB algorithm is initialized us-
1: forn € {0,...,L} do ing the reference dynamics fo(k, z) =
2:  while not converged do f(x). Once 3" is learnt we can eas-

i\ N,M i ily approximately sample from b
3 Sample {X’Jﬂ}k,jzo’, where Xg ~ p data> and sgmg))lli)ng XN Ny ppriorp and thegdat;ing
Xipr = Fan(k, X3) + V20112514 X1 = Bye(k, Xi) + /2962y with
4 Compute £, (5") appr9ximating (12) Zy, ) N(0,I). The resulting samples
5: A" « Gradient Step(Z5,(6™)) X, will be approximately distributed
6:  end while from Pgata- Although DSB requires learn-
7. while not converged do ) ing a sequence of network parameters,
8: Sample {X ,ﬂ}kN]]ZO, where X7, ~ Pprior, and a™, 3", fewer diffusion steps are needed
X!, = Bgn(k, XI) + V23 71 compared to standard SGM. I% addition,
) oF ntl R as detailed in Section S9, 5 may be
o Compute £;, , , (™) approximating (13) trained efficiently in a similar manner
10: o™ ¢+ Gradient Step(// L1(@"h)) to previous SGM methods. Subsequent
11:  end while a1, a7+ are refinements of o”, 37,
12: end for hence may be fine-tuned from previous
13: Output: (ot BE) iterations.

3.4 Convergence of Iterative Proportional Fitting

When the state-spaceisdiscrete and finite (Franklin and Lorenz, 1989; Peyré and Cuturi, 2019) orinthe

case where pdata and pprior are compactly supported (Chen etal.,2016), IPF converges atageometric
rate w.r.t. the Hilbert- Birkhoff metric, see Lemmens and Nussbaum (2014) foradefinition. Otherthan

recent work by Léger (2020), only qualitative results existin the general case where pdata Or pprioris not
compactly supported (Ruschendorfetal., 1995; Riischendorfand Thomsen, 1993).

We establish here quantitative convergence of IPF in this non-compact setting as well as novel
monotonicityresults. Werequire only the following mild assumption.

Al. PN s Pprior > 0, H(pprior)‘ < 400, fRd |IngN\O(xN|x0)|pdata(xo)pprior(mN)dede < +o00.

Assumption A1 is satisfied in all of our experimental settings. We recall that for u, v € & (E) , the
Jeffrey’s divergence J(u,v) := KL(u|v) + KL(v|u).
Proposition 4. Assume Al. Then (7™),¢n is well-defined and for any n > 1 we have

KL(7" T 7") < KL(z" "t |7™), KL(7"|7"T1) < KL(x"|x"1).
In addition, (||7" " — 7"||tv)nen and (J(7"FL, 7)) en are non-increasing. Finally, we have
limy, 40 n {KL<7T6L|pdata) + KL(WKI Ipprior)} =0.

A more general result with additional monotonicity properties is given in Section S6. Under similar
assumptions, Léger (2020, Corollary 1) established KL(7{}|po) < C/n with C' > 0 using a Bregman
divergence gradient descent perspective. In contrast, our proof relies only on tools from information
geometry. In addition, we improve the convergence rate and show that (7™),,cn converges in total
variation towards 7°°, i.e. we not only obtain convergence of the marginals but also convergence
of the joint distribution. Under restrictive conditions on pga and pyrior, Ruschendorf et al. (1995)
showed that 7°° is the Schrodinger bridge. In the following proposition, we avoid this assumption
using results on automorphisms of measures (Beurling, 1960).
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Proposition 5. Assume Al. Then there exists a solution 7 € 1 to the SB problem. Assume
that || — 7 || pv—>0withm™> € P Ny1. Leth=po N/ (poQpN) and assume that
h € C((R4)2,(0,400)) and that there exist ®y, @y € C(R?, (0, +00)) such that

Jraxga(og h(zo, )| + [log Po(z0)] + [log @ (2x)])Paata(20)Pprior (23 )dzodzy < +00,
with h(zg,zn) < Po(z0)Pn(xN). If p << 7 then ° = 7*.

Proposition 5 extends previous IPF convergence results without the assumption that the mapping h is
lower bounded, see Ruschendorf et al. (1995); Chen et al. (2016). Our assumption on h can be relaxed
and replaced by a tighter condition on 7°°, see Section S6.2. Proposition 4 suggests a convergence
rate of order o(n) for the IPF in the non-compact setting. However, in some situations, we recover
geometric convergence rates with explicit dependency w.r.t. the problem constants, see Section S7. In
practice, we do not run IPF for pgat, Pprior but using empirical versions of these distributions. Recent
results in Deligiannidis et al. (2021) show that the iterates of IPF based on empirical distributions
remain close to the iterates one would obtain using the true distributions, uniformly in time. In
particular, the SB computed using the empirical distributions converges to the one computed using
the truedistributions asthe number of samples goes toinfinity.

3.5 Continuous-time IPF

SB problems in continuous -time . We show that DSB proposed in Algorithm 1 can be seen as a
discretization of CT-IPF. Given areference measure
Pe Z(C),the continuous formulation oftheSB:
IT* = arg min {KL(HUP) c1Te gZ(C)a Ily = paata, I = pprior}a T= Zg::)l Ve+1-
Similarly to (11), we define the IPF (I1"),,cn with TI° = IP associated with (6) and for any n € N
1"+ = argmin {KL(H|H2") e 2(C), Ur = pprior} ,
I1?"+2 = arg min {KL(I[II*"1) : 1T € 2(C), Ilo = paaw } -
One can show that for any n € N, I1" = 75" 1, with (75" ), cn the IPF for the static SB problem.
In particular, Proposition 4 and Proposition 5 extend to the continuous IPF framework. In what
follows, for any P € 22(C), we define P% as the reverse-time measure, i.e. for any A € B(C) we have
PE(A) = P(AF) where AR = {t + w(T —t) : w € A}. The following result is the continuous
counterpart of Proposition 2 and states that each IPF iteration is associated with a diffusion, showing
that DSB can be seen as a discretization of the continuous IPF.
Proposition 6. Assume A1 and that there exist M € 2(C), U € CY(R%, R), C > 0 such that for
anyn € N, z € R% KL(II" M) < +o0, {(x, VU(x)) > —C(1 + ||x||?) and M is associated with

dX; = —VU(X;)dt + v2dB;, (14)
with X distributed according to the invariant distribution of (14). Then, for any n € N we have:

(a) (12"t is associated with dY?"+1 = b%ft(Yf"‘H)dt + v/2dB; with Yg”“ ~ Dpriors

(b) II2"*2 js associated with de"‘*‘2 = t"H(Xf"H)dt + v/2dB; with Xg”” ~ Ddatas
where for any n € N, t € [0,T] and = € R?, b (x) = —fP(z) + 2V1ogp}(z), fI 1 (z) =
—b(x) + 2V log g (x), with f2(x) = f(x), see (6), and pl*, qF* the densities of 13" and TI2" 2,

4 Experiments

Gaussian example. We first confirm that our algorithm recovers the true SB in a Gaussian setting
where the ground truth is available. Let pyrior = N (—a, I), paaa = N (a,I) witha € R¢ and consider
a Brownian motion as reference dynamics. The analytic expression for the static SB is N ((—a, a), X)
with 3 € R2?%24 gjven in Section S7.2. We let @ = 0.1 x 1 with d = 50 or d = 5. In Figure 2,
we illustrate the convergence of DSB. We train each DSB with a batch size of 128, N = 20 and
~ = 1/40. We compare two network configurations: “small” where the network is given by Figure S2
(30k parameters) whereas “large” corresponds to the same network but with twice as many latent
dimensions (240k parameters). The small network recovers the statistics of SB in the low-dimensional
setting (d = 5) but is unable to recover the variance and covariance for d = 50. Increasing the size of
the network solves this problem.
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Figure 2: Convergence of DSB to ground-truth. From left to right: estimated mean, variance and
covariance (first component) after each DSB iteration. The ground-truth value is given by the dashed
line in each scenario.

Data distribution

2D toy experiments .Contrary toexisting SGM ﬁ'li * Ve
approaches we donofrequire thatthenumber of " :S‘ v
stepsislargeenough forp v~ ppriortohold. e :

We use a fully connected network with posi-
tional encoding (Vaswani et al., 2017) to approx-
imate B} and F}, see Section S10.1 for details
about our implementation. Animated plots of
the DSB iterations may be found online on our
project webpage®. In Figure 3, we illustrate
the benefits of DSB over classical SGM. We fix

f(z) = —ax and choose pErlor = N(0, JdataI)
hence o =1 Uaata where 03 Jata 18 the variance  Figure 3: Datadistributions pdatavs distributionat
of the dataset. We Iet N = 20 and ~;, = 0.01, ¢ =0 for T = 0.2 after 1 and 20 DSB iterations.

i.e. T = 0.2. Since T is small, we do not have py =~ pprior and the reverse-time process obtained

after the first DSB iteration (corresponding to original SGM methods) does not yield a satisfactory
generative model. However, multiple iterations of DSB improve the quality of the synthesis.

Generative modeling. DSB is the first practical algorithm for approximating the solution to the SB
problem in high dimension (d = 3072 for CelebA). Whilst our implementation does not yet compete
with sota methods , we show promising results with fewer diffusion steps compared toinitial SGMs (
Song and Ermon,2019) and demonstrate its performance on MNIST (LeCun and Cortes,2010)and
CelebA (Liuetal.,2015).
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Figure 4: Generative model for CelebA 32 x 32 after 10 DSB iterations with N = 50 (T = 0 63)

A reduced U-net architecture based on Nichol and Dhariwal (2021) is used to approximate B;’ and
F}’. Further details are given in Section S10.2. Our method is validated on downscaled CelebA in
Figure 4. Figure 5 illustrates qualitative improvement over 8 DSB iterations with as few as N = 12
diffusion steps. Note, as shown in Section S10.2, we obtain better results with higher NV yet still
significantly fewer steps than in the original SGM procedures (Song and Ermon, 2020, 2019) which
use N = 100. Figure 6 illustrates how the sample quality, measured quantitatively in terms of Fréchet

3https://vdeborto.github.io/publication/schrodinger_bridge/
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Inception Distance (FID) (Heusel et al., 2017), improves with the number of DSB iterations for
various numbers of steps V.

1 2 3 4 5 6 7 8 9 10

Figure 5: Generated samples (V = 12) Figure 6: FID vs DSB Iterations.

Dataset interpolation .SBs not only allow us toreduce the number of steps in SGM methods but also
enable flexibility in the choice of the prior density pprior, which is not necessarily Gaussian contrary to
previous works on SGM. Inparticular, our approachisstill validif pprioris any other datadistribution p,,,”
.Inthis case DSB converges towards abridge between pga, and py,,, ', see Figure 7. These experiments
pavethe way towards high-dimensional optimal transportbetween arbitrary datadistributions.
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Figure 7: First ro iss-roll to S-curve (2D). Iteration 9 of DSB with T' = 1 (N = 50). From left
toright: ¢ = 0,0.4,0.6,1. Second row: EMNIST (Cohen et al., 2017) to MNIST. Iteration 10 of
DSB with T' = 1.5 (N = 30). From left to right: t = 0,0.4,1.25, 1.5.

s

5 Discussion

SGM may be viewed as the first stage of solving aSB problem . Building on this interpretation ,we
developedanovel methodology, the DSB, thatextendsinitial SGM approaches and allows one to perform
generative modeling with fewer diffusion steps . DSB complements recent techniques to speed up
existing SGM methods thatrely on either different noise schedules (Nichol and Dhariwal ,2021 ; San -
Romanetal.,2021; Watsonetal.,2021), alternative discretizations (Jolicoeur-Martineauetal.,2021 a
Yorknowledge distillation (Luhman and Luhman,2021). Additionally, as the solution of the Schrédinger
problem is adiffusion,itispossible asin Songetal. (2021, Section 4.3) to obtain an equivalent neural
ordinary differential equation that admits the same marginals as the diffusion butenables exact likelihood
computation, see Section S8.3. Eventhoughthe final time 7> 0 within DSB canbe arbitrarily small, we
observed that this has limits as choosing T'too close to O decreases the quality of the generative models .
Onereasonforthisbehavioristhatiftheendpoint of the original forward processistoofar fromthetarget
distribution pprior, thenlearning the score around the supportof

Dprior 18 challenging even for DSB. From a theoretical point of view, we have provided quantitative
convergence results for SGM methods and derived new state-of-the-art convergence bounds for IPF
as well as novel monotonicity results. We have demonstrated DSB on generative modeling and
data interpolation tasks. Finally, although this work was motivated by generative modeling, DSB is
much more widely applicable as it can be thought of as the continuous state-space counterpart of the
celebrated Sinkhorn algorithm (Cuturi, 2013; Peyré and Cuturi, 2019). For example, DSB could be
used to solve multi-marginal Schrédinger bridges problems (Di Marino and Gerolin, 2020), compute
Wasserstein barycenters, find the minimizers of entropy-regularized Gromov—Wasserstein problems
(Mémoli, 2011) or perform domain adaptation in continuous state-spaces.

10


william


Acknowledgments and Disclosure of Funding

Valentin De Bortoli and Arnaud Doucet are supported by the EPSRC CoSInES (COmputational Statis-
tical INference for Engineering and Security) grant EP/R034710/1, James Thornton by the OxWaSP
CDT through grant EP/LLO16710/1 and Jeremy Heng by the CY Initiative of Excellence (grant “In-
vestissements d’ Avenir” ANR-16-IDEX-0008). Computing resources were provided through the
Google Cloud research credits programme. Arnaud Doucet also acknowledges support from the UK
Defence Science and Technology Laboratory (DSTL) and EPSRC under grant EP/R013616/1. This
is part of the collaboration between US DOD, UK MOD and UK EPSRC under the Multidisciplinary
University Research Initiative. We thank Marcel Nutz for pointing out a mistake in an earlier version
of the paper.

References

Ambrosio, L., Gigli, N., and Savaré, G. (2008). Gradient Flows in Metric Spaces and in the Space of
Probability Measures. Lectures in Mathematics ETH Ziirich. Birkhduser Verlag, Basel, second
edition.

Bakry, D., Gentil, I., and Ledoux, M. (2014). Analysis and Geometry of Markov Diffusion Operators,
volume 348. Springer.

Bernton, E., Heng, J., Doucet, A., and Jacob, P. E. (2019). Schrodinger bridge samplers. arXiv
preprint arXiv:1912.13170.

Beurling, A. (1960). An automorphism of product measures. Annals of Mathematics, 72(1):189-200.

Block, A., Mroueh, Y., and Rakhlin, A. (2020). Generative modeling with denoising auto-encoders
and Langevin sampling. arXiv preprint arXiv:2002.00107.

Cai, R., Yang, G., Averbuch-Elor, H., Hao, Z., Belongie, S., Snavely, N., and Hariharan, B. (2020).
Learning gradient fields for shape generation. European Conference on Computer Vision.

Cattiaux, P., Conforti, G., Gentil, I., and Léonard, C. (2021). Time reversal of diffusion processes
under a finite entropy condition. arXiv preprint arXiv:2104.07708.

Chen, N., Zhang, Y., Zen, H., Weiss, R. J., Norouzi, M., and Chan, W. (2021a). Wavegrad: Estimating
gradients for waveform generation. International Conference on Learning Representations.

Chen, Y., Georgiou, T., and Pavon, M. (2016). Entropic and displacement interpolation: a computa-
tional approach using the Hilbert metric. SIAM Journal on Applied Mathematics, 76(6):2375-2396.

Chen, Y., Georgiou, T. T., and Pavon, M. (2021b). Optimal transport in systems and control. Annual
Review of Control, Robotics, and Autonomous Systems, 4.

Cohen, G., Afshar, S., Tapson, J., and van Schaik, A. (2017). EMNIST: an extension of MNIST to
handwritten letters. arXiv preprint arXiv:1702.05373.

Constantine, G. M. and Savits, T. H. (1996). A multivariate Faa di Bruno formula with applications.
Transactions of the American Mathematical Society, 348(2):503-520.

Csiszdr, 1. (1975). I-divergence geometry of probability distributions and minimization problems.
The Annals of Probability, 3(1):146—-158.

Cuturi, M. (2013). Sinkhorn distances: Lightspeed computation of optimal transport. In Advances in
Neural Information Processing Systems.

Deligiannidis, G., De Bortoli, V., and Doucet, A. (2021). Quantitative uniform stability of the iterative
proportional fitting procedure. arXiv preprint arXiv:2108.08129.

Dellacherie, C. and Meyer, P.-A. (1988). Probabilities and Potential. C, volume 151 of North-Holland
Mathematics Studies. North-Holland Publishing Co., Amsterdam. Potential theory for discrete and
continuous semigroups, Translated from the French by J. Norris.

11



Deming, W. E. and Stephan, F. F. (1940). On a least squares adjustment of a sampled frequency
table when the expected marginal totals are known. The Annals of Mathematical Statistics,
11(4):427-444.

Dessein, A., Papadakis, N., and Deledalle, C.-A. (2017). Parameter estimation in finite mixture
models by regularized optimal transport: A unified framework for hard and soft clustering. arXiv
preprint arXiv:1711.04366.

Dhariwal, P. and Nichol, A. (2021). Diffusion models beat GAN on image synthesis. arXiv preprint
arXiv:2105.05233.

Di Marino, S. and Gerolin, A. (2020). An optimal transport approach for the Schrodinger bridge
problem and convergence of Sinkhorn algorithm. Journal of Scientific Computing, 85(2):1-28.

Douc, R., Moulines, E., Priouret, P., and Soulier, P. (2019). Markov Chains. Springer.

Durkan, C. and Song, Y. (2021). On maximum likelihood training of score-based generative models.
arXiv preprint arXiv:2101.09258.

Durmus, A. and Moulines, E. (2017). Nonasymptotic convergence analysis for the unadjusted
Langevin algorithm. The Annals of Applied Probability, 27(3):1551-1587.

Enderton, H. B. (1977). Elements of Set Theory. Academic Pres, New York-London.

Ethier, S. N. and Kurtz, T. G. (1986). Markov Processes. Wiley Series in Probability and Mathe-
matical Statistics: Probability and Mathematical Statistics. John Wiley & Sons, Inc., New York.
Characterization and convergence.

Finlay, C., Gerolin, A., Oberman, A. M., and Pooladian, A.-A. (2020). Learning normalizing flows
from entropy-Kantorovich potentials. arXiv preprint arXiv:2006.06033.

Follmer, H. (1985). An entropy approach to the time reversal of diffusion processes. In Stochastic
Differential Systems: Filtering and Control, pages 156-163. Springer.

Follmer, H. (1988). Random fields and diffusion processes. In Ecole d’Eté de Probabilités de
Saint-Flour XV-XVII, 1985-87, pages 101-203. Springer.

Fortet, R. (1940). Résolution d’un systeme d’équations de M. Schrodinger. Journal de Mathématiques
Pures et Appliqués, 1:83-105.

Franklin, J. and Lorenz, J. (1989). On the scaling of multidimensional matrices. Linear Algebra and
Its Applications, 114:717-735.

Gao, R., Song, Y., Poole, B., Wu, Y. N., and Kingma, D. P. (2020). Learning energy-based models by
diffusion recovery likelihood. arXiv preprint arXiv:2012.08125.

Genevay, A., Peyré, G., and Cuturi, M. (2018). Learning generative models with Sinkhorn divergences.
In International Conference on Artificial Intelligence and Statistics.

Haussmann, U. G. and Pardoux, E. (1986). Time reversal of diffusions. The Annals of Probability,
14(4):1188-1205.

Heusel, M., Ramsauer, H., Unterthiner, T., Nessler, B., and Hochreiter, S. (2017). GANs trained by a
two time-scale update rule converge to a local Nash equilibrium. arXiv preprint arXiv:1706.08500.

Ho, J., Jain, A., and Abbeel, P. (2020). Denoising diffusion probabilistic models. Advances in Neural
Information Processing Systems.

Hoogeboom, E., Nielsen, D., Jaini, P., Forré, P., and Welling, M. (2021). Argmax flows and multino-
mial diffusion: Towards non-autoregressive language models. arXiv preprint arXiv:2102.05379.

Hyvirinen, A. and Dayan, P. (2005). Estimation of non-normalized statistical models by score
matching. Journal of Machine Learning Research, 6(4).

12



Ikeda, N. and Watanabe, S. (1989). Stochastic Differential Equations and Diffusion Processes,
volume 24 of North-Holland Mathematical Library. North-Holland Publishing Co., Amsterdam;
Kodansha, Ltd., Tokyo, second edition.

Jolicoeur-Martineau, A., Li, K., Piché-Taillefer, R., Kachman, T., and Mitliagkas, I. (2021a). Gotta
go fast when generating data with score-based models. arXiv preprint arXiv:2105.14080.

Jolicoeur-Martineau, A., Piché-Taillefer, R., Tachet des Combes, R., and Mitliagkas, I. (2021b).
Adversarial score matching and improved sampling for image generation. International Conference
on Learning Representations.

Kingma, D. P. and Ba, J. (2014). Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980.

Kober, H. (1939). A theorem on Banach spaces. Compositio Mathematica, 7:135-140.

Kong, Z., Ping, W., Huang, J., Zhao, K., and Catanzaro, B. (2021). Diffwave: A versatile diffusion
model for audio synthesis. International Conference on Learning Representations.

Kruithof, J. (1937). Telefoonverkeersrekening. De Ingenieur, 52:15-25.

Kullback, S. (1968). Probability densities with given marginals. The Annals of Mathematical
Statistics, 39(4):1236-1243.

Kullback, S. (1997). Information Theory and Statistics. Dover Publications, Inc., Mineola, NY.
Reprint of the second (1968) edition.

Laumont, R., De Bortoli, V., Almansa, A., Delon, J., Durmus, A., and Pereyra, M. (2021).
Bayesian imaging using plug & play priors: when Langevin meets Tweedie. arXiv preprint
arXiv:2103.04715.

LeCun, Y. and Cortes, C. (2010). MNIST handwritten digit database.

Léger, F. (2020). A gradient descent perspective on Sinkhorn. Applied Mathematics & Optimization,
pages 1-13.

Leha, G. and Ritter, G. (1984). On diffusion processes and their semigroups in Hilbert spaces with an
application to interacting stochastic systems. The Annals of Probability, 12(4):1077-1112.

Lemmens, B. and Nussbaum, R. D. (2014). Birkhoff’s version of Hilbert’s metric and its applications
in analysis. Handbook of Hilbert Geometry, pages 275-303.

Léonard, C. (2014a). Some properties of path measures. In Séminaire de Probabilités XLVI, pages
207-230. Springer.

Léonard, C. (2014b). A survey of the Schrodinger problem and some of its connections with optimal
transport. Discrete & Continuous Dynamical Systems-A, 34(4):1533-1574.

Léonard, C. (2019). Revisiting Fortet’s proof of existence of a solution to the Schrodinger system.
arXiv preprint arXiv:1904.13211.

Liptser, R. S. and Shiryaev, A. N. (2001). Statistics of Random Processes. I, volume 5 of Applications
of Mathematics (New York). Springer-Verlag, Berlin, expanded edition. General theory, Translated
from the 1974 Russian original by A. B. Aries, Stochastic Modelling and Applied Probability.

Liu, Z., Luo, P., Wang, X., and Tang, X. (2015). Deep learning face attributes in the wild. In
International Conference on Computer Vision.

Luhman, E. and Luhman, T. (2021). Knowledge distillation in iterative generative models for
improved sampling speed. arXiv preprint arXiv:2101.02388.

Luhman, T. and Luhman, E. (2020). Diffusion models for handwriting generation. arXiv preprint
arXiv:2011.06704.

Mémoli, F. (2011). Gromov-Wasserstein distances and the metric approach to object matching.
Foundations of Computational Mathematics, 11(4):417-487.

13



Meyn, S. P. and Tweedie, R. L. (1993). Stability of Markovian processes. III. Foster-Lyapunov
criteria for continuous-time processes. Advances in Applied Probability, 25(3):518-548.

Mikami, T. (2004). Monge’s problem with a quadratic cost by the zero-noise limit of h-path processes.
Probability Theory and Related Fields, 129(2):245-260.

Nichol, A. and Dhariwal, P. (2021). Improved denoising diffusion probabilistic models. arXiv
preprint arXiv:2102.09672.

Niu, C., Song, Y., Song, J., Zhao, S., Grover, A., and Ermon, S. (2020). Permutation invariant
graph generation via score-based generative modeling. In International Conference on Artificial
Intelligence and Statistics.

Pavon, M., Trigila, G., and Tabak, E. G. (2021). The data-driven Schrodinger bridge. Communications
on Pure and Applied Mathematics, 74:1545-1573.

Peyré, G. and Cuturi, M. (2019). Computational optimal transport. Foundations and Trends® in
Machine Learning, 11(5-6):355-607.

Popov, V., Vovk, L., Gogoryan, V., Sadekova, T., and Kudinov, M. (2021). Grad-tts: A diffusion
probabilistic model for text-to-speech. arXiv preprint arXiV:2105.06337.

Reich, S. (2019). Data assimilation: the Schrodinger perspective. Acta Numerica, 28:635-711.

Revuz, D. and Yor, M. (1999). Continuous Martingales and Brownian Motion, volume 293 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer-Verlag, Berlin, third edition.

Rogers, L. C. G. and Williams, D. (2000). Diffusions, Markov processes, and martingales. Vol. 2.
Cambridge Mathematical Library. Cambridge University Press, Cambridge. It6 calculus, Reprint
of the second (1994) edition.

Ruschendorf, L. et al. (1995). Convergence of the iterative proportional fitting procedure. The Annals
of Statistics, 23(4):1160-1174.

Riischendorf, L. and Thomsen, W. (1993). Note on the Schrédinger equation and i-projections.
Statistics & Probability letters, 17(5):369-375.

Saharia, C., Ho, J., Chan, W., Salimans, T., Fleet, D. J., and Norouzi, M. (2021). Image super-
resolution via iterative refinement. arXiv preprint arXiv:2104.07636.

San-Roman, R., Nachmani, E., and Wolf, L. (2021). Noise estimation for generative diffusion models.
arXiv preprint arXiv:2104.02600.

Schrodinger, E. (1932). Sur la théorie relativiste de 1’électron et I’interprétation de la mécanique
quantique. Annales de I’Institut Henri Poincaré, 2(4):269-310.

Silvester, J. R. (2000). Determinants of block matrices. The Mathematical Gazette, 84(501):460-467.

Sinkhorn, R. and Knopp, P. (1967). Concerning nonnegative matrices and doubly stochastic matrices.
Pacific Journal of Mathematics, 21(2):343-348.

Sohl-Dickstein, J., Weiss, E., Maheswaranathan, N., and Ganguli, S. (2015). Deep unsupervised
learning using nonequilibrium thermodynamics. In International Conference on Machine Learning.

Song, J., Meng, C., and Ermon, S. (2020). Denoising diffusion implicit models. arXiv preprint
arXiv:2010.02502.

Song, Y. and Ermon, S. (2019). Generative modeling by estimating gradients of the data distribution.
In Advances in Neural Information Processing Systems.

Song, Y. and Ermon, S. (2020). Improved techniques for training score-based generative models. In
Advances in Neural Information Processing Systems.

14



Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Ermon, S., and Poole, B. (2021). Score-based
generative modeling through stochastic differential equations. In International Conference on
Learning Representations.

Tzen, B. and Raginsky, M. (2019). Theoretical guarantees for sampling and inference in generative
models with latent diffusions. Conference on Learning Theory, 99:3084-3114.

Vargas, F., Thodoroff, P., Lawrence, N. D., and Lamacraft, A. (2021). Solving schrédinger bridges
via maximum likelihood. arXiv preprint arXiv:2106.02081.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones, L., Gomez, A. N., Kaiser, L., and
Polosukhin, I. (2017). Attention is all you need. In Advances in Neural Information Processing
Systems.

Vincent, P. (2011). A connection between score matching and denoising autoencoders. Neural
Computation, 23(7):1661-1674.

Wang, G., Jiao, Y., Xu, Q., Wang, Y., and Yang, C. (2021). Deep generative learning via schrodinger
bridge. In International Conference on Machine Learning.

Watson, D., Ho, J., Norouzi, M., and Chan, W. (2021). Learning to efficiently sample from diffusion
probabilistic models. arXiv preprint arXiv:2106.03802.

15



	Introduction
	Denoising Diffusion, Score-Matching and Reverse-Time SDEs
	Discrete-Time: Markov Chains and Time Reversal
	Continuous-Time: SDEs, Reverse-Time SDEs and Theoretical results

	Diffusion Schrödinger Bridge and Generative Modeling
	Schrödinger Bridges
	Iterative Proportional Fitting and Time Reversal
	Diffusion Schrödinger Bridge as Iterative Mean-Matching Proportional Fitting
	Convergence of Iterative Proportional Fitting
	Continuous-time IPF

	Experiments
	Discussion



