XF—NEEo, BAT LRI B E Gk T oo HE, BTLA B
AILLRIE ANz = (1 - t)y+1t6, y€ do,0<t <1, &

po: 00 x [0,1) — 0, ¢o(y,t) = (1 —t)y + 0. (22)

X4 EIm(¢,) = 0\ 6.

GE. dpo 2 MRABT, K5oh ML, Tm(, )20 FHIE (collar).
FATT R H oo H3E 2 TR I — IR T A N S5 IR AN, T, B AR
TRl PR D
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WK NPT HE Mo K, %
coF(o)p={r€eK|o<7, dimT—dimo =p}, p>0,
B Bho AT 4EE0E Rpif 8 IB ., UKo F(0) = U coF(0)pe
p=1
cHIFREBERE N — R
e: coF(o) — (0,1), (23)

X Fo A AR E — NN T 1R IEH e, .
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X TFoW FEERE—TFTIEU C Int(0), AN RETEE RS, AL
A BRI IE — AN K| T4 B(0,U,e):

1) *tFolfifip, FESL: B(o,U,e)y = U, X7 € coF (o),
B(o,U,€), = ¢-(U x [0,€,)),
PLESHE—p € coF(a)pr1 (p > 0),

B(o,U,€), = U Ou(B(o,U,€)r x [0,€,)),
T € coF (o),
T W
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B(o,U,)= |J B(o,Ue), CIK]|.
TEcoF (o)
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K _ERIAgIRIE, B — N ¥, o II— NI TFEEU C Int(o), PA Ko —
AR E R Gie, BATE — M€ FIMIEB (0, U, €) S FRER T £
BiB(0,U,€), (1> 0): BAKB = B(o,U,e) N— AN EEHTE,

Fro = o(B) NBHIFIMRER,

U = U(B)NBIIJKER, e = ¢(B)NB MIRHEE RS,

MS(B) ={B(0,U,€); | 7 > o} NN REERFZ IR ITKBI RS .

T R TR ERIC B, R NSEHRIMIREE.
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XN R EE R GteSe, e, <€ (F—7>0), FANE
Ne < e XT0<t <1, REEERGite €N AR

—T >0, (te); =t €70
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SR 1 5] B (Co-face Lemma)

WEKR—NRATT.
(1) RMIERAS(B) = {B(o,U,€), | 7> ol TR

B(o,U,e), = B(o,U,e) N7 (1 > o).
(2) & B(o,U,¢),B(a’, U’ ¢) € B
(i) Ho # o'Blo’ # o (Mo 5o’ WHMBIRERKR) I,
B(o,U,e) N B(o',U’,¢) = 0.
i) o’ > o,
B(o,U,e) N B(o',U’,¢') = B(¢’, B(0,U,€)e N U’ €"),

XE, Xt >0, ¢ = min{e,, e }. K, o’ > o,
B(o,U,e)NB(o’', U, €)= 0¥ BANHB(o,U,€)e NU' = Do
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(3) BARMEITLEKB(o,U, ) N|K| Cirga4RId) B— DIk

(4) E—NREERAS(B) = {B(o,U,e), | 7 >0}, X
Tu € coF(o)ps1 (p>0),

B(o,U,e), = U $u(B(0,U, €); x [0,¢,)),

PAL

o
(5) MHANRMIETTEB(0,U, ) 5B(0,V,€), ke < AKT CV, NI
B(0,U,¢) C B(o,V,€).
R, W FE w0 <t <1, B(o,U,te) C B(U,V,e)o
(6) AMIEITTRERBR| K| MH—A
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(D 5 (2) BIREHETTER 1 E LEES

3) M FKHFHMME—BTr, R A M—ARH,
MB(o,U,e) N7 = 0RTFFTEE; WRZoM— DRI, HKE
X B(o,U,e) N7 = B(o,U, €). T T4, FrllB(o,U, )| K| T4,
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(1) %
A= U ¢u(B(o,U,€)r x [0,€,]).
T € coF(0),
T W

MARB(o,U,€) JEpF I AR FHEHB(0,Ue), C A, 155
A D B(o,U,e), (X B EMERRELT )
RZ, E}Hﬂ:’ffﬁ(ﬁu(B(O', U, €)r x [0>€u]) € B(o, U, G)H’ RltkA C B(o,U, 6)#'

Ko | KW T4, AtRB(o,U,e) S| K| WY NX KT
£, ZRYWNTH. ICZRZEXFHRAA, LK Zy RZIEY H 1

e ZCZNY, " Zy CZNY. Zy NYRIW T, FHEX HTFEBIE
BBNY =2y, HZCBRZNY CBNY =Zy. (- YRHAT

8, ZCY, . Z=12y)
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HitieB(o, U, o). WA

B(o,U,€) C U B(o,U,€); C B(o,U,e¢).

T>0

R RuMIRM, WB(o,U,e), Npu= B(o,U, €)po X FHAREMN, BT

B(o,U,e)r Np C TN p,
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R Arguf)— AN, ZAAWRIEE: By A AR RA T, Ridds

A 4 P A BRAS P T 5E  9F, BTEA

(U B(o, T, e).,-> N

Fep AT WU, -, B(o,U,€), Z|K|MHE, 13

T>0

0'U6 UBaUe

T>0

R RS RAR SRk, FitU

T>0

Jie Wu (BIMSA)

B(o,U,€), = B(o,U,¢€)-

=
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(5) H (4 FH.
(6) FAEE ] — NI TR X W EERBS: —RXIBERAX HE—1
REMIES, iR
Q@ Vze X, 3B € Bftifz € B.
@ VB, By € BLLKYx € BN By, 3B; € Bf#ifSx € B3 C B; N B,.
M B BRYFRNT & SCONFT A 2 T IR T4RU: Vo e U, 3B € BIE

Bre BCU,

o i EHIEM T 2 — M Hh.
o THHITLREBT LRI,

o BBE—MINT, B — I FE AL
JBVU € TRNxz € U, 3B € Bf§iffz € B C U, MBARKIHINRET .
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BUAESRATIE B AR T 2 T R R IRBAE | K| (38 40 M) — > 2k

FUEM Bt — 3k

o Vx € |K|, fAIEME—HI IR offif32 € Int(o). HLU = Int(0), e f&
B2 € B(o,U,¢€)o

o JIE SCHAES ANt (2) 15 K0

o HB)HMBHHITLHRA AT T4,
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X TAE—z € | K| RFAT—FFARIRY, fAAEME— R B0 € K{§iffx € Int(o),
WU Nz — MR fRr e U CU CV nint(o); DU, =U, X TAE
—1 €coF(0)1, HFVNrRrHEERTHEUMN—IMIE, 7
10 < e, < 1f#15

62(0s x [0,e]) CV T,

WU, = ¢-(Us x [0,€,))o WK, ST 471 € coF (o) (1<k<p), ¥

CAMiERmES e, AR R FEU, . X TE—$
W € coF(0)ps1, FETEO < €, < 1fH15

U (;5#((77 X [0,e,]) SV N p.
T € coF(0)p
T W
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P

U, = U bu(Ur % [0,€4)).
T € coF (o),
T U
T BRI A RIF,
Uu: U ¢#(U‘r x[0,€u]) SV N p.
T € coF(0)p
TN

HNIIETE R, PR RIIB (o, U, €)iWifLx € B(o,U,e) C V; BILHIE ML, O
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7 ' M %€ B (Paracompact Theorem)

WK NRAE I, W2 ik K| Giggsndh) 2075 2.
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§39 Local Finiteness

In this sections we prove some elementary properties of locally finite collections and
a crucial lemma about metrizable spaces.

Definition. Let X be a topological space. A collection » of subsets of X is said to be
locally finite in X if every point of X has a neighborhood that intersects only finitely
many elements of A.
EXAMPLE 1. The collection of intervals
A={n,n+2)|neZ

is locally finite in the topological space R, as you can check. On the other hand, the
collection

B={0,1/n)|neZy)
is locally finite in (0, 1) but not in R, as is the collection

C={(1/(n+1),1/n) | n € Zy).

Figure: James Munkres, Topology, Prentice Hall 2000
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Lemma 39.1. Let A be a locally finite collection of subsets of X. Then:
(a) Any subcollection of A is locally finite.
(b) The collection B = {A}sen of the closures of the elements of 4 is locally finite.

©) Usread=Usea A

Proof. Statement (a) is trivial. To prove (b), note that any open set U that intersects
the set A necessarily intersects A. Therefore, if U is a neighborhood of x that intersects
only finitely many elements A of 4, then U can intersect at most the same number of
sets of the collection 8. (It might intersect fewer sets of B, since A, and 52 can be
equal even though A and A3 are not).

To prove (c), let Y denote the union of the elements of A:

Ja=vr.

AcA

In general, | JA C ¥: we prove the reverse inclusion, under the assumption of local
finiteness. Let x € ¥; let U be a neighborhood of x that intersects only finitely many
elements of A, say Ay, ..., Ax. We assert that x belongs to one of the sets Al
..., Ay, and hence belongs to | J A. For otherwise, the set U — Aj — - — Az would
be a neighborhood of x that intersects no element of 4 and hence does not intersect ¥,
contrary to the assumption that x € Y. | |




There is an analogous concept of local finiteness for an indexed family of subsets
of X. The indexed family {Aq}xcs is said to be a locally finite indexed family in X
if every x € X has a neighborhood that intersects A, for only finitely many values
of a. What is the relation between the two formulations of local finiteness? It is easy
to see that {Ay }aes is a locally finite indexed family if and only if it is locally finite
as a collection of sets and each nonempty subset A of X equals A, for at most finitely
many values of a.

We shall be concerned with locally finite indexed families only in §41, when we
deal with partitions of unity.

Definition. A collection B of subsets of X is said to be countably locally finite if B
can be written as the countable union of collections By, each of which is locally finite.

Most authors use the term “o-locally finite” for this concept. The o comes from
measure theory and stands for the phrase “countable union of.” Note that both a count-
able collection and a locally finite collection are countably locally finite.
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Definition. Iet A be a collection of subsets of the space X. A collection B of subsets
of X is said to be a refinement of A (or is said to refine ) if for each element B of B,
there is an element A of A containing B. If the elements of B are open sets, we call B
an open refinement of A; if they are closed sets, we call B a closed refinement.
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Lemma 39.2. Let X be a metrizable space. If A is an open covering of X, then there
is an open covering & of X refining A that is countably locally finite.




Definition. A subset A of a space X is called a G4 set in X if it equals the intersection
of a countable collection of open subsets of X.

EXAMPLE 1. Each open subset of X is a G set, trivially. In a first-countable Hausdorff
space, each one-point set is a G5 set. The one-point subset {2} of Sp is not a G set, as
you can check.

ExAMPLE 2. In a metric space X, each closed setisa G; set. Given A C X, letU(A,€)
denote the e-neighborhood of A. If A is closed, you can check that

A= ﬂ U(A, 1/n).

neZy

Lemmad40.1. Let X be a regular space with a basis B that is countably locally finite.
Then X is normal, and every closed set in X is a G5 set in X.




Lemma 40.2. Let X be normal; let A be a closed Gy set in X. Then there is a
continuous function f : X — [0, 1] such that f(x) =0 forx € A and f(x) > 0 for
x ¢A.

Proof. 'We gave this as an exercise in §33; we provide a proof here. Write A as the
intersection of the open sets U,, for n € Z, . For each n, choose a continuous function
fn i X — [0, 1] such that f(x) =0forx € Aand f(x) = | forx € X — U,. Define
f(x) = 3" fu(x)/2". The series converges uniformly, by comparison with Y 1/2",
so that f is continuous. Also, f vanishes on A and is positive on X — A. ]

Theorem 40.3 (Nagata-Smirnov metrization theorem). A space X is metrizable
if and only if X is regular and has a basis that is countably locally finite.




i EERE X

Jie Wu

§41 Paracompactness

The concept of paracompactness is one of the most useful generalizations of compact-
ness that has been discovered in recent years. It is particularly useful for applications
in topology and differential geometry. We shall give just one application, a metrization
theorem that we prove in the next section.

Many of the spaces that are familiar to us already are paracompact. For instance,
every compact space is paracompact; this will be an immediate consequence of the
definition. It is also true that every metrizable space is paracompact; this is a theorem
due to A. H. Stone, which we shall prove. Thus the class of paracompact spaces
includes the two most important classes of spaces we have studied. It includes many
other spaces as well.

(BIMS



To see how paracompactness generalizes compactness, we recall the definition of
compactness: A space X is said to be compact if every open covering A of X contains
a finite subcollection that covers X. An equivalent way of saying this is the following:

A space X is compact if every open covering A of X has a finite open
refinement B that covers X.

This definition is equivalent to the usual one; given such a refinement B, one can
choose for each element of B an element of .A containing it; in this way one obtains a
finite subcollection of .+ that covers X.




7 BRI E X

This new formulation of compactness is an awkward one, but it suggests a way to
generalize:

Definition. A space X is paracompact if every open covering 4 of X has a locally
finite open refinement B that covers X.

Many authors, following the lead of Bourbaki, include as part of the definition of
the term paracompact the requirement that the space be Hausdorff. (Bourbaki also
includes the Hausdorff condition as part of the definition of the term compact.) We
shall not follow this convention.

EXAMPLE 1. The space R" is paracompact. Let X = R". Let A be an open covering
of X. Let By = @, and for each positive integer m, let By, denote the open ball of radius m
centered at the origin. Given m, choose finitely many elements of A that cover B,, and
intersect each one with the open set X — Bp_y; let this finite collection of open sets be
denoted C,,. Then the collection € = |_J G, is a refinement of A. It is clearly locally finite,
for the open set B, intersects only finitely many elements of ¢, namely those elements
belonging to the collection €} U - - - U Cy,. Finally, € covers X. For, given x, let n be the
smallest integer such that x € B, . Then x belongs to an element of Cp,, by definition.

Wu (BIM
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Some of the properties of a paracompact space are similar to those of a compact
space. For instance, a subspace of a paracompact space is not necessarily paracompact;
but a closed subspace is paracompact. Also, a paracompact Hausdorff space is normal.
In other ways, a paracompact space is not similar to a compact space; in particular, the
product of two paracompact spaces need not be paracompact. We shall verify these
facts shortly.

Theorem 41.1.  Every paracompact Hausdorff space X is normal.

Wu (BIM
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Theorem 41.2. Every closed subspace of a paracompact space is paracompact.

Proof. Let Y be a closed subspace of the paracompact space X; let A be a covering
of Y by sets open in Y. For each A € A, choose an open set A" of X such that
A'NY = A. Cover X by the open sets A’, along with the openset X — Y. Let B be a
locally finite open refinement of this covering that covers X. The collection

e=(BNY|BeB}
is the required locally finite open refinement of A. n

EXAMPLE 2. A paracompact subspace of a Hausdorff space X need not be closed in X .
Indeed, the open interval (0, 1) is paracompact, being homeomorphic to R, but it is not
closed in R.

EXAMPLE 3. A subspace of a paracompact space need not be paracompact. The space
Sq x Sq is compact and, therefore, paracompact. But the subspace Sg x Sg is not para-
compact, for it is Hausdorff but not normal.
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Lemma 41.3. Let X be regular. Then the following conditions on X are equivalent:

Every open covering of X has a refinement that is:
(1) An open covering of X and countably locally finite.
(2) A covering of X and locally finite.

(3) A closed covering of X and locally finite.
(4) An open covering of X and locally finite.
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Theorem 41.4. Every metrizable space is paracompact.

Proof. Let X be a metrizable space. We already know from Lemma 39.2 that, given
an open covering + of X, it has an open refinement that covers X and is countably
locally finite. The preceding lemma then implies that A has an open refinement that
covers X and is locally finite. u

Theorem 41.5. Every regular Lindel6f space is paracompact.

Proof. Let X be regular and Lindelof. Given an open covering 4 of X, it has a
countable subcollection that covers X; this subcollection is automatically countably
locally finite. The preceding lemma applies to show A has an open refinement that
covers X and is locally finite. L ]
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EXAMPLE 4.  The product of two paracompact spaces need not be paracompact. The
space Ry is paracompact, for it is regular and Lindelof. However, R¢ x R¢ is not paracom-
pact, for it is Hausdorff but not normal.

EXAMPLE 5.  The space R® is paracompact in both the product and uniform topologies.
This result follows from the fact that R is metrizable in these topologies. It is not known
whether R is paracompact in the box topology. (See the comment in Exercise 5 of §32.)

EXAMPLE 6.  The product space R” is not paracompact if J is uncountable. For RY is
Hausdorff but not normal.




Definition. Let {Uy}aes be an indexed open covering of X. An indexed family of
continuous functions

¢o: X — [0, 1]

is said to be a partition of unity on X, dominated by {U,}, if:
(1) (Supportgs) C Uy for each a.
(2) The indexed family {Support ¢} is locally finite.
(3) ¥_ #a(x) = 1 for each x.

Condition (2) implies that each x € X has a neighborhood on which the func-
tion ¢, vanishes identically for all but finitely many values of . Thus we can make
sense of the “sum” indicated in (3); we interpret it to mean the sum of the terms ¢ (x)
that do not equal zero.

We now construct a partition of unity on an arbitrary paracompact Hausdorff
space. We begin by proving a “shrinking lemma,” just as we did for the finite case
in §36.
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Partition of unity/f fA] F ?

BWU = {Us}acs XTI — N FEDE, LA b0} acs e X Fpartition of
unity dominated by U. A/C(UjJUB/]TEF 2ER, HISEIL N {vatacsr X
E;’Ua Xj-}_hﬂ:Uow

=) ¢a(z)va € KU)| C A7

acJ

BATHA R £ well-defined A IESENE: 445 € X, IIEE
S, {supp(da) tacs R REARE, FE—DNIFAMRV 53V R 54 R
/supp(¢a ) FHAZ o

Jie Wu (BIMSA)

218 / 358



Wag, a1, .. .,a, € J N Esupp(da) NV # O BIEFR.

o XfTVa e J\ {ag,a1,...,an}, dalv =0 (IHZET0), FralHig, (z) = 0o
FTLLf (2) /&well-defined (A BRANAEZ & 1IA).

o KR CU) B TR Mivag, vay s - -, va, BRARESF- T (DAL L T £ £
BT SRR T, WX vy € Vs f(y) € K] BAFy)ERLE
T v BT 0 A o () 20

o flvREAM: v v K| <Lu K@), ZBF() = f(y) € |KIRjR
PUET. BT RIS fy = j o FRRELEN.

o [AlIfARE ARSI, NI fAEHELE
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(=14

O BB X MFF 7 #5000 /& Cech ) 25, BIME A RIESZHB R T4, LA
JAFAE— partition of unity dominated to U. il Ay
Bf: X — |KU)|iFF A FEREER F
Fif.: Ho(X) = H,(KU)|). $BR: BHAMV FHHY.)

Q EIL AR, FIRNHG R, 18 A E Cech B S 4178 55 0047 248
AT FE—EH T, f: X — |KU)|Zfibrewise topolpogy (topology
of maps).
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