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25 B VLR A . Mapper from Data to Simplicial

Complexes

Given a data as a finite subset X in R"™, we consider X as a vertex set and
draw a ball of radius r centered at each point z € X. Then we get a collection

of balls of radius 7 (centered at points in X), B(z,r), € X.

We obtain a simplicial complex K, (X) (depending on radius r), called
Vietoris-Rips complex, whose vertices are the balls and simplices given by
pairwise nonempty intersection of these balls, i.e the balls
Bo(xo,7),...,By(xy,r) forms an n-simplex (with xo,...,z, € X) iff
Bi(z;,r7) N Bj(z;,r) # 0 for i # j.

Note. One can also use nerve complex of these balls to get Cech complex.

Vietoris-Rips complex is simpler in terms of computation.
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Persistent Homology

Given a data as a finite subset X in R", we take homology with coefficients in
a field of its Vietoris-Rips complex K,.(X).

For each integer k£ > 0, homology group Hy (K, (X)) is a vector space

depending on parameter r > 0, called a persistence module.

Structure Theorem. Each (finite dimensional) persistence module admits a

factorization in terms of irreducible persistence modules.

Each irreducible persistence module is an interval persistence module, V;,
from a to b, with V; =0 for ¢t < a or t > b, and dim(V;) = 1. Here a is called
birth of V;, and b is called death of V;.
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Topological Feature of Data

Given a data as a finite subset X in R"”, fixing an integer k£ > 0, the homology
group Hy (K, (X)) (briefly speaking, persistent Betti numbers) induces
topological barcodes, which is a multi-set in the plane R? consisting of
(a,b)’s with a (b) the births (deaths) of irreducible factors of the persistence
module Hy (K, (X)).

Topological barcodes can be also intuitively drawn as fingerprint, called

topological fingerprint.
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257 —Ngraph, AJLLEIRZ AN —FER] “Haigr”

e

Clique £#: The clique complex of a simple graph G is the abstract

simplicial complex Clique(G) whose simplices consist of all cliques of G.

Jie Wu (BIMSA)




Neighborhood complex: The neighborhood complex A(G) of a graph G is
a simplicial complex on vertex set V(G) in which an n-simplex is a subset of

V(G) with n + 1 vertices such that all vertices are adjacent to an other vertex
in G.

X & Lovasz T 1978 5| NIRES, R T Kneser S5 48, 2 b H A
% (topological combinatorics)#iff 7 453k ) BEHE 4 T AE
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26 € — . (simple graph), clique® J&Hneighborhood & JE K4 A —FF o

WGHEa, b, c = R PIAHEZ I

CliqueE={{a,b,c},{a,b}, {a,c}, {b,c}, {a}, {0}, {c} 2 — M 2-H .
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Beyond simplicial complex— 25 & LM & C

15 H

When working with a multi-graph G = (V, E), the set of cliques Clique(G) is
generally not a simplicial complex as this requires that all simplices are uniquely
determined by their vertex set. For example, let G be a multi-graph with two
vertices v and w and two edges e; and €2 joining them. Then

Clique(G) = {&1,e2,v,w}

has two 1-simplices & and & sharing the same vertices v and w, see Figure 7. There-
fore, a more suitable object for describing the topological structure of Clique(G) is

a A-set.

FIGURE 7. The multi-graph G, which looks the same as the clique
complex Clique(G).

Figure: multi-graphffjclique B AEA-EE GREF SN
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Beyond classical algebraic topology

Let G be a simple digraph. A directed path in G is an alternating sequence
A = vgav1anvs - - - vy, with all vertices v; distinet for 0 < 7 < k and the edges,
«;, are incident out of v;—; and incident into v; for 1 <i < k.

Let P be the set of directed paths in G. We want to associate a combinatorial
object to G built out of directed paths. Since G is simple, there is at most one
edge joining two distinct vertices. So a directed path A = vpavi00vs - - - oy, s
determined by its vertices v, v1, vj. Thus we consider A\ = vpav102vs -+ - Ak
as an abstract k-simplex {vg,v1,...,vx}. For P to be a simplicial complex, any
nonempty subset of {vg, vy, ..., v} must be a simplex. In other words, any subse-
quence (Vjy, Uiy, Viys ---,0;,), 0 < dg <idg < -++ < iy < k of X must forms a di
path in G. This not true in general. For example, if vgaviaovs is a dire
path in G, then there may not t an edge incident out of vy and incident into
vy in G, that is, (vo,v2) may not form a directed path. Therefore, a structure to
consider on the set P is that of a hypergraph.

The set P becomes a hypergraph with its vertex V(G) and the hyperedge
given by directed paths in G. By definition, an abstract simplicial comple:
hypergraph with the additional condition that any nonempty subset of a hyperedge
is a hyperedge. Therefore, a hypergraph can be viewed as a simplicial complex
with some faces missing, where a hyperedge of cardinal k + 1 is a k-simplex in
the terminology of simplicial complexes. The approaches in [53, 52] and Yau'’s
school lead to the embedded homology of hypergraphs as an extension of simplicial
homology theory as introduced in [23].

set,
a

Figure: PRFEH &A1 A1E B K ¥ (path complex)
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i&Stanley - Reisner ring or face ring: ﬁ'KE’]Tﬁlﬁ%jﬂ{l, 2,...,n}s

Wk Rk, HRL LA K11, 20, ..., 2,], @Ik (Stanley-Reisner
ideal) A Iz, 24y -1, ({41, 02, ..., i PARKFERIE) AR

1, Stanley - Reisner ring

k[K} = k[l‘1,$27 000 ,.’,Cn]/IK.

BEFHA? TalM (kKA SBAEHEKERNERER.

HXBIFRFMAR U quasi-toric manifolds, toric geometry, moment-angle
complex, polyhedral products.

Note. MiAH W NEStanley - Reisner ringffi& 52471, HELH ATE

ffipersistent homology of moment-angle complexes.
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IThet (BREFHR : AN EL8E, WRETEMEED, it e
W R — MR F (X, G), BAERSE HR:

F(X,G) ={(z1,22,...,2,) € X™" | &; # x; if there is an edge joining ¢ and j}.

FE XA =5 8] (chromatic space or chromatic configuration
space), f ] \l{generalized configuration space. [Fiff
HH.(F(X,G))Poincaré series 5 B GIN G a2 i lA K K.
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